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Abstract

The aim of this paper is to introduce some generalized spaces of double sequences
with the help of the Musielak-Orlicz function M = (M) and four-dimensional
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1 Introduction, notations, and preliminaries
The concept of 2-normed spaces was first introduced by Géhler [1] in the mid-1960s,
while that of #-normed spaces one can find in Misiak [2]. Since then, many others have
studied this concept and obtained various results; see Gunawan [3, 4] and Gunawan and
Mashadi [5]. Let n € N and X be a linear space over the field of real numbers R of dimen-
sion d, where d > n > 2. A real valued function ||,...,-|| on X" satisfying the following
four conditions:

(1) %1, %2,...,%,| = 0 if and only if %1, %,...,%, are linearly dependent in X,

(2) w1, %2,...,%,]| is invariant under permutation,

(3) lloxs, %2, ...,x4 = lt]||l%1, %2, ..., %, || for any & € R, and

(4) llx+a %0, s xnll < %2, ..l + 1K, %2, .|
is called an n-norm on X, and the pair (X, ||-,...,-||) is called a n-normed space over the
field R.

For example, we may take X = R” being equipped with the n-norm |x;,x;,...,%,|r =
the volume of the n-dimensional parallelepiped spanned by the vectors x1, %3, ..., x, which

may be given explicitly by the formula

%1, %0, .., %l £ = ‘det(xij) ’
where x; = (x;1,%0,...,%,) € R” for each i = 1,2,...,n. Let (X, ||-,...,-]|) be an n-normed
space of dimension d > n > 2 and {ay, a5, ...,a,} be a linearly independent set in X. Then
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the function ||-,..., [l on X"~ defined by
[, %2, ..o %1 llco = max{ %1, %2, .. s X1, ail| i = 1,2,...,n}

defines an (n — 1)-norm on X with respect to {ay,a5,...,a,}.

A sequence (x¢) in a n-normed space (X, ||-,...,||) is said to converge to some L € X if
lim ||xx —L,z1,...,2,-1]| =0 foreveryz,...,z,.1 € X.
k—00

A sequence (xy) in a n-normed space (X, ||-,...,-||) is said to be Cauchy if

lim |lxx —%p,21,...,2,1]| =0 forevery z,...,z,1 € X.
k,p— o0

If every Cauchy sequence in X converges to some L € X, then X is said to be complete
with respect to the n-norm. A complete #-normed space is called n-Banach space.

Of the definitions of convergence commonly employed for double series, only that due
to Pringsheim permits a series to converge conditionally. Therefore, in spite of any disad-
vantages which it may possess, this definition is better adapted than others to the study of
many problems in double sequences and series. Chief among the reasons why the theory
of double sequences, under the Pringsheim definition of convergence, presents difficulties
not encountered in the theory of simple sequences is the fact that a double sequence {x;}
may converge without x; being a bounded function of i and j. Thus it is not surprising
that many authors in dealing with the convergence of double sequences should have re-
stricted themselves to the class of bounded sequences or, in dealing with the summability
of double series, to the class of series for which the function whose limit is the sum of the
series is a bounded function of i and j. Without such a restriction, peculiar things may
sometimes happen; for example, a double power series may converge with partial sum
{S;7} unbounded at a place exterior to its associated circles of convergence. Nevertheless
there are problems in the theory of double sequences and series where this restriction of
boundedness as it has been applied is considerably more stringent than need be. In [6],
Hardy introduced the concept of regular convergence for double sequences. Some im-
portant work on double sequences has also been done by Bromwich [7]. Later on, it was
studied by various authors, e.g. Méricz [8], Moéricz and Rhoades [9], Basarir and Sonalcan
[10], Mursaleen and Mohiuddine [11, 12], and many others. Mursaleen [13] has defined
and characterized the notion of almost strong regularity of four-dimensional matrices
and applied these matrices to establish a core theorem (also see [14]). Altay and Basar
[15] have recently introduced the double sequence spaces BS, BS(t), CS,, CSp,, CS,, and
BV consisting of all double series whose sequence of partial sums are in the spaces M,
M (), Cp, Chp, Cy, and Ly, respectively. Basar and Sever [16] extended the well known
space £, from single sequence to double sequences, denoted by £,, and established its in-
teresting properties. The authors of [17] defined some convex and paranormed sequences
spaces and presented some interesting characterization. Most recently, Mohiuddine and
Alotaibi [18] introduced some new double sequences spaces for o-convergence of dou-
ble sequences and invariant mean, and also determined some inclusion results for these

spaces. For more details on these concepts, one is referred to [19-21].
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The notion of difference sequence spaces was introduced by Kizmaz [22], who studied
the difference sequence spaces I, (A), ¢(A), and ¢o(A). The notion was further generalized
by Et and Colak [23] by introducing the spaces I, (A"), c(A"), and ¢o(A").

