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1 Introduction
Let E be a real Banach space and C be a nonempty closed convex subset of E. A mapping
T : C — Cis said to be nonexpansive if

1Tx - Tyl < llx-yll, Vx,yeC. (L1)

Lots of iterative schemes for nonexpansive mappings have been introduced (see [1-3]);
furthermore, many strong convergence theorems for nonexpansive mappings have been
proved. On the other hand, there are many nonlinear mappings which are more general
than the nonexpansive mapping. Compared to the existing problem of a fixed point of
those mappings, the iterative methods for finding a fixed point are also very useful in
studying the fixed point theory and the theory of equations in other fields.

In 2007, Gobel and Pineda [4] introduced and studied a new mapping, called «-nonex-
pansive mapping. The mapping is more general than the nonexpansive mapping.

Definition 1.1 For a given multi-index, o = (o1, a3,...,q,) satisfies o; > 0, i =1,2,...,n
and ) ", o; = 1. A mapping T : C — C is said to be ¢-nonexpansive if

ZO[;’ ” Tix— le” < ||x—)’||; Vx,ye C. (1'2)
i=1
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In order to show that the class of «-nonexpansive mappings is more general than the
one of nonexpansive mappings, we give an example [4].

Example 1.2 Let E = R}, and

0 ifx=0;
T(x) =
ifx € (0, +00).

R =

Then T is not nonexpansive but «-nonexpansive.

Proof Obviously, T is not nonexpansive. Taking x = %, y =0, by the definition of Tx, we
have

Tx - Tyl = 12-0] >

S _o[= k-l
——0|=|x-9].
2 y
On the other hand, for every x,y € [0, +00), we have
| 7%= T%y|| = lx = yll.
Therefore, we can affirm that
Ol Tx =Tyl + | T?x - T?y| = llx = yll,

where « = (a1, a2) = (0,1). Then T is an a-nonexpansive mapping but not a nonexpansive
one. g

If T is a nonexpansive self-mapping, we can imply that 7 must be an «-nonexpansive
one, where a = (a1, as,...,a,) = (%,..., %).

For technical reasons, we always assume that the first coefficient «; is nonzero, that is,
a1 > 0. In this case the mapping T satisfies the Lipschitz condition

1
I Tx - Ty|| < a—llx—yll, Vx,y € C.
1

For the a-nonexpansive mapping T, o = (a1, 2, @3, ... &), it is obvious that the mapping

n
Tyx = Z o;T'x, VxeC (1.3)

i=1

is nonexpansive. However, the nonexpansiveness of T, is much weaker than (1.2), for in-
stance, it does not entail the continuity of T (see [4]).

In 2010, Klin-eam and Suantai [5] introduced the relation of fixed point sets between an
a-nonexpansive operator and a T, operator. They gave the following theorem.

Theorem 1.3 (see Theorem 3.1 of Klin-eam and Suantai [5]) Let C be a closed convex
subset of a Banach space E and for all n € N, let o« = (01,2, ...,Q,) such that a; > 0, i =
L2,..,m01>0,and Y i o; =1. Let T be an a-nonexpansive mapping from C into itself.
If oy > ,,%\15, then F(T) = F(T,), where F(T) is the fixed point set of T .
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At the same time, they have succeeded in proving the demiclosedness principle for the

«-nonexpansive mappings.

Theorem 1.4 (see Theorem 3.4 of Klin-eam and Suantai [5]) Let C be a closed convex
subset of a Banach space E and for all n € N, let o« = (01,2, ...,Q,) such that a; > 0, i =
L2,...,m,01>0,and )y . a;=1. Let T be an a-nonexpansive mapping from C into itself.
If oy > %12, if {x,} C C converges weakly to x and {x, — Tx,} converges strongly to 0 as

n— 00, thenx € F(T).

Recently, Wang et al. [6] proposed the following hybrid algorithm for an «-nonexpansive
mapping in a Banach space:

Yn = (1 - ,Bn)xn + ,Bn Txnr
Cunn={z€Cy:llyn—zl < lIxn —zll} (1.4)

xp1 = Ilc,,;%0, n€EN.

