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Abstract

In this paper, we consider the Navier-Stokes equations and temperature equation
arising from the evolution process of the atmosphere. Under certain assumptions
imposed on the initial data, we show the L'-stability of weak solutions for the
atmospheric equations. Some ideas and delicate estimates are introduced to prove
these results.
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1 Introduction and main results

In this paper, we consider the atmospheric motion model under the constant external force
and without the effects of topography, and the aerosphere is regarded as a spherical shell
encompassing the earth. We introduce a moving frame running with the earth, (1,6, p),
where A € [0,27] is the longitude, 6 € [0, 7] is the colatitude, and p € [po, p;] is the at-
mospheric pressure, which can be used instead of the geocentric distance r because it is
strictly monotonically decreasing function for r, where p; is the atmospheric pressure on
the surface of the earth, and py > 0 is the atmospheric pressure at a certain isobaric surface.
In the coordinate system consisting of the moving frame and time, the atmospheric state
functions are defined by the atmospheric horizontal velocity V = (v;, vp), the rate of pres-

sure w = ‘;—';, the temperature T, and the geopotential ®. All of them satisfy the following
system:

% +(V-V)V + w%—‘; + (2w cosf + %w\)ﬂ\/+ VO =u AV + vlé(az(p)%),

2 2 2

aT AT _ QW _ G2 QY2 3 (2() 0T\ , ¥

W+(VV)T+WE—13—19— (1)32 AT+(I)Q_Z$(O[ (p)ﬁ)‘l'a, (1'1)

V-V+§=0,

9 | RT _

wp T p
with the initial data

V|t:0 = VO; T|t:0 = TO! w|t:0 = o, (12)

where w is the angular velocity of the earth; ¢, ¢,, and R are the thermodynamics parame-
ters; u; and vy, i = 1,2, are the diffusion coefficients; a(p) € Clpo, ps] satistying a(p) > C,, >
0, namely the diffusion is related to the atmospheric pressure; W is the diabatic heating of
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the atmosphere, which is a function of (1,6, p) and stands for the effect of the constant ex-
ternal force on the atmospheric system. We have g = ( ?1 ;) in2wcosdBV =2wcos OkAV,
which denotes the Coriolis force on the atmosphere. The differential operators grad = V

and div = V- on the spherical surface have the following form:

(18 18
v_(asin9 L’ a d0”?

V= _1 v 1 (sinfvg)
V.Vs= asind 9 T asng a0 (13)

=1 3(gnpgdyy 1 9%
= g 99 SN0 55) + s

where a is the radius of the earth. The vertical scale of the atmosphere is very much smaller
compared with the radius of the earth, so the geocentric distance r is replaced by the radius
of the earth in the differential operators. The above equations are studied on 2 x [0, M] :=
[0,27] x [0, 7] X [po,ps] x [0, M], where M > 0.

The boundary conditions without the relief are: All the functions are 27 periodical w.r.t.

A, w periodical w.r.t. 9, and

7% =% =L = =
3p p=p0 = 5plp=p0 = 55 lp=po = Wlp=po = 0, (1.4)

T
Vilp=ps = V0 lp=ps = 35 p=ps = Wlp=ps = Plp=p, = 0.

There are many important results achieved on the atmospheric problem. Zeng [1], Li
and Chou [2] have made important progress on the formulation and the analysis of the
models. For different research purposes, different atmospheric models have been inves-
tigated by Pedlosky [3], Washington and Parkinson [4], Lions et al. [5—8] and references
therein. Recently, Chepzhov and Vishik [9] introduced the atmospheric equations consid-
ered in this paper. Huang and Guo [10] proved the existence of the weak solutions to the
atmospheric equations by the basic differential equation theory and the existence of the
corresponding trajectory attractors, from which the existence of the atmospheric global
attractors follows. Furthermore, Huang and Guo [11] studied the model of the climate for
weather forecasts in which the pressing force of topography on atmosphere and the di-
vergent effect of airflow are included, and they proved the existence and the asymptotic
behaviors of the weak solution.