Let w be the space of all complex or real sequences x = (x;) and let r and s be two non-
negative integers. Then for Z = [, ¢, ¢y, we have the following sequence spaces:

Z(AY) ={x=(x) e w: (ALxx) € Z},
where ATx = (Alxg) = (AT a — AT xyy1) and A%xy = x for all k € N, which is equivalent

to the following binomial representation:

- r
A:xk = Z(_l)v (V) Kty

v=0

We remark that for s =1 and r = s = 1, we obtain the sequence spaces which were intro-
duced and studied by Et and Colak [23] and Kizmaz [22], respectively. For more details as
regards sequence spaces, see [24—31] and references therein.

An Orlicz function M : [0, 00) — [0, 00) is a continuous, nondecreasing, and convex such
that M(0) = 0, M(x) > O for x > 0 and M(x) — 0o asx — o©. If convexity of the Orlicz func-
tion is replaced by M(x + y) < M(x) + M(y), then this function is called modulus function.
Lindenstrauss and Tzafriri [32] used the idea of Orlicz function to define the sequence
space

oo
Ly = {x: (xx) e w: ZM(@) < o0, for some p > O},
k=1 p
known as an Orlicz sequence space. The space ¢, is a Banach space with the norm
o o (1]
ll|| = inf ,0>0:ZM<—k) <1}
k=1 p

Also it was shown in [32] that every Orlicz sequence space £, contains a subspace isomor-

phic to £,(p > 1). An Orlicz function M can always be represented in the integral form

M@=Anmﬁ,

where 7 is known as the kernel of M, is a right differentiable for £ > 0, n(0) = 0, n(¢) > 0, n
is nondecreasing and 7(¢) — oo as t — 00.

A sequence M = (M) of Orlicz functions is said to be Musielak-Orlicz function (see
[33, 34]). A sequence N = (Ny) is defined by

Ni(v) = sup{|v|u - M (u):u> O}, k=1,2,...

is called the complementary function of a Musielak-Orlicz function M. For a given

Musielak-Orlicz function M, the Musielak-Orlicz sequence space taq and its subspace
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haq are defined as follows:

trm = {xew:IM(cx)<ooforsomec>0},

ha = {xew:IM(cx)<ooforallc>O},

where I, is a convex modular defined by
o0

Im() =) Mi(wr), %= (%) € tan.
k=1

We consider £ equipped with the Luxemburg norm

%]l = inf{k 5 0: I <z> < 1}

or equipped with the Orlicz norm

1

] = inf{ /—(1 + I (kx)) k> 0}.
k

A Musielak-Orlicz function M = (M) is said to satisfy the Ay-condition if there exist

constants a,K > 0, and a sequence ¢ = (cx)°, € I1 (the positive cone of I!) such that the

inequality

M (2u) < KMy (u) + ¢

holds for all k € N and u € R*, whenever My (u) < a.

A double sequence x = (xj) is said to be bounded if ||| (c0,2) = sup; i [xjk| < 00. We denote
by /%, the space of all bounded double sequences.

By the convergence of double sequence x = (xjx) we mean the convergence in the Pring-
sheim sense i.e. a double sequence x = (xj) is said to converge to the limit L in Pring-
sheim sense (denoted by P-limx = L) provided that given € > 0 there exists n € N such
that |xj — L| < € whenever j, k > 1 (see [35]). We shall write more briefly as P-convergent.
If, in addition, x € /2, then x is said to be boundedly P-convergent to L. We shall denote the
space of all bounded convergent double sequences (or, boundedly P-convergent) by c2..