As we know that if C is a nonempty closed convex subset of a Hilbert space H and recall
that the (nearest point) projection Pc from H onto C assigns to each x € H, and the unique
point Pcx € C satisfies the property ||x — Pcx|| = minyec [|x — y||, it is well known that Pc is
nonexpansive. This fact actually characterizes Hilbert spaces and, consequently, it is not
available in more general Banach spaces. We consider the functional defined by

d(,%) = llyl* =2, Jx) + x>, Vx,y€E,

where ] is the normalized duality mapping and the Banach space is smooth. In this con-
nection, Alber [7] introduced a generalized projection I1¢ from E to C as follows:

[¢(x) = argming(y,x), VxeE.
yeC

It is obvious from the definition of functional ¢ that

(Iyll = 1l < ¢ %) < (Iyll + lIxl)>,  Vx,y € E.

If E is a Hilbert space, then ¢(y,x) = ||y —x||* and I1¢ becomes the metric projection of E
onto C. The generalized projection I1¢ : E — C is a map that assigns to an arbitrary point
x € E the minimum point of the functional ¢(y,x), that is, I1cx = %, where x is the solution

to the minimization problem
(%, x) = inf p(y, x).
yeC

The existence and uniqueness of the operator I'l¢ follow from the properties of the func-
tional ¢(y,x) and strict monotonicity of the normalized duality mapping J [8]. It is well
known that the metric projection operator plays an important role in nonlinear func-
tional analysis, optimization theory, fixed point theory, nonlinear programming, game
theory, variational inequality, and complementarity problems, ezc. [8, 9]. In 1994, Alber
[7] introduced and studied the generalized projections from Hilbert spaces to uniformly
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convex and uniformly smooth Banach spaces. Moreover, Alber [8] presented some appli-
cations of the generalized projections to approximately solve variational inequalities and
von Neumann intersection problem in Banach spaces. In 2005, Li [9] extended the gener-
alized projection operator from uniformly convex and uniformly smooth Banach spaces
to reflexive Banach spaces and studied some properties of the generalized projection op-
erator with applications to solve the variational inequality in Banach spaces. Later, Wu
and Huang [10] introduced a new generalized f-projection operator in Banach spaces.
They extended the definition of generalized projection operators introduced by Abler [7]
and proved some properties of the generalized f-projection operator. In 2009, Fan et al.
[11] presented some basic results for the generalized f-projection operator and discussed
the existence of solutions and approximation of the solutions for generalized variational
inequalities in noncompact subsets of Banach spaces.

The purpose of this paper is to study a sequence of modified generalized f -projections in
areflexive, smooth, and strictly convex Banach space and show that Mosco convergence of
their ranges implies their pointwise convergence to the generalized f-projection onto the
limit set. Furthermore, we prove strong convergence theorem for a countable family of «-
nonexpansive mappings in a uniformly convex and smooth Banach space using the prop-
erties of a modified generalized f-projection operator. Our main results generalize the
results of Wang et al. [6] and enrich the research contents of @-nonexpansive mappings.

2 Preliminaries

A Banach space E is said to be strictly convex if “le” <1forx,y € E with ||x]| = |ly]| =1 and
x # 9. It is said to be uniformly convex if for each € > 0 there is § > 0 such that for x,y € E
with [lx]|, Iyl <1and ||x—y| > €, |x+y|| <2(1-38) holds. The space E is said to be smooth
if the limit

X+ tyl| — [|x
e

2.1
t—0 t ( )

exists forall v,y € S(E) = {x € E : ||x|| = 1}. And E is said to be uniformly smooth if the limit
(2.1) exists uniformly for all x,y € S(E).

Remark 2.1 The following basic properties of a Banach space E can be found in Cio-
ranescu [12]:
(i) if E is uniformly convex, then E is reflexive and strictly convex;
(i) a Banach space E is uniformly smooth if and only if E* is uniformly convex;
(iii) each uniformly convex Banach space E has the Kadec-Klee property, i.e., for any
sequence {x,} C E, if x, =~ x € E and ||x,,|| — ||x||, then x, — «.

Let E be a real Banach space with the dual £*. We denote by J the normalized duality
mapping from E to 2£” defined by

Jo={f €E*: (nf) = x> = IfI?}, xe€E.