The rest of the paper is as follows. In Section 2, the main results about the L!-stability
of weak solutions to the Navier-Stokes equations and temperature equation are stated.
In Section 3, we will give several important a priori estimates. Then we will justify the
stability of the weak solutions in Section 4. Finally, in Section 5, the conclusion will be

given.
2 Main results

The L'-stability theory of weak solutions to (1.1) will be considered, and there is a simple
version of system (1.1). From (1.1)3 4 and the boundary conditions (1.4), we have

o(p) =R / " %T(s) ds @2.1)
P

and

Ps
w(p)=V- / V(s)ds, (2.2)

p
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which implies

Ds
V. / V(s)ds = 0. (2.3)

po
Substitute (2.1) and (2.2) into (1.1);, and define the unknown function U := (V, T), then
we have the simplification of system (1.1):

G+ (V-V)V+ V- [FV(s)dsG) +(2wcos6 + <2v;)BV + RV [7* (T(s)ds
=mAV + V1%(0!2(P)% ,
aT s aT % s
G (V-NIT+ V- [PV st = V- [ V(S ds
C, CnV:
N LI )
Ul=o = (Vs Ve, T)le=0 = Uy = (V205 Vo0, To)s

Um,e,p)=UA+2r,0,p)=U,0 +m,p),

%_;qp:po =0, Vip=p, =0, % lp=p = 0.
Denote
0 |4 2 21y 9 oT
LW = (- AV == (a2(p)— ), = 0E2 a7~ 9022 7 (222 ) ), 2.5)
op op R? R? 9p op

B U = ((v V4V fps V(s) dsaa—‘;
p

cotf Ps 1
+ | 2wcosd + — vy | BV + RV -T(s)ds,
a b S

Ps oT
(V-V)T+V-/ V(s)ds—
p op

- %V . /:S V(s) ds)T (2.6)

and

F.= (0, E>, (2.7)
p

then we show the definition of weak solutions of system (2.4).

Definition 2.1 (Definition of weak solution) Forany M > 0, U is said to be a weak solution
of system (2.4) on Q x [0, M], if U has the following regularities:

U e L%(0,M; L*(Q)) N L*(0, M; H(R)), (2.8)
and satisfies the equations in the sense of distributions
U, +L(U)+BU,U)=F, inD'((0,M)x Q). (2.9)

Namely, we have for all ¢ = (¢,,, @y, ¢1) = (v, 1) € C(0,M; C5°(2)) and (M, -) = 0,

M M
(Uo, 9(0,-)) + /0 (U, ¢,) dt - /0 (alll, @) + b(U, U, ¢) - (F,g)) dt = 0, (2.10)
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where (., -) is the inner product of L?(),

oMZ

ol(Ll,(p):,ul/ VV . -Voydodp + —— 2 VT-V(pTdadp
A
+v1/ 2(p)— %dddp
2
Cov2 2(p)£aﬂd0dp (2'11)
R? ap

and

bU, U, ) = /Q((V~V)V~gov+(V-V)T<pT) do dp

Ds oV Ds oT
+/;2<<V~/p V(s)ds)5-¢v+<V~/p V(s)d3)5¢T> do dp
S 2 S
+/Q<RV/: %T(s)ds.gov_;—;(V./: V(s)ds>g0T>dodp

to
+/ <2a) cosf + co VA)(Vggo‘,A - Va@y,) do dp, (2.12)
Q
where
Ps b4 2w
/fdcr dp := / / fa*sin6 d).db dp. (2.13)
Q po Jo Jo

Then we can state the main results of the present paper as follows.

