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1 Introduction

Let S:=S%! = {x: ||x|| = 1} denote the unit sphere in R? (d > 3), d € N, where ||x|| denotes
the usual Euclidean norm, Z, the set of nonnegative integers, and N the set of positive
integers. We denote by L, := L,(S), 1 < p < 0o, the space of functions defined on S with
the finite norm

(s f@)Pdw)r, 1<p<oo,

Ifllp:= (L.1)
esssup, s [f (@), p=o00,
d
where @ € S, and dw is the measure element on S, and |[S%!| = fs dw = 12‘7(1—”’2) is the surface
bl
area of S.

The conception of Ba space was first put forward by Ding and Luo (see [1]) in their
discussion of the prior estimate of Laplace operator in some classical domains and in their
study of the embedding theorem of Orlicz-Sobolev spaces, higher dimensional singular
integrals, and harmonic function etc.

Definition 1.1 (see [1]) Let B = {By,Bs,...,By,...} be a sequence of linear normed
function spaces, a = {a1,43,...,4m,...} be a sequence of nonnegative numbers. For f €
(Mov_i B> we form the power series of

oo
I(f,0):= Y ame™|f17, (1.2)
m=1
If I(f, @) has a non-zero radius of convergence, we say f € Ba.
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The norm in Ba is defined by

1f 1l 3a :=i§g{é (f,a) 51}‘ (1.3)

As proved in [1], Ba is a Banach space if B,, is a Banach space. Evidently, if B,, = L, then
Ba space is an Otlicz space. If B, = L, a = {1,0,...,0,...}, then a Ba space is a classical
Lebesgue space.

Hereafter the space of spherical harmonics of degree k is denoted by ’H,Z. The Laplace-
Beltrami operator on the unit sphere is denoted by

Of () = Af(i) (1.4)

||

)
weS

which has eigenvalue A := —k(k + d — 2) corresponding to the eigenspace H¢ with k €
Z,, namely, ’Hf ={W e C(S) : DV = —k(k + d — 2)W¥}. For the properties of the space of
spherical harmonics and the Laplace-Beltrami operators, see [2—4]. The standard Hilbert
space theory shows that Ly(S) = Y 22, 6D Hl‘f. The orthogonal projection Yx : Ly(S) ”H,”(l
takes the form

)k +4)

Yi(f; ) := gt sz(w,z?)f(ﬂ)dﬁ, (1.5)

where 21 = d — 2, P} denotes hyperspherical polynomials of degree k which satisfies (1 -
2rcos@ +r2) " =Y oo  rkPi(cosf), 0 <O <.

The spherical means are denoted by

1
T = To(f; TSI Ad ) dd,
G(f) G(f @) |Sd*2|(sin 9)‘172 ./(m,z9)=c0s(9f( :

where |S%2| is the surface area of S*2, (x,y) denotes the usual Euclidean inner product.
The properties of the spherical means are well known (see [5, 6]).
Based on the classical Jackson-Matsuoka kernel (see [7]) we define a new kernel

1 sin? n6/2
M,y;i5(0) 2= (7

2
— - , n=12,...,0 €R,

Qs sin®0/2 )

where j,i,s € N, Q,,; is chosen such that fon Myj,i5(0) sin? 0 d6 = 1. It is well known that
M,;j,i5(0) is an even nonnegative operator. In particular, it is an even and nonnegative
trigonometric polynomial of degree at most 2s(»j + 2j — 2i) for j > i and the Jackson poly-
nomial for j = i. Using M,,;;;<(6) we consider spherical convolution:

JupislF3 ) = (F % M) (@) 1= / T (f3 ) Mig5(6)(6) sin® 0 . (L6)
0

It is called the Jackson-Matsuoka polynomial on the unit sphere based on the Jackson-
Matsuoka kernel. In particular, (fy * My;;s)(@) =1 for fo(ew) = 1. The classical Jackson-
Matsuoka polynomial in classical L, space has been studied by many authors (see [7, 8]).