Let S € N x N and let € > 0 be given. By xs(e), we denote the characteristic function of
the set S(x;€) = {(j,k) € N x N: |a| > €}

Let A = (@,mjx) be a four-dimensional infinite matrix of scalars. For all m, n € Ny, where
Np := NU {0}, the sum

00,00

Yom =Y At
k=00

is called the A-means of the double sequence (xj). A double sequence (xj) is said to be
A-summable to the limit L if the A-means exist for all m,  in the sense of Pringsheim’s

convergence:
pq
P- lim Z ApmjkXjk = Ynm and  P- lim y,,, = L.
pg— X0 n,m—> 00

Jjk=0,0
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A four-dimensional matrix A is said to be bounded-regular (or RH-regular) if every
bounded P-convergent sequence is A-summable to the same limit and the A-means are
also bounded.

The following is a four-dimensional analog of the well-known Silverman-Toeplitz theo-
rem [36].

Theorem 1.1 (Robison [37] and Hamilton [38]) The four-dimensional matrix A is RH-
regular if and only if

(RHy) P-limy, ; @pmjx = O for each j and k,
(RHy) P-limy,,, Zﬁf&o |@mjk] =1,

(RH3) P-lim,,, Z}fo |@umjic| = O for each k,
(RH4) P-limy, Y po |@umi| = O for each j,
(RH5) Z;ng,o |@pmjic| < 00 for all n,m € Ny.

2 Some spaces of double sequences over n-normed spaces

Recently, Yurdakadim and Tas [41] defined the spaces of double sequences for RH-regular
four-dimensional matrices and Orlicz functions and also established some interesting re-
sults. Quite recently, Mohiuddine et al. [42] defined and studied some paranormed double
difference sequence spaces for four-dimensional bounded-regular matrices and Musielak-
Orlicz functions.

Recall that a linear topological space X over the real field R (the set of real numbers)
is said to be a paranormed space if there is a subadditive function g : X — R such that
g(0) =0, g(x) = g(—x) and scalar multiplication is continuous, i.e., |, — | — 0 and g(x, —
x) — 0 imply g(a,x, — ax) — 0 for all @’s in R and all &’s in X, where 0 is the zero vector
in the linear space X.

The linear spaces I (p), c(p), co(p) were defined by Maddox [39] (also, see Simons [40]).

Let (X,],...,-]l) be a n-normed space and w(n — X) denotes the space of X-valued se-
quences. Let M = (M) be a Musielak-Orlicz function, that is, M is a sequence of Or-
licz functions and let A = (a,,,%) be a nonnegative four-dimensional bounded-regular

matrix. Then we define the following double difference sequence spaces over n-normed

spaces:
Wg(A,M,u, AlLp, ||-,,,,,-||)
1 2 UpA'x; Pjk
= ix: (xx) € w(n — X) : P-lim — Z anmjk[M,' ( M,zl,...,zn_l > ]
nm um
j,k=0,0
=0 for some p >O}
and
WZ(A’M;ur A:;P: ||"H"'||)

= {x =(xx) ew(m-X):
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R oy Ui Nxg — L

P-lim — Z Wi | M| | L=

nm 1w
j,k=0,0

1215+ v 03 Zp-1

)

:Oforsomep>0andLe(C},

where p = (pi) is a double sequence of real numbers such that py > 0 for j, k and
sup; pjk = H < 00, and uz = (u;) is a double sequence of strictly positive real num-
bers.

We obtain the following sequence spaces from the above sequence spaces: WZ(A, M, u,
ALp ..., ) and W2(A, M,u, ALp,||-...,-||) by giving particular values to M, p, u,
and A.

(i) If M(x) = x, then we write WZ(A,u, AL,p, |I-,...,-Il) and W2(4,u, AL p, |I-..,-Il)
instead of WZ(4, M, u, ALp, |I,...,-|) and W*(A, M, u, ALp, ..., |I),
respectively.

(ii) If p = (px) =1 for all j, k, then we write W3 (A4, M, u, AL, ||-,...,-||) and W*(4, M, u,
AL l...,|) instead of WZ(A, M, u, ALp,|I-,...,-|) and W*(A, M, u, AL, p,
I,-..,-Il), respectively.

(iii) If u = (up) =1 for all j, k, then we write W3 (A, M, AL p, ||-...,-||) and W*(4, M,
ALp, ..., |) instead of WE(A, M, u, ALp,||-..., ) and W*(A, M, u, AL, p,
I,-..,-Il), respectively.