Theorem 2.1 (Stability of weak solutions) For any M > 0, let U" = (V§,v}, T") = (V", T")
be a sequence of weak solution of system (2.4) subject to the initial data

Unlt:() = (VZ) Vg1 Tn) |l:0 = ug = (VZ()r Vg()) Tg)r (214')
and U} be such that
Uy — Uy = (vso,veo, To) € L1(Q), (2.15)

where Uy € L*(Q) and satisfies the following upper bound uniformly with respect to n € N:
|2 w12 on |2 |2
/|u0| dadp:f(|vm| Wiol? + | T2 do dp < C, (2.16)
Q Q

where C > 0 denotes a constant, and we assume that ¥ € H2(Q).
Then, up to a subsequence, still denoted by the same symbol, we have

u"— Uel?*(0,T;L*(Q)), (2.17)

where U = (v, v, T) is a weak solution of system (2.4) with the initial data Uy = (v,

Voo, To).
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Remark 2.1 Note that from (2.17), we can find that if

uy — U e LN(Q), (2.18)
then

u"— uel'(o,T;L1(S)), (2.19)
which is the L!-stability of weak solutions for the system.
Remark 2.2 Furthermore if

uy — U, ae. (2.20)
and

ug, Uy e L*(Q), (2.21)

from the Egorov theorem, we have for € > 0 the following. Let § = €2, then there exists a
domain Qs C €2, such that |©2/Q2s] < §, and for all (1,0, p) € 25, 3AN > 0, for Vn > N, we have

\Uy — Up| <e. (2.22)
Then for Vi > N we have
/ | - Us| do dp = / \ug - U0|dadp+/ \Uj - Uo| do dp, (2.23)
Q Qs Q/Q

where we have

/ \Uj - Uo|do dp < |Qse < Ce (2.24)
Qs
and
3 3
/ \ug—uo|dadps(f ldadp) (/ |ug—uoyzdadp)
Q/Qs Q/Qs Q/Qs
< C8? = Ce, (2.25)

and from (2.24) and (2.25), we can find
uy — Uy e LN(Q), (2.26)
thus, we have from Remark 2.1

u"— uel'(0,T;L1(Q)), (2.27)
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which implies that
u'—u ae, (2.28)
which means the weak solutions are stable almost everywhere.

3 The a priori estimates
Next, we will give the a priori estimates for the weak solution U” to system (2.4). Firstly,
from a direct calculation, we can establish the following lemma; we omit the proof.

Lemma 3.1
/V(b-Viﬁdep:—/Ad)-wdodp, (3.1)
Q Q

where ¢ and  can be vector-valued functions, or the scalar functions,

/¢-Vl//dodp:—/V~¢wdodp, (3.2)
Q Q
where ¢ is a vector-valued function, and \ is a scalar function.

Then we have the usual energy inequality as follows.

Lemma 3.2 Let T > 0. Under the assumptions of Theorem 2.1, we have for the weak solu-
tion U" to system (2.4)

t
||L1”||i2m)+f0 ||L[”||21(Q)dr§C(l+ ||x1/||§{,1(9)), t € [0, M], (3.3)

where C > 0 denotes a constant dependent on the initial data and time M and independent

of n.
Proof Take the inner product of (2.4) with U", integrating on €2, we have

(up,umy + (L(um),u™) + (B(u",u"),u”) = (F,u"), (3.4)
and using the boundary conditions, we have

d
dt

v\’
(V"2 T"z)dodp+u1/’VV‘ dadp+v1/a2(p)( 3 ) do dp
p
2

aT" v
C0“2/|VT”| do dp + 2(1o)< ) dodp= | —T"do dp, (3.5)

R2 QCp

which implies

d
dt ” u" ”i2(9) + C” u" ”Hl(sz) = C”qj”irl(ﬂ) + GCH " Hi[l(g)

2
< Cl¥ 3 +eCllU”

. 36)
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where € > 0 is a small constant such that we have

d
dt ” u" ”i2(9) + C” u" ”f{l(g) = C”‘IJHJZ-H(Q)’ (3.7)

after the integration with respect to ¢ € [0, M], we have

t
L e N N ] N L
< CL+IVIEq) (3.8)

where C > 0 denotes a constant dependent of the initial data and time M and independent
of n. O

4 Proof of main results
With the help of the a priori estimates in (3.3), we have the following estimates for the
sequence of weak solutions U":

u" e L*(0,M; L*()) N L*(0, M; H'(R2)), (4.1)

then we will prove the main results, in order to address the convergence of sequence of
the weak solution; a lemma of the compactness result will be given first.