In this paper, we consider the approximation of the Jackson-Matsuoka polynomial on
the unit sphere in the Ba space. Firstly, we introduce K-functionals, modulus of smooth-
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ness on the unit sphere in the Ba space, establish their relations. Then with the help of
the relation between K-functionals and modulus of smoothness on the sphere in the Ba
space and the properties of the spherical means, we obtain the direct and converse best
approximation in the Ba space by Jackson-Matsuoka polynomial on the unit sphere of R?.

2 K-Functionals and modulus of smoothness
Definition 2.1 For f € Ba, the modulus of smoothness on the unit sphere is given by

o(f;t)pa = OSL;P If = To ()] 5, (2.1)
<H<t
The K-functional of the unit sphere is given by
K(f;£*), = inf —gllpa + a)s 2.2
(58)50= _jnf {IF = gllsa + 21Dl (22)

where Wg,(S) := {f : f € Ba,Df € Ba}, 0 < t < to, to is a positive constant, ©f denotes the
Laplace-Beltrami operator on the unit sphere.

To prove the weak equivalence between the K-functional and the modulus of smooth-
ness on the unit sphere, we need the following lemma.

Lemma 2.2 Let B={L,,Ly,,...,Lp,,,...} be a sequence of Lebesgue spaces, Pm =1, m =

1,2,...,a={ay,a,...,ay,...} be a sequence of nonnegative numbers, {am} el® {am’”} €
°°. IffeBa i=(\ooeq Lp,,» then

W llp < ”f”Bm (2.3)

1
where p = infy,>1{a }.

Proof Since {a } €l*, wemaylet0<g-= supm>1{a } € L*°. From {am”‘} € [*°, we may

let u = mfmzl{am} Then 0 < u < co.
In view of the )7, a,,@” || <1, the sup,,.; [[f |, exists. Let

U= sug{ufnpm}.

By the definition of supremum, for any 6 > 0, there exists K > 1, such that ||f||,, >« — 8.
By the definition of ||f||s, = infa>0{é :I(f,a) <1}, for any ¢ > 0, there exists 0%1, such that
e amaf’llf”;"m <1 holds. Therefore ||f||s, = infwo{é ()} > % —¢. Namely

1> Zamal |[f||”’ > aga; ”f”PK [a,’% (u— 8)]K > [sal(u - 8)]K.

m=1
By the arbitrariness of §,

1

—>p-u=p-sup{Iflpm}
o m>1

1
W lp > — =& = - sup{Ifllp, } - &
(03} m=>1
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and also ¢ is arbitrary, therefore

If 1l 3as

T~

sup{Ilfllp,, } <
m=>1
which implies that for any p,,, we have

1
I g < —If lla-
"

The proof is completed. d

We will establish the weak equivalence between the K-functional and the modulus of

smoothness on the unit sphere in the Ba space.

Theorem 2.3 Let B={L,,Ly,,...,Ly,,...} be a sequence of Lebesgue spaces, p,, > 1, m =
1 _1
1,2,...,a={ay,ay,...,am,...} be a sequence of nonnegative numbers. If {a;; } € I, {a,"} €

. Then for f € Ba, 0 < t < 7, the weak equivalence
o(f; )pa < K(f31%) 5, (2.4)
holds, where the weakly equivalent relation A(n) < B(n) means that A(n) < B(n) and
B(n) < A(n), and relation A, < B, means that there is a positive constant C independent
on n such that A(n) < CB(n) holds.
Throughout this paper, C denotes a positive constant independent on # and f and C(a)
denotes a positive constant dependent on a, which may be different according to the cir-

cumstances.