Many properties of the normalized duality mapping J can be found in Takahashi [13] or
Vainberg [14]. We list some properties below for easy reference:

(i) J is a monotone and bounded operator in arbitrary Banach spaces;

(ii) J is a strictly monotone operator in strictly convex Banach spaces;
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(iii) J is a continuous operator in smooth Banach spaces;
(iv) J is a uniformly continuous operator on each bounded set in uniformly smooth
Banach spaces;
(v) J is a bijection in smooth, reflexive, and strictly convex Banach spaces;
(vi) J is the identity operator in Hilbert spaces.
Next, we recall the concept of generalized f-projector operator, together with its prop-
erties. Let G: C x E* — RU {+00} be a functional defined as follows:

G(5,9) = I511” = 2(&, @) + l@l” + 20f (6), (2.2)

where & € C, ¢ € E*, p is a positive number and f : C — R U {+00} is proper, convex, and
lower semi-continuous. From the definitions of G and f, it is easy to see the following
properties:

(i) G(&,¢) is convex and continuous with respect to ¢ when £ is fixed;

(i) G(&,¢) is convex and lower semi-continuous with respect to & when ¢ is fixed.

Definition 2.2 ([10]) Let E be a real Banach space with its dual E*. Let C be a nonempty,
closed, and convex subset of E. We say that I'IfC : E* — 2€ is a generalized f-projection
operator if

l'IfC(pz {ueC:G(uxp):gir;{;G(é,w)}, Vo € E. (2.3)

For the generalized f-projection operator, Wu and Huang [10] proved the following basic
properties.

Lemma 2.3 ([10]) Let E be a real reflexive Banach space with its dual E*, and let C be a
nonempty, closed, and convex subset of E. Then the following statements hold:

(i) l'[fc(p is a nonempty closed convex subset of C for all ¢ € E*.

(i) IfE is smooth, then for all p € E*, x € l'Ingo if and only if

(x—y,0—Jx) + pf(y) - pf (x) =0, VyeC.

(ili) IfE is strictly convex and f : C — R U {+00} is positive homogeneous (i.e.,
f(tx) = tf (x) for all t > O such that tx € C, where x € C), then l'lfC is a single-valued
mapping.

Fan et al. [11] showed that the condition f is positive homogeneous, which appeared in
Lemma 2.3, can be removed.

Lemma 2.4 ([11]) Let E be a real reflexive Banach space with its dual E*, and let C be a
nonempty, closed, and convex subset of E. Then if E is strictly convex, then I'Ifc is a single-
valued mapping.

Recall that J is a single-valued mapping when E is a smooth Banach space. There exists
a unique element ¢ € E* such that ¢ = Jx for each x € E. This substitution in (2.2) gives

G, Jx) = IIEI” = 2(5, %) + lIx]1 + 20f (§). (2.4)

Now, we consider the second generalized f-projection operator in a Banach space.
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Definition 2.5 Let E be a real Banach space and C be a nonempty, closed, and convex
subset of E. We say that I"Ifc : E — 2€ is a generalized f-projection operator if

l'[fc(x) = {u € C:G(u,Jx) = éingG(f‘;‘,]x)}, Vx € E.

We know that the following lemmas hold for the operator l'IfC.

Lemma 2.6 ([15]) Let C be a nonempty, closed, and convex subset of a smooth and reflexive
Banach space E. Then the following statements hold:

(i) l'lfcx is a nonempty closed and convex subset of C for all x € E.

(ii) Forallx€E, x € chx ifand only if

(x -y Jx—Jx) + pf () = pf(x) =0, VyeC.
(iii) IfE is strictly convex, then l'lfC is a single-valued mapping.

Now, we introduce a modified generalized f-projection operator. Let G: C x E* — R be
a functional defined as follows:

G(5,9) = 511> - 2(&,9) + l@l* + 201 (§), (25)

where £ € C, ¢ € E*, p is a positive number and f : C — R is convex and weakly continu-
ous. From the definitions of G and f, it is easy to see the following properties:
(i) G(&,¢) is convex and continuous with respect to ¢ when § is fixed;
(i) G(&,¢) is convex and weakly lower semi-continuous with respect to & when ¢ is
fixed.
Obviously, the other definitions and lemmas hold respectively.
Next, we give the following example [16] which shows that metric projection, general-

ized projection and generalized f-projection are different.