Lemma 4.1 (Lion’s compactness result) Suppose Ey, E, E; are Banach spaces, Ey <>~
E — E;, which means E, is compactly embedded in E, E is embedded in E;, and p; > 1.
Denote

Wi, (0, M; Eo, Ey) = {W | € L*(0, M; Eo), ¥, € LP (0, M; Ex) } (4.2)
as the Banach space with the norm

1V, = 1V ll200.0580) + 1V 1221 0,05E0)5 (4.3)
then

Wa,p, (0, M; Eo, Ey) <> L*(0, M; E). (4.4)

Then we will give the proof of the stability of the weak solutions.

Lemma 4.2 Let U" be the weak solution sequence of system (2.4). Then, up to a subse-

quence, we have
u"—u, inL*(0,M;L*()) (4.5)
and
M M
f (U ) dt — f (U, g dt, (4.6)
0 0

Jorall ¢ = (py,, 0y, 07) = (0v, o1) € C*(0,M; CF°(RQ)) and (M, -) = 0.
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Proof From (4.1), we have the following estimates for the test function ¢ = (¢,, , ¢v,, d7) =
(pv,¢1) € H*(Q):

C(z)ﬂz
RZ

V" 2 aT" 9
+u1/a2(p)—-ﬂdadw@/a%p)—ﬁdodp
Q Q

(L(Uu"),¢) = m/ VV".-Véydodp+ fVT”~V¢Tdadp
Q Q

op dp RrR? op dp
= CH u" ||H1(Q)”¢”H1(Q) = C” u" ”HI(Q)’ (4.7)

which implies

L) | 2 = CIU" 110 (4.8)
and we have

M 2 M 2

@) e = [ g de<c )
where C > 0 denotes a constant independent of #, namely,

L(U") € L*(0, M; H(R)). (4.10)

Next, we can find that
BU",Uu"),¢) = / (V" V)V" ¢y + (V" V)T"¢r) do dp
Q
+/ ((v - /ps V"(s)ds) Ak
Q P ap
+ (V . fps V"(s) ds) oT” ¢T) do dp
p op
Ps 1 62 Ps
+/ (RV/ -T"(s)ds - ¢y — —°<V / V”(s)ds)qu) do dp
Q b S Rp b

to
+ / (Zw cos 6 + &vf) (Vady, —Viy,) do dp, (4.11)
Q a

and we have

/Q((V” V)V gy + (V' V)T"¢r) do dp

Q Q
< A ([T o o) ( [ 010 a)’

3 1
< ClU" | fa o 1" L2 10 1

3 1
<clu ”fzﬂ(g) | ”LZZ(Q)’ (4.12)
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/Q <(v /p " V”(s)ds) w (v. /,, " V”(s)ds) 387:

=/V~V”V”-¢vdadp+/V~V”T”¢Tdadp
/ (v / " (s)ds)V" Y o dp
. op
(5 [ vas) o
p
§C</’VU"|2d0dp>2</’uﬂ’2|¢|2d0dp>2
+C(/|VLI”| d(rdp) (/|LI"
3 5
< 1ty [ 1 o ap) ([ 161 o ap)
n HB % a ¥
N ([ Jur Pt ) (|52

3 1 3 1
= Clu"| fp o 14" | o 19 Wiy + CIU™ | Fi oy U f2 o 112202

)dep

>
’ do dp)

3
do dp)

3 1
<clu ”fzﬂ(g) | ”L22(Q)’ (4.13)

Ps 1 C2 Ps
/(RV/ —T"(s)ds-¢v——0(V~/ V"(s)ds)¢)T) do dp
Q b S Rp v
§C</|VLI”|2dodp>§</ |q>|2do~alp>7
Q Q

= CH ur ||H1(Q)||¢”H1(Q) = C” ur ”HI(Q) (4.14)

and

/ <2wcos€ + _0(29 vﬁf) (qu{)v.A - Vfgz’)w,) do dp
Q
: 1
2 2 2 2
SC(/(HIU”I )dadp) (/IU”I |¢|2dadp)
Q2 Q
% g