Proof Form=1,2,...,g € Wg,(S), note that [9]

1768 = &llp,, < CO*1DglIp,,»

1o/ Nl < F 1l

By the definition of the Ba-norm || - ||z, and (2.3), we have

[e¢}
. Am
ITsg ~gllpe = inf a:Z;a—nTeg—gn;”m < 1}
< inf a~§:“—’”cm92m||®g||m <1
) : ~ am Pm —
[e¢}
: Cmqm 2m m
< inf “'Z,l — 0" 19gly, <1
e} m
. 1 (C-q-6?
< inf a.;a—m(Tnﬁgnga> 51}. (2.5)
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.q-62 .02
Leta = ZC‘IILQ 1Dgll 5, then > a%(%”@gllga)”’ =1.Consequently Y " | 22| T,g—

gll ;”m < 1. Therefore, we have

I1Tog - gllza < Clg, )0 D] 3a- (2.6)
The proof is similar to that of (2.6), we get

| 7o (f = &) 5, = C@ 1) — €l a- (2.7)
The triangle inequality gives

I Tof ~fllza < 21f = &llza + Cq, 11)0° | Dl as

which shows that w(f;£)p, < C(gq, w)K(f; t*),. On the other hand, we define

% u
glx) = VO/O (sinz)™ duf T,f (x)(sint)* dt

0

with v;! = f(f(sin u)* du [/ (sin£)** dt. Then Dg = vy(Tyf - f), this also gives

1Dgl1p,, < CO2NTof = £llp,- (2.8)

Since for 0 < 6 < Z, the inequality %9 <sin® < 6 shows that v;' < 6%. Moreover,

f-g= Vgl /:(sin u)* du Au(Tt - f)(sint)** dt.
Consequently, we get

If = &llpw < CITof =fllpm- (2.9)
By (2.8) and (2.9), similar to the proof of (2.6), we obtain

1Dgll8a < CO* Tof = fllBa (2.10)
and

IVf —gllga < CllTof —flla- (2.11)

Combining (2.10), (2.11), and the definition of K-functional, we have

K(f;6%),, < If - &llga + 67 1Dgllza
< CITof ~fllpa + CO0* Tof —fllga
< CIITof = f | a- (2.12)

Thus

K(f;tz)Bu < Co(f;t)pa- O
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Corollary 2.4 Fort > 0, there is a constant C such that
(2.13)

o(f;t8)p, < Cmax{l, tz}a)(f;é)ga.

Proof By the weakly equivalent relation between the modulus of smoothness and K-func-

tional, and the definition of K(f;#2)p,, we have

o(f;88)5a < CK(f3 (t9)) 5, < C(If — &llza + £6*1Dglla)

< Cmax{L, 2} (IIf - gllza + 6°11D¢I54)
< Cmax{l, tz}K(f;(Sz)&Z < Cmax{l, tz}w(f;é)gﬂ.

Corollary 2.4 has been proved. O
3 Some lemmas ,
e
Lemma 3.1 Let Qs = [of (S:;lzli é )% sin®* 0 d6. Then the weak equivalence
Qn;j,i,s = n4is—2k—1 (3'1)
holds for 4si > 21 +1,j > i.
Proof As % < sin% <% andsinf <6 for 0 < < 7, we have
T /sin% 12\
Qujis = / < —5 Z ) sin®* 6 do
0 s 2
2 < 2j N 2
o plis=22-1 /M 2 (sm ]t) Sdt
0 12
2 L2 N 2 2N 2
= 2l / (St Sdt + / (St Sdt
0 £2i ) 120
- n4is—2)»—l (3 2)
since 4si > 2\ +1,j > i. Lemma 3.1 has been proved. O
Lemma 3.2 For4is>r+2\+1,j>i,reR, thereis a constant C(A,j,i,s) such that
(3.3)

/ 0" M,y;:5(0) sin™ 0 d6 < C(M, j,i,s)n™"".
0

= =221 e have

Proof Since g < sin% < %, and sinf <6 for 0 <6 <, by Qs
2 16

b g
/ 0" M,y;,5(0) sin®* 6 do
0
. T sin 28
< C(h,iyj, sy~ / 9”(7@) sin** 0 do
0 sin™ 5