(iv) If A = (C,1,1), then we write WZ(M,u, AL p, ||-,...,-|) and W*(M,u, A, p,
I,...,-Il) instead of WZ(A, M,u, AL,p, |I,...,-I) and W*(4, M, u, ALp, |[-...,|),
respectively, where (C,1,1) denotes the nmth Cesaro mean of double sequence (x).

(v) If A =(C,1,1) and M(x) = x, then we write W2 (u, AL p, ||-,...,-[) and W(u, AL, p,
I,...,-|l) instead of WZ(A, M,u, AL,p, |I,...,-Il) and W2(4, M, u, ALp, |[-...,|),
respectively.

Throughout the paper, we shall use the following inequality: Let (a) and (bj) be two
double sequences. Then

|ajk + bjx|P% < K (la P + b |P), 2.1)
where K = max(1,2"™") and sup;; pjx = H (see [18]).

3 Main results

Theorem 3.1 Let M = (M) be a Musielak-Orlicz function, A = (aumix) be a nonneg-
ative four-dimensional RH-regular matrix, p = (pj) be a bounded sequence of posi-
tive real numbers and u = (uy) be a sequence of strictly positive real numbers. Then
WA, M,u, ALp,|I+..., ) and WA, M,u, AL,p,|I-,...,-|l) are linear spaces over the
field R of reals.

Proof Suppose x = (i) and y = (yx) € WA, M,u, AL,p,|-...,-|l) and «, B € R. Then
there exist positive numbers p;, o, such that

.
Uik Agxik

1 00,00
lim — Z dnmjk|:Mj ( 3213 +ve3Zp-1
mm m

Jk=0,0

ik
) :|:0 for some p; >0
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.
Uik A Yjk

P2

1%y Zp-1

) 1 00,00 Pjk
1;211 o Z anmjk[Mj ( > ] =0 for some p; > 0.

jk=0,0

Let p3 = max(2|a|p1,2|B]p2). Since M = (M) is a nondecreasing and convex so by using

)]
)

inequality (2.1), we have

u A (o + Byik)
% '

215445 Zn-1

1 00,0
i 2= o M

Jk=0,0

. 1 XX 1 I/ljkAsrx]‘k
< Klim — Z ~pic Anmjk M; ——  Z15e 3 Zn1
nm 1 2Pjk
jk=0,0

. 1 00,00 1 ujk Azy]k Pjk
+ K lim — Z o Aumjk | M, 21y 2
nm pm 2Pk
jk=0,0
. 1 00,00 u~kA’x4k Pjk
< Klim — Z Bmjic | M S o
nm nm 01
Jk=0,0
. 1 00,00 u«kA’y‘k Pjk
+ Klim — Z p—y L A
nm um
jk=0,0

=0.

Thus ax + By € WZ(A, M,u, AL,p, |I-,...,-|I). This proves that W2 (A, M, u, AL, p, |-...,-|l)
is a linear space. Similarly we can prove that W*(4, M, u, AL p,|l-,...,-||) is also a linear

space. 0

Theorem 3.2 Let M = (Mj) be a Musielak-Orlicz function, A = (aumjx) be a nonneg-
ative four-dimensional RH-regular matrix, p = (pjx) be a bounded sequence of posi-

tive real numbers and u = (uy) be a sequence of strictly positive real numbers. Then
WA, M,u, ALp, ..., ) and W*(A, M, u, AL, p, ||-,...,-||) are paranormed spaces with

the paranorm
r Pjk P
ujkAsx/'k J M
5 Z1--3Zp-1

el OV L °°Z’°°
= M [ . .
g(x) m (IO) . y},gzl nm Anmjk [M/ (

Jk=0,0

<1 for some p > O},

where 0 < pjx < suppjx = H < 00 and M = max(1, H).

Proof (i) Clearly g(x) > 0 for x = (xi) € WZ(A, M, u, ALp, |-...,|). Since My (0) = 0, we
get g(0) = 0.
(i) g(-x) = g(x).