1 3
= Ol oy L+ U7 o) N1l 2y

1 3
= CH ur ”;11(9) (1 + ” ur ||L22(Q))’ (4.15)
from (4.12)-(4.15), we have

3 1
= C” u'|; u" ”EZ(Q) + CH u" ”HI(Q)

”B(un’ Un) HHI(Q) H

H H-2(Q)

1 3
+ U fpy 1+ U] o) (4.16)
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and
M 4
[ B )
M n||2 n %‘ n %
oL (g P 17 F R A
UGy L+ U] o)) ) at
Mo apd a3
<€ [ (U ey + 10 iy * 17 o)
M 2
SC/ |t gt +C <G (4.17)
0
where C > 0 denotes a constant independent of #, namely,
B(U",U") € L3 (0,M; H™X(R)). (4.18)

Finally, we have

v
(F,¢) = C—ff’T dodp < C||“IJ||H—2(S2)”¢”H2(Q) = C||‘IJ||H-2(Q) (4.19)
Q tp
and
FeL™(0,M;H?(Q)). (4.20)

Then we have from (4.10), (4.18), and (4.20)

ur e L3 (0, M; H2(Q), (4.21)
which together with Lemma 4.1 and U” € L2(0, M; H'(RQ)) gives

u"— UeL*(0,M; L*(R)), (4.22)
and using (4.22), we can prove (4.6) holds. O

Lemma 4.3 Let U" be the weak solution sequence of system (2.4). Then, up to a subse-

quence, we have

M M
/ zz(L[”, go) dt — / a(U, ¢) dt, (4.23)
0 0

Sorall ¢ =(y,, 0uy,07) = (@v, 071) € C*(0,M; C3°(R2)) and ¢(M, ) = 0.

Proof As %, a;én and % € L2(0, M; L?(R2)), thus, we have
ou" N ou au" N ou au" N ou

—, —, € L*(0, M; L*(R)), (4.24)
LYY 0 90 p  dp
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which means that the sequences converge weakly; then we have

M
/ a(U",q))dt
0
M 02M2 M
:,u1/ /VV”~V<pvdadpdt+(;e—2/ /VT"~V¢Tdadpdt
+ulf/ alaﬂdddt 60”2// ﬂaﬂdddt
—>,u1/ /VV-V(pvd(rdpdt+ OMZ/ /VT Vordo dpdt

V. AT 8
+v1/ / ad ﬂd dpdt + ‘;2/ /az(p)—ﬂdadpdt
0o Ja dp dp

- f a(ll, ) dt. (4.25)
0 O

Lemma 4.4 Let U" be the weak solution sequence of system (2.4). Then, up to a subse-
quence, we have

M M
/ b(Uu", U, @) dt — / b(U, U, ) dt, (4.26)
0 0

Sorall ¢ = (py,, 0., 07) = (pv, @) € C(0,M; C3°(RQ)) and ¢(M, ) =

Proof We have
M
/ b(U, U", ) dt
0
M
:/ /((V"-V)V”-¢V+(V”-V)T”¢T)dadpdt
0 Ja
M PAVe
L [ o) T e
" (v. / V”(s)ds)aTn¢T> do dpdt
ap
/ /(RV/ -T"(s)ds - wv——(V-/ V”(s)ds><p7> do dpdt

to
+ / / <2a) cos + &vg’> (Vigy, —Vipy,)do dpdt, (4.27)
0o Ja a

and we have from (4.5) and (4.24)
M
f /((Vn'v)vn'€0v+ (V" -V)T"¢r) do dpdt
0o Ja
M
:/ /((Vn'V)Vn'§0V+(VH-V)Tng0T)dadpdt
o Ja