) ) nm/2 Sin2j t 2s
< C()\., i,j,S)n—4zs+2k+1n4zs—r—2k—l / tr+2A (7> dt
0
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=2 in¥ £\ % S 02 £\ 28
sin” t sin? ¢
< C()L, i,j,S)Vl_r tr+2)» g dt + t_r-v—Z)L ' dt
0 12 ) £2i

< C(\j,i,5)Con™ < C(M, j iy )™,

where

/2 202 4\ 28 00 s 025 o\ 28
smn” ¢ sin” ¢t
C2=/ t*( , ) dt+f tk< 4 ) dt, 4is>r+2x+1j>i O
tZt tZz
0 /2

Lemma 3.3 (see [9]) Suppose that g € CX(S). Then, for w € (S) and 0 < t < 5, we have

L 1
Bi(g, ) -g(w) = X )/ sin GdQ/O = d>(u)B (Dg,w)du, (3.4)
d-1 0
Tygm) -gw) = 2 [ 2D g oo mya, (35)
27z Jo sin“ ¢
where

1
B/(f,w) = —/ f®)dy, t>0,w,0 S,
¢(t) cost<(w,?)

d-1
d(t) = Z”df fot sin® 2 udu.
L)

Lemma 3.4 Let g,Dg,D%*g € Ba, Ba:= (1 Ly, (S), m=1,2,...,1 < py <00, Jjs(f; )
be the Jackson-Matsuoka polynomial on the unit sphere based on the Jackson-Matsuoka
kernel, 4is > d + 3. Then there is a constant C(d, },i,s) such that

[Vnjisg - g - almDg y, < Cdjiiys)n™* [ D%, (36)
-2

where a(n) < n

Proof For m € N, by (3.5), we have

]n;j,i,s(g; w) _g(w_)

= fﬂ M,is0)(To(gs ) — g(w)) sin?™2 0 do
0

x N4 9 o)

= | My;:(0)sin®2 60 do —2 / Dg, w)dt
/0 s (0) r=al B B,(Dg, @)
I 7 o)

d-1 - d-
272 Jo sin~% ¢

= Dg(w) / My5(0) sin?2 0. do dt
0

4 (&) 7 o
+ / M,5(0) sin® 20 do (L) d(_z (B:(Dg, ) - Dg(w)) dt
0 272 Jo S ¢

x/tsm u(B/(Dg, ) - Dg(w)) du
0

T 0 dt t
=Dg(w) / Myji5(6) sin?26 do / — / sin? udu
0 o SIn” " “t Jo

Page 7 of 13
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bid 2 dt t
+ / Myj,i5(6) sin~2 6 do / — / sin?2 u(Bt(Qg, w) - @g(w)) du
0 o smm” “tJo

= a(n)Dg(w) + / Mi5(0) sin®2 0 W, (g, ) db,
0
where

" N
a(n) = / Mn;j,i,s (@] sin* 260 do / 5 / sin®2 u du
0 o sin““t Jo

and

0 dt t
\Ilg(g,w):zf T/ sin?? u(B,(Dg, @) - Dg(w)) du,
o s "t Jo

" O g [t
0‘(”)2/ Mn;/,i,s(e)sindJHdQ/ T/ sin2 u du
0 o sin““tJo

T , L
t
x/ M35(0) sin®2 6 do f Lsin7E
’ 0

sin?2 ¢

= / 92M,,;,;i,5(9) sin®?0do =<n? (0<E& <)
0

Using Lemma 3.3, and the expression of B;(Dg, @) — Dg, we obtain
W@, = Cldjin* 0%,

By Lemma 3.2, and the Holder-Minkowski inequality we get

T
” / Mi5(0) sin®2 0 Wy (g, ) dO
0

Pm

3.7)

(3.8)

< C(d.),i,9)|D%], / 0* My (0)sin">0d0 < C(d,ji, )| D¢, . (3.9)
m 0 m

Consequently, by (3.7), (3.8), and (3.9), we get
||]n;,~,iysg -g- oz(n)@g”pm <Cd,j,i,s)m™* ||©2g||pm.
By Lemma 2.2, we have

||]n;j,i,sg —-g- aO’l)Qg”Bu

oo
gl 3 -l <1

a>0
m=1

[ee]
< inf{a Dy a—:”nC(d,j, L) D% < 1}

a>0
m=1

o0
< inf{(x:

IS}

3

am

BN

a>0

C(d.j,i,s)n™*| D)5, < 1}

m=1

< C(d,j,i,s,q, 1) | D%,

The proof is completed.