Page 7 of 16
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(iii) Let x = (xjx),y = (yx) € W3 (A, M,u, ALp,|l...,-||) there exist positive numbers p;
and p, such that

N Ry uje Al Xk ik
lim — E Amji | M\ || ——215++++2Zn-1 <1
nm pum

jk=0,0

and
00,00 ;
1 ’ M'kAry‘k Pjk

. j j
lim — E @jic| M| || =215+ .» 201 <1
nm pum

jk=0,0
Let p = p1 + p2. Then by using Minkowski’s inequality, we have

)]

Wik AL (X + Yjk)

1 00,00
i 2 o M

3Z15 o1 Zn-1
jk=0,0 p
00,00 .
.1 wi AL (X + Yik) ik
=lim > G| M T T R
g 0.0 L1+ P2
00,00 AT Pjk
- lim N a1+ A% !
= y}g,l o ﬂnm]k j + 1 %15+ 1Zn-1
g 0.0 P11+ P2
. 1 00,00 ujkA:y]'k Pjk
+11m% Z Ak | M 7,21,...,@1_1
n,m
0,0 P11+ P2
00,00 .
1 . 1 u,»kAngk Pjk
< N hm% Z Apmjk | M ——  Z1y s Zn
n,m
pP1+ P2 k20,0
00,00 .
02 1 Uik ALy Pik
+ " llm% Z Wik | Mg\ || ——==121,++-»Zn-1
n,m
P1+ P2 20,0
S 17
and thus
glx+y)
. S G i A7 (i + Yik) Pk m
=inf{ (p) ™ :lim — Z a,,mjk|:M,' ( L L <1
nm nm
k=00
L
. e 1 &K Uik Afxjk PR M
<inf{ (o) 3 slim— " @ | M| | =21+, 201 <1
nm m
k=00
00,00 I
. /S Uik ALYk P ™
+inf{ (p2) ™ :lim — Z a,,mjk|:Mj ( s ey Zn1 <1
nm um
jk=0,0

Therefore, g(x +y) = g(x) + g().
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Finally, we prove that the scalar multiplication is continuous. Let A be any complex num-
ber. By definition,

1
Pjk 1 & Uik Al x; Pjk] 1
g(kx):infi(p)’w tlim— ) anm,k[Mjk( %,zh...,zn_l > ] 51}

)] =

Bk 1 & up Alx;

. T 1. ik ik

=1nf{(|k|t)”’ ln“,‘,}@ E A | M ( L s Zp
’ jk=0,0

S
_‘,—«

where ¢t = £ > 0. Since |A|P% < max(1, |A|*"PPi¥), we have

L
[A]
g(Ax) < max (1, |A|S“Ppik)

. 7 Gy Ui A Xk
x inf M :lim — Z Anmjk | M B
nm nm
j

3215+ 03 Zp-1

)’”]ﬁ 51].

So, the fact that the scalar multiplication is continuous follows from the above inequality.
This completes the proof of the theorem. d

Theorem 3.3 Let M = (My) be a Musielak-Orlicz function, A = (amix) be a nonneg-
ative four-dimensional RH-regular matrix, p = (pj) be a bounded sequence of posi-
tive real numbers and u = (uy) be a sequence of strictly positive real numbers. Then

WA, M,u, ALp, I ...,-|)) and W*(A, M,u, AL, p, ||-,...,-||) are complete topological lin-
ear spaces.
Proof Let (x;{) be a Cauchy sequence in WZ(A, M,u, AL,p, |-,...,-|), thatis, g(x? —x*) — 0

as g,t — 0o. Then we have

1 00,00
% Z anmjkl:Mjk(

Jjk=0,0

CATAd AT AL
Ui DGy — Uik Ay

0

3Z15 e+ +3Zn-1

e

Thus for each fixed j and k as q,¢ — oo, since A = (@,mx) is nonnegative, we are granted

that
) -0

My

and by continuity of M = (Mj), (quk) is a Cauchy sequence in R for each fixed j and k.

r.4d . 7oAk
u,kAijk - u,kAijk

0

3215+ +3Zp-1

Since R is complete as ¢t — 0o, we have x}’k — x5 for each (j, k). For € > 0, there exists a
natural number N such that

1 00,00
i, 2 o 5

J,k=0,0q,t>N

G AT AT Al
u,kAsxjk u,kAsx].k

0

121y v 03 Zn-1

Pjk
) ] <e forall m,n.