Example 2.7 Let X = R? be provided with the norm

w2, x3)] = (o2 + 23) /(33 +3).
This is a smooth strictly convex Banach space and C = {x € R®|x; = 0,x3 = 0} is a closed
and convex subset of X. It is a simple computation; we get Pc(1,1,1) = (1,0,0), [T¢(1,1,1) =
(2,0,0).
We set p =1 is a positive number and define f : C — R by
fx) =-2-2+5.

Then f is convex and weakly continuous. Simple computations show that

I.(1,1,1) = (4,0,0).

Page 6 of 12
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Let E be a Banach space, and let C;, Cy, Cj, ... be a sequence of weakly closed subsets
of E. We denote by s — Li,,C, the set of limit points of {C,}, that is, x € s — Li,,C, if and only
if there exists {x,} C E such that {x,} converges strongly to x and thatx, € C, foralln € N.
Similarly, we denote by w — Ls, C, the set of cluster points of {C,}, y € w — Ls,C, if and
only if there exists {y,,} such that {y,,} converges weakly to y and that {y,,} € C,, for all
i € N. Using these definitions, we define the Mosco convergence [2] of C,,. If C satisfies

s—Li,C,=Co=w-Ls,C,, (2.6)
we say that C, is a Mosco convergent sequence to Cy and write

Co=M- lim C,. (2.7)
Hn— 00
Notice that the inclusion s — Li,,C,, C w — Ls, C, is always true. Therefore, in order to show
the existence of M — lim,,_, », C,, it is sufficient to prove w — Ls,C, C s — Li,C,,. For more
details, see [17].

3 Main results

3.1 Generalized Mosco convergence theorems

Theorem 3.1 Let E be a smooth, reflexive, and strictly convex Banach space and C be a
nonempty closed convex subset of E. Let C, Cy, Cs, ... be nonempty closed convex subsets
of C, f : E — R be a convex and weakly continuous mapping with C C int(D(f)). If Cy =
M —1limy,_, o C, exists and is nonempty, then Cy is a closed convex subset of C and, for each
xeC, {l'Ianx} converges weakly to H]éox.

Proof It is easy to prove that Cy is closed and convex if C, is a closed convex subset of C
for each n € N. Fix x € C. For the sake of simplicity, we write x,, instead of Hj;nx forn e N.
Since Cp = M —lim,,_, », C,;, we have that for each y € C, there exists {y,} C E such that
yn — ¥y as n — oo and that y, € C, for each n € N. From Lemma 2.6, we have

<xﬂ _ym]x_]xn) + pf()’n) - pf(x) > 0.

Hence, we obtain

0 < (% —x,Jx — Joty) + (% — Y, Jx = ) + of () — pf (%)
< —(llxll = IIxnII)2 + (Il + lull) 1% = yull + £f ) — of (),

thus,

(lell = el < (Hll + Il 12 = 2l + f 0) = f ().

Suppose that {x,} is not bounded. Then there exists a subsequence {x,,} of {x,} such that
[l%,,; || = oo. It follows that

(12

[l

— 2+ [, I < <1+ (G )IIx—ynl_H L PPOn) — pf (%)

[1% I [l
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for a sufficiently large number i € N. As i — 0o, we obtain +00 < ||x — ¥,,|| < +00c. This is
a contradiction. Hence we have that {x,} is bounded.

Since {x,} is bounded, there exists a subsequence, again denoted by {x,}, such that it
converges weakly to xg € C. From the definition of Cy, we get x € Cp.

Now, we prove that l'lfcox = x9. From weak lower semi-continuity of the norm and weak
continuity of f, we have

lim inf G(x,,, Jx) = liminf [, 1> = 2(x,, Jo) + [|%]|* + of (x,)
n—00 n—00

> [lxoll* = 24x0, %) + llxl|* + of (x0)

= Gl(xo, Jx).
On the other hand, we get

liminf G(x,, Jx) < liminf G(y,, Jx)

= liminf |1yl = 20y /) + l%11° + of (7)
= Gy, Jx).