(3.10)

Page 8 of 13
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4 Main results
Theorem 4.1 Suppose that f € Ba:=(,, Ly, (S), m=1,2,...,1 < py < 00, Jis(f; o)
be the Jackson-Matsuoka polynomial on the unit sphere based on the Jackson-Matsuoka

kernel, 4is>d +3,2.=d -2,j>i. Then

”]n;/',i,s(f) _f”Ba = C(d;b A S)a)(f; }’l_l)Ba. (4.1)

Proof Since (fy * M,;,5)(w) =1 for fo(w') = 1, Therefore, we have

i) = | 5
. — m
o3 117, <1)
& a T m
<infla: a—’; / M,y,is0)(f(x) = To(f3)) sin* 0O | < 1]
hig m=1 0 Pm
. - Am i < 2 "
< ;r:g o: ; T (A Hf = Ty(f) ”pmMn;/,i,s(Q) sin“* 0 d@) < 1}
) o qm .cm T 9 m
<infla: > — f If = To(F) || g, Mnsjis(0) sin** 6 d6 ) <1t. (4.2)
o> el 0

Splitting the integral on [0, ] into two integrals on [0,1/#n] and [1/n, ], respectively, and
using the definition of w(f; £)p,, we conclude that

L
If = To (N 5, < 0(fsn ) ,, + / W (f;0)paMiis(0) sin* 6 d6. (4.3)
n

1/

From Corollary 2.4 we have, for > n%,

o(f;0)p, = a)(f; n_l)Bﬂ < Cmax{l, nzez}w(f; n_l)Ba < anezw(f; n’l)Ba. (4.4)
By (4.3), (4.4), and Lemma 3.1, we get
If = To ()| 5, < Co(f0)5a. (4.5)
Therefore, by (4.2), (4.5), we have
s ) = f | g
) ' o0 qm . Cm T . a o m
Sél:g a.; — ; o(f;n) 5 Myjis(0)sin 0do ) <1

m

= inf[a : i 1 afm (w(f;n‘l)Ba)m < 1]

a>0
m=1

< Cd,j,i,s,q wo(f;n™) - (4.6)

Page9of 13
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Theorem 4.2 Suppose that f € Ba:=( ;1 Ly, (S), 1 < pm < 00, Jjis(f; %) is the Jackson-

m=1
Matsuoka polynomial on the unit sphere based on the Jackson-Matsuoka kernel, 4is > d + 3,

21 =d-2,j>1i,0 <« <. Then the following statements are equivalent:

(1) ”]n;j,i,s(f) _fHBa (n—oz), n 2 2; (4-7)

=0
2) o(f;n),, =0(t*), 0<t<l (4.8)

Proof By Theorem 4.1, we have (2) = (1). Now, we prove (1) = (2). Let r be a fixed positive
integer, defined by

];;j,i,s(f; w):= Z </ Mn;j,i,s(g)Qz(Cos 0) sin?* 6 d9> Yi(f; ).
k=0 N0
By orthogonality of the orthogonal projector Yy, we have

T = Z (./o M,;;,:5(0)Q}(cos 0) sin* 6 d@)
k=0

r T l
x Yy (Z (/ M,y;5:5(0)Q(cos 0) sin* 0 de) Yv(f))
v=0 0
= ];;j,i,s (]rlt;j,i,s (f)) (4.9)