Since for any fixed natural number M, we have

rxt

r a4
Ujk Asxjk — U A jk

1 00,00
lim — Z anmjk[Mj < 1 %15 e3Zn-1
mm nm

Jk<Mq,t>N

Dik
) } <e forall m,n,
0

Page9of 16
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and by letting ¢ — oo in the above expression we obtain

r
Uik ALK — g AL

0

1Z1re e o3 Zp-1

1 00,00
I L

Jk<Mg>N

Since M is arbitrary, by letting M — 0o we obtain

oy
ulkAs k

0

r
u,-k Asxjk

3Z1yev1Zn-1

Pik
) ] <e forall m,n.

1 00,00
i 2 o

jk=0,0

Thus g(x7 — x) — 0 as g — oc. This proves that W3 (A, M, u, AL,p, |-,...,-||) is a complete
topological linear space.

Now we shall show that W?(4, M,u, AL, p, ||-,...,-||) is a complete topological linear

space. For this, since (x9) is also a sequence in W2(A, M,u, A%, p, |-,...,-||) by definition of
WA, M,u, ALp,|,...,-|), for each g there exists L7 with

—ua AN"L4
M/kAs ik u,kASL

0

1 00,00
E Aymjk Mjk 3215+ e3Zp-1
nm

jk=0,0

Pjk
) ]—)O as m,n — o9,

whence, from the fact that sup,,, - Z,kogoa,,m,‘k < 0o and from the definition of a

Musielak-Orlicz function, we have M(]| M,zb .esZy-1]l) = 0 as ¢ — 0o and so L4
converges to L. Thus
e Al — L ik
- Z Aymjk /k 3Z15++03Zp-1 — 0 asm,n— o0.
jk=0,0 P
Hence x € W*(4, M, u, AL p,||...,-||) and this completes the proof. a

Theorem 3.4 Let M = (My) be a Musielak-Orlicz function which satisfies the A,-
condition. Then W*(A,u, AL,p, ||-,...,-|) € W2(A, M,u, ALp, ||,...,-|).

Proof Let x = (xx) € W2*(A,u, ALp, ||,...,|), that is,

) 1 Pijk
i )]-e

jik
Let € > 0 and choose § with 0 < § < 1 such that My (¢) < € for 0 <t < §. Write yy =
(” ”}kA x/k L

UxAlxjp — L
JK =87
— e Zl,.. s Zpe1

1 -+»Zn-1|]) and consider

.1 ,
it — ; B[ Mt e} ]
1 1
=lim — Z Anmjk [Mjk(y/k)pik] + ly}g‘l I’l_ Z Anmjk [Mjk (yjk)pjk]

nm nm m
Jjok:lyjic| <8 Jok:1yj|>8

1 1
—ehm—m Z a,,m,k+11m% Z a,,m,k[Mjk(y,»k)"/k].

n,m
Jjik:lyjp| <6 Jok:|yj|>6
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y]k

For yj > 8, we use the fact that yj < y’k <1+ <. Hence

v\ Mi(2) 1 o Vik
M) <1475 ) < S5 S (27 )

Since M satisfies the A,-condition, we have
1k(y]k) < K M]k(z) I< M]k(z) I< M]k(z)

and hence

.1 )
i Y A M0 ]
Jjk:lyjic>8
Ui ATxi — L
< I<—(2) lr}l;lnl V[_ Z‘Lﬁm]k[( L;Zh' o1 Zp-1

)

Since A is RH-regular and x € W2(A, u, ALp,l-...,-1), we get x € W2(A, M, u, AL p,

Theorem 3.5 Let M = (M) be a Musielak-Orlicz function and let A = (@) be a non-

. M;
negative four-dimensional RH-regular matrix. Suppose that = lim,_, M)

WZ(Ayu; AZ,P, ”7:”) = Wz(A,M,I/t, A:,l% ”)r”)

Proof In order to prove that W2(A,u, AL p, ||,..., ) = W*(A, M, u, ALp, ||-,...,-
sufficient to show that W2(A, M,u, AL, p, |I-,...,-|) C W2(A,u, AL, p,||-,...,-|]). Now, let
B > 0. By definition of 8, we have M (¢) > Bt forall £ > 0. Since f > 0, we have ¢ < %M,»k(t)

forall £ > 0. Let x = (x) € W*(A, M, u, AL,p, ||,...,-|l). Thus, we have

)

1215+ 43 Zn-1

Ujk Angk -L
0

1 00,00
lim — E Apmjk |:( 3215+ 03 Zp-1
mm m

Jk=0,0

1 1 &
= E ly},lnfql o Z Anmjk |:Mjk<

Jjk=0,0

r
Ujk Asx]‘k -L

]

which implies that x = (xy) € W*(4,u, ALp, |I,...,-||). This completes the proof.