So,
G(xO)]x) = G(%]x)7 Vy € C07
that is,

G(xo,Jx) = inf G(y,Jx).
y€Co

Hence we get l'IfCOx =X0.

According to our consideration above, each sequence {x,} has, in turn, a subsequence
which convefrges weakly to the unique point Hjéox. Therefore, the sequence {x,,} converges
weakly to IT¢ x. This completes the proof. d

A Banach space E is said to have the Kadec-Klee property if a sequence {x,} of E satis-
fying that x, — xo and ||x,|| — |0l converges strongly to x,. It is known that E£* has a
Fréchet differentiable norm if and only if E is reflexive, strictly convex, and has the Kadec-
Klee property; see, for example, [10].

Theorem 3.2 Let E be a smooth Banach space such that E* has a Fréchet differentiable
norm. Let C be a nonempty closed convex subset of E. Let Ci,Cy,Cs,... be nonempty
closed convex subsets of C, f : E — R be a convex and weakly continuous mapping with
C c int(D(f)). If Cy = M - lim,,_, o, C,, exists and is nonempty, then Cy is a closed convex
subset of C and, for each x € C, {chnx} converges strongly to Hjéox.

Proof Fix x € C arbitrarily. We write x,, = Hanx and x, = l'IfCOx. By Theorem 3.1, we ob-
tain x,, — xo. Since E* has a Fréchet differentiable norm, E has the Kadec-Klee property.
Therefore, it is sufficient to prove that ||x,| — ||xo|| as # — oo. Since xy € Cy, there exists

Page 8 of 12


http://www.journalofinequalitiesandapplications.com/content/2014/1/305

Cheng et al. Journal of Inequalities and Applications 2014, 2014:305 Page 9 of 12
http://www.journalofinequalitiesandapplications.com/content/2014/1/305

a sequence {y,} C C such that y, — x¢ as n — oo and y, € C, for each n € N. It follows
that

G(x9,/x) < liminf G(x,, Jx)

< limsup G(x,, Jx)

n—0o0

< limsup G(y,,Jx)

n— 00

= G(xO)]x)

Hence we obtain G(xo, Jx) = lim,_, » G(x,,Jx). Since (x,,/(x)) converges to (xo,/(x)) and f

is weakly continuous, we get
lim |x, || = [|xo]-
n—00

Using the Kadec-Klee property of E, we obtain that {x,} converges strongly to x,. This
completes the proof. d

Definition 3.3 ([18]) Let C be a closed convex subset of a Banach space E, let {T},}7°; be
a countable family of mappings of C into itself with the nonempty common fixed point
set F. The {T,}3°, is said to be uniformly closed if x, — x and ||x,, - T,x,|| = 0 asn — oo

implies x € F.

3.2 Strong convergence theorems

Lemma 3.4 (see Lemma 3.3 of Klin-eam and Suantai [5]) Let C be a closed convex subset
of a Banach space E and foralln € N, let o« = (o, «0y, . .., 0,) such that o; > 0,i=1,2,...,n,
o1 >0,and Y a; = 1. Let T be an a-nonexpansive mapping from C into itself. If oy > ,,%\1/5,
let {x,,} be a bounded sequence in C, then ||x,, — Tx,,|| = 0 if and only if || %, — TyXm|| — O

as m — Q.

Lemma 3.5 ([6]) Let C be a closed convex subset of a Banach space E, and for all n € N,
let o = (o1, 02,...,a) such that o; > 0,i=1,2,...,n,00 >0, and Y . a; =1. Let T be an
a-nonexpansive mapping from C into itself. If a; > ,,%12, let {x,,} C C converge strongly to

x and || %, — Txy || = O converge strongly to 0 as m — oo, then x € F(T).

Lemma 3.6 ([6]) Let C be a closed convex subset of a uniformly convex and smooth Banach
space E, and for alln € N, let & = (a1, 00,..., &) such that o; > 0,i=1,2,...,n,01 >0, and
YU a;i=1.Let T be an a-nonexpansive mapping from C into itself. If ¢y > =, then F(T)

V2
is closed and convex.