M
—/0 /S;((V'V)Vn‘¢V+(V~V)T"90T)depdt

Page 11 of 14
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M
+/ /((V-V)V"-¢V+(V-V)T”<p7)dadpdt
0 Q
M
—>/ /((V-V)V-¢V+(V-V)T¢T)dadpdt, (4.28)
0 Q
where we use the fact
M
/ /((v" V)V oy + (V" V)T gr) do dpdt
0 Q
M
—/ f((V-V)V”~¢V+(V-V)T”¢T)dodpdt
0 Q
M ) % M ) :
§C(/ f\u”—u| dpdt) (f /|vu"{ dpdt) — 0. (4.29)
0 Q 0 Q
Using |VU"| € L*(0, M; L*(R2)), we have
s Ps 1
V. / V™(s)ds, V / =T"(s)ds € L*(0, M; L*(R2)), (4.30)
p p S
which implies
s Ps Ps 1 Ps 1
V-/ V"(s)ds —~ V-/ V(s)ds, V/ -T"(s)ds — V/ -T(s)ds, (4.31)
p ) S S

p p

and we have

[ ([ o) e (v [ veom) o) anapa

M
=/ /V-V"V"-(pvdodpdt+/ /V~V”T"(p7dadpdt
o Je o Jo
M Ps 9
—/ /(V/ V”(s)ds)\/”~ﬂdadpdt
0o Jo P ap
M Ps
—/ /( / V(s )T" 99T i dp dt
0

M
:f /V-V"V"-(pvdadpdt—f /V-V”V~¢Vdadpdt
0o Je 0o Je

/ fV-V”T"(pTdadpdt
M
—/ /V-V”T(pTdodpdt+/ /V-V"V-(pvdadpdt
0o Jo 0o Jo
M
+/ /V~V"T¢Tdodpdt
0o Jo
M Ps 0
_/ /(v./ v"(s)ds)v".ai;dadpdt

P
VY ds)V —da dp dt
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M
—>/ /V-VV~¢Vdadpdt+/ /V-VTgonadpdt
o Jo o Jo

Ps 8
v./ V(s)d)V %d o dpdt
P

Ps J
V. / V(s) ds) Tﬂ do dpdt
p op

M s
LA ] e
o Ja P op
+ (V . /‘Ps V(s) ds) E<pT) do dpdt,
» op

where we use the fact

M M
f /V-V"V"-(pvdodpdt—/ /V-V"V~<pvdadpdt
Q 0o Je
M M
+/ /V-V"T"(pTdadpdt—/ fV~V”T¢Tdadpdt
Q 0o Je
M Ps a
-f /(v-/ v"(s)ds>v"-ﬂdadpdt
ap
ps
L[ o)
ps wT
/ /(V V( s)ds) " do dpdt
Ps
L[ o)
M ) j M 9 %
§C</ /|u”-u| dpdt) (f f|vu"{ dpdt) -0,
0o Ja 0o Ja

applying (4.31), we also have

/M/ (vaps %T"(s)dswpv—;—g(V

V. —dod dt

T—d dpdt

P
V"(s) ds)qu> do dpdt

/ (
ﬁ/ /(RV/pS T(s)ds- w——g(v./ v<s)ds)gar>dadpdt.

(4.32)

(4.33)

(4.34)
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Finally, by means of (4.5), we can prove that

M t0
/ / (2a) cosf + &v2> (Vigy, —Vipy,)do dpdt
0o Ja a

M cotf
— 2wcosf + P v | (vogy, — vigy,) do dpdt. (4.35)
0o Ja
Summing (4.28), (4.32), (4.34), and (4.35), we complete the proof of (4.26). O

5 Conclusion

In this paper, the stability of weak solutions for the atmospheric equations is investigated
with the constant external force and without the effects of topography; from Theorem 2.1
and Remark 2.1 and Remark 2.2, we show that if U — Uy € L'(R2), then U" — U €
LY0, T; LY(2));if U — Uy a.e., then U" — U a.e., which means that if the difference of the
initial data of two different weak solutions is small almost everywhere, then the difference
of this two weak solutions is small almost everywhere as time increases. Furthermore, in
the future we will consider the stability of weak solutions to the atmospheric models with
the effects of topography, a non-constant external force, radiation heating, and the moist
phase transformation, etc.
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