Theorem 3.6
(i) Let 0 <infpy <pj <1. Then

W2(Aeru’A:rpr ”r’”) - WZ(A,M,M, A:: “””)
(ii) Let1 < pjx <suppj < 0o. Then

W2 (A, M, u, AL Nl) € WA, M, ALp, .o l).

< 00. Then
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Proof (i) Let x = (x) € W2(A, M, u, ALp,||...,-|). Then since 0 < infpj < pjx <1, we
obtain the following:

3Z1yeve1Zp-1

u/kA:x,»k -L
77'211 LS ,Zn—]

1 00,00
i 2 o

Jk=0,0
u,k A:x,»k - L

1 o
<lim — Z Apmjk |:Mjk<
nm nm

jik=0,0

)
Thus x = (x) € W2(A, M, u, AL || ...,-])).
(ii) Let pjx > 1 for each j and k and sup pj < 00. Let x = (x) € W*(A, M, u, AL ||-,...,-|]).
Then for each 0 < € <1 there exists a positive integer N such that

Up Al xy — L
JK =57
1215+ 43 Zp-1

1 00,00
lim — E Apmjk |:M/'k (
nm nm

)] <e<l forallmn>N.
jk=0,0

This implies that

ujr Agxi — L

)]

1 00,00
i 2 o

121+ +1Zn-1
jik=0,0 P
I Ui Alxy — L
<lim— Z ﬂnmjk|:Mjk< L e zu | ) |-
nm pim
jik=0,0
Therefore x = (x) € W2(A, M, u, ALp, |l-,...,-||). This completes the proof. a

Lemma 3.7 Let G be an ideal in lgo and let x = (xj) € lgo. Then x is in the closure of G in
B, ifand only if Xs(e) € G for all € > 0.

Proof It is easy to prove so we omit the proof. d

Lemma 3.8 Let M = (Mj;) be a Musielak-Orlicz function which satisfies the A,-condition
and let A = (a@,mjx) be a nonnegative four-dimensional RH-regular matrix. Then W (A, M,
ALD e DN, is an ideal in 1%

Proof Let x € WZ(A, M,u, AL,p, ||,...,-Il) N {2, and y € [%,. We need to show that xy €
WZ(A, M, u, ALp, ||-,...,-Il) N 2. Since y € I2,, there exists T; > 1 such that ||y|| < T3. In
this case |xyyjc| < T1|xj| for all j, k. Since M is nondecreasing and satisfies A,-condition,

et
ol )

. . wik AL (X yik) .
for all j, k, and T > 0. Therefore lim,, ,, ﬁ Z}.J( A M (| %yzb ez P = 0

Thus, xy € WZ(A, M, u, ALp,|...,-|l) N 2. This completes the proof. O

we have

o

Ujk A’x,k

i A} (X Yjk)
- b Z 7 Z17 ) Zn_l

192 Zn-1

u]kA Xjk
2153 %p-1
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Lemma 3.9 IfA is a nonnegative four-dimensional RH-regular matrix, then W3 (A, u, A”
Dollose.s-ll) N2 is a closed ideal in I2,.

Proof We have W2 (A, M,u, ALp,||-...,-|) N2, C 2, and it is clear that WZ(A, M, u, A,

Pollse-) N # 0. For x,y € WA, M,u, ALp, |I-...,-II) N2, we get lxp + vl <
|%k| + [yjx|. Now, we have
)]

Wi AL (X + Yjk)
- 1,"'72}1—1

o

Ui Ax; ur A’y Pjk
=< |:M1 < M’Zh-nrzn—l M’er'-nzn—l ) :|
0

1 Uik ALxik Pjk 1 up Ay Pjk
<Ml 2| —=—"F21,.... 201 o My 2] =21, 20

2 P 2 0

1 Uik ALxix Pjk 1 up Ay Pjk
< 51(1[M/k( %1211"'?an1 + EKZ M %,21,---,2;171

by the A,-condition and the convexity of M. Since

.1
it s M

jik

i A§ (X + Yik)
7’ 1!“‘,z}’l_1

)]

1 . 1 u,»kAgx,-k Pjk
=< 51<1;11,rr£1] o Zﬂnm/k |:Mj ( T PR
Jk
Lo 1 uik A ok
+ 5[(1#52% jZkﬂHMjk[Mjk< 5 Z15--+3Zp-1 )

where K = max{K3, Ky}, so x + y,x —y € WZ(A, M,u, ALp, ||-,...,-[) N I%.