Theorem 3.7 Let C be a closed convex subset of a uniformly convex and smooth Banach
space E, let {T,}°, be a uniformly closed countable family of a,,-nonexpansive mappings
of C into itself such that F := (., F(T,) # 9, let o, = (o1, 2, - . ., A, ) Sch that o, > 0,
i=12,...,Np, ot,1 >0, and Zf\g Ay =1. Let f : E — R be a convex and weakly continuous

mapping with C C int(D(f)). For any given Gauss xo € E, C, = C, and x, = Hjélxo, define a
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sequence {x,} in C by the following algorithm:

Yn = (1 - ﬂn)xn + ,Bn Tnxm
Conn ={z€Cy:llyn—zll < llxn—zll}, (3.1)

S
Xn+l = ch+1x0: neN,

where0 <a < B, <1forallne N.If o,y > NO;‘%/E’ then {x,} converges strongly to x* = l'[j;xo.

Proof Step 1. We show that C, is closed and convex for each n > 0.
From the definitions of C,,, it is obvious that C,, is closed for each # > 0. Moreover, since

lyn — 2|l < |l%, — z|| is equivalent to
170 = %l + 2y — %, Jn = J2) < 0,

so C,, is convex for each n > 0.
Step 2. We show that F C C,, for all # > 0. For all p € F, we have that

Iy =Pl = | @ = Bixw + BnTuxn — p||
< @=B)lxn —pll + Bul Tuxn — pl
= 1= B)lxn —pll + Bn ”anl(Tnxn - Tup)

+ anZ(Tnxn - Tnzp) LI a”NO(T”x” - TV]lVOp) ||
Nop-1

l-o
< (L= B ln =Pl + Bu 5o 1% = T

% B
=< (1 - ,Bn)”xn _p” + ﬂn”xn —19||
= ”xn —P||
It implies that p € C,, for all n > 0. So, we have F C C, for all n > 0.
Step 3. We show that lim,,_, o, x;, = x* = Hféxo and x* € F, where C = ﬂ:il C,. Indeed,
since {C,} is a decreasing sequence of closed convex subsets of E such that C = (72, C, is

nonempty, it follows that

M~ lim C, = C= ﬁlc £,
By Theorem 3.2, we get

X, — x* asmn— oo. (3.2)
Noticing that x,,,1 = Han+ %o € C,.+1, we obtain that

lyn = Znaall < 1% — X |l

In view of (3.2), we have that

171 = %pall = 0 asnm— o0

Page 10 of 12
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and
"yn — x| < “yn —Xpa1 |l + %p1 =4l > 0 asn— oo.
From y, = (1 - B,)xy + BuTux,, we have
1
1% = Tull = _”yn — Xl
Bn
Because of the assumption that 0 <a < 8, <1, we have
lim ||x, — Tyx,|| = 0.
n—0o0

Since {x,} is uniformly closed, then x* € F.

Step 4. We show that x* = I"Ij;xo. Since x* = Hjéxo € F and F is a nonempty closed convex

subset of C = (%%, C,,, we conclude that x* = Hj;xo. This completes the proof. O

Corollary 3.8 ([6]) Let C be a closed convex subset of a uniformly convex and smooth
Banach space E, let T be an o-nonexpansive mapping of C into itself such that F(T) # {},
let o = (1, 9,...,aN,) such that o; > 0,i=1,2,...,Ny, oy >0, and Zﬁ‘iai = 1. For any
given Gauss xo € E, Cy = C, and x1 = ¢ %o, define a sequence {x,} in C by the following
algorithm:

Yn =1 = Bu)xn + BuTxn,
C;’1+1 = {Z € Cn : ”yn _Z” = ”xn _Z”}v (33)

KXn+l = HC,H.le: ne N;
where 0 <a < B, <1forallne N.Ifo; > ﬁﬁ’ then {x,} converges strongly to x* = Trxy.

Proof Substituting T to T, in the proof of Theorem 3.7 and putting f(x) = 0, we can draw

from Theorem 3.7 the desired conclusion immediately. O

Remark 3.9 Theorem 3.7 extends the main results of [6] from a single mapping to a
countable family of mappings and from the generalized projection operator to the modi-

fied generalized f-projection operator by a new method.
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