Letg=7,;;(f), by (4.9) we get

S

. o i .
f = gllga = inf :Za—mllf—gllpm 51}

m=1

. = ﬂ
inf{o: Z a—: Hf _]rrt;j,i,s(f) ||;nm = 1}

a>0
m=1
00 a r m
i . Zm k-1 _ gk
< inf “'Za:a”‘ (kz;”]n;j,i,s(f) Tjis ) ||pm) 51}
m= -

<inflo:)" Z—’; (C(d, Jois8) D TR (F = Tugis () Hpm) < 1}

>0
m=1 k=1

. >\ . .
< infya: > a—mC(d,}, i,s)r||f _]”?/vivs(f)Hpm < 1}
, g CP(d,jis,T) ”
<o 2 TR sl < 1}
< C(d,], i, s, 1,4, I'L) |Lf_]n;j,i,s(f) HBa’ (410)

where ]B;j,i,s(f) =f.
On the other hand,

197,501, <D kk+d -2) ( / Mi5(0)| Q¢ (cos 8) | sin* 0 d9> Yi(f).
k=0 0

Page 10 0f 13
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Note that [10]

C,’} (cosB)

’Qi(cos9)| = ‘ ) < Cmin{(k@)’l,l}.

For k0 > 1, from (2.4) we have

197,551,

C(d,j,i,s) Zk(k+d 2k *(/ Myi5(0)0~ sm”9d9> Yi(f)
k=0 Pm
Cldyj, i, )™ fllpye YK < Cld, iy )™ f (4.11)
k=0

holds for r > 25 For k6 <1, by Lemma 3.2, we get

197551

Pm

< Z( /0 Mm,,,»,s(e)e—% (0%k(k +d - 2))% |Q(cos 0)| sin** 6 de) Yi(f)
k=0

Pm
r T 5 r
< C(d,j,i,s) Z(f Mn;,;t,s(e)e%((k(%)z)?sin“@de) Yk(f)ll
k=0 0 Pm
r T r
< C(d,},i,s) Z( / Mn;,,i,s(e)efsin2*9d9> Yk(f)H
k=0 \WO Pm
C(d,j,i,s)n ZYk(f) < C(d,j,i,8)n?||f Il - (4.12)
Pm
Consequently, the inequality
197556501, < € i) If N (4.13)

holds uniformly for r > 2. Thereby

“@]r;zs ||Ba
ad a
- i‘lg{ 2 — 701, = 1}

(0]
, m
52}35{ Eﬂﬁ C(dj,i, ) |f llp, <1 }
(o]

<infla
a>0

< C(d,j,is, q,u)nzufnga. (4.14)

C(d Jo b, $)n*||f 1l pa < 1}

Page 11 0f 13
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Without loss of general
(4.9), we have

a(m)| D3| 5o =

Consequently, consideri

. 6 6 .
ity, we may assume 1 > 25, r > r1 + ;5. Using Lemma 3.4 and

la)DT;, ] 5,
st =l + € 1)
P Vipis0F) = f | po + €@ is)m™2| D) 5
< ugias ) = £ | g
4 Cldyjo i) (12D O o + 72 Vs =T )
< ugias ) = £ | g
+Cd,joiy8) (72 [ D350 5o + Vs O = £ | 5)
< Cdojo iy, (hiislf) = g + 7721050 )
< €157, 1) (st ~F | g, + 1 sa)- (4.15)

IA

ng n—Z ” :D];;j,i,s(f) ”Ba S C(d)]) ir $7,4, ,Ll,) “f_]}’l;j,i,S (f) "Bar bY the def‘

inition of K(f; £2)ga, and Theorem 2.3, we have

w(f; nil)Ba = CI((f’ niz)Ba

=c(|r

~Tgis O pa + 172195050 | )

< C(d’]7 i)S’ r,q, M)|V_]n;j,i,s(f) ”Ba' (416)

In view of (4.7), we get

w(f; n_l)Ba <CWd,j,i,s,r,q,u)n°. (4.17)

Let (n+1)' <t <n!, we have

o(f;t)pa < o(f;n"

< Cd )i

The proof is completed.
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