Letx € W2(A, M,u, AL,p, |I-,...,-) N2 and y € [2 . Thus, there exists a positive integer
K, so that for every j, k, we have |xjyj| < Kl|xj|. Therefore

M’kAr(x‘ky‘k) Pjk Ui Arx,k Pijk
j k) jk 25X
|:M1k< Sf;zly«nxzn—l =< M} K 73:421:'“:2}1—1
ka’x»k Pjk
j j
< T|:Mjk< 75,21,...,2,1_1 s
and so
1 wi A% (%K) Pk
. i ki
lim — E Aumjic| M| | —————>21,...»2u1
nm m
ik
1 u~kA’x«k Pjk
. j j
< Tlim — E a,,m,'k[M,» ( A TR .
mm A <
J»

Hence xy € W2(A, M,u, AL,p,||-...,-|) N .. So WA, M,u, Al,p,|-,...,-|l) N 2, is an
ideal in /2, for a Musielak-Orlicz function which satisfies the A,-condition.

Now, we have to show that Wg(A,/\/l,u, ALp, ...+ N lgo is closed. Let x €
WZ(A, M, u, AL, p, ||-,...,-Il) N I there exists x° = x;g € WA, M,u, ALp,|I...,- NN
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such that x4 — x € I2,. For every € > 0 there exists Nj(¢) € N such that for all ¢,d > Nj (¢),

|x4 — x| < €. Now, for € > 0, we have

. 1 MjkAngk Pjk
lim — Zanmjk P}k 21,3 Zp-1
nm nm = P
Jik
r )
. 1 Ujk Asxjk u,kAs Wt u,kASx]k Pjk
=lim — Zanmjk M 321y eeerZn-l
nm nm - 0
Jik
-
.1 Ui AT — u A
<lim— Zanm/k M N |
nm um Jo
ik
Pjk
ulkAs jk

+ »Z1reee1Zp-1

)]

r 7 acd
Ujr Agxjy — ujkAsxjk

)]

< 31 e 2| P
u,kAS ik Pjk
+ Ely}l}ﬂl% Zanm,k[ < — Z1,. e Zp
< 1 K li 1
< SKMj(€)lim — > " i
ik
ulkAs k Pk
+2K1r}1'2%2anm,k[Mk< 221y eeerZpl .
Since x¢ € WZ(A, M,u, AL, p,||-,...,-|)) N 2, and A is RH-regular, we get
1 Ui Al xjk Pik
B%%Zanmjk[Mjk( #rzl:u-)zn—l :01
Jk
sox € WZ(A, M,u, ALp,||,...,-|) N2 . This completes the proof. O

Theorem 3.10 Letx = (xj) be a bounded sequence, M = (M) be a Musielak-Orlicz func-
tion which satisfies the A,-condition and A be a nonnegative four-dimensional RH-regular
matrix. Then W*(A, M,u, AL p, ||-,..., ) N2 = W A, u, ALp, ||-,...,-|) N 2.

Proof Without loss of generality we may take L = 0 and establish
W5 (A, M,u, ALp, 1. ll) N By = W3 (A, u, AL, Il N 2.
Since WA, u, ALp,|...,-II) € WZ(A,M,u, ALp,|l-...,-|l), therefore WZ(A,u, AL, p,

.. on )N S WA, M,u, ALp, I ..., ) N2, We need to show that W (A, M, u, AT
Dl )N S WEA, u, ALp, |-, l) N I2,. Notice that if S C N x N, then

1 o o1 -
lim — /Zk it [ M (x5 )] = Mye () lim — ; i (x50, 00",
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for all n, m. Observe that xs(j, k) € WE(A,u, AlLp, ||,...,|I) N2 whenever x € WZ(A, M,

u, AL,p, |I...,-) N I3 by Lemma 3.7 and Lemma 3.8, so

The proof is complete.

W (A, M1, ALp, llses ) N By € W (A, AL p, s ll) N 2.
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