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Abstract

Uniform endpoint Lorentz norm improving estimates for convolution operators with
affine arclength measure supported on simple plane curves are established. The
estimates hold for a wide class of simple curves, and the condition is stated in terms
of averages of the square of the affine arclength weight, extending previously known
results.
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1 Introduction
Let ¢ : (a,b) — R be a C? function such that ¢”(¢) > 0 for all £ € (,b). In this paper, we
consider the convolution operator 7 given by

b
TF(er,i0) = / 1= 62 — (O 0) dit (L)

for f € C°(R?). Here and in what follows, we denote w(t) := (¢"(£))/*. Curves of the form
(¢, ¢(t)) are said to be simple according to Drury and Marshall [1]. The measure w(t) dt
supported on the curve (¢, ¢(¢)) is known as the affine arclength measure, which is based
on the affine arclength parameter as in [2], and was introduced by Drury and Marshall [1]
in dealing with the Fourier restriction problem related to curves, and later by Drury [3] in
studying convolution operators with measures supported on curves. We refer interested
readers to [2—4] for the relevance of affine geometry in this subject. One big benefit of us-
ing the affine arclength measure in place of the Euclidean arclength measure \/1 + ¢/(£)? dt
has been its effect of mitigating degeneracies and it is believed that various uniform sharp
estimates hold for a wide class of curves.

As is well known, the typeset S = {(p~},4q!) : T is bounded from L”(R?) to L1(R?)} of T
is contained in the convex hull of {(0,0),(1,1),(2/3,1/3)} and uniform estimates in a, b,
and ¢ are expected only for (1/p,1/g) = (2/3,1/3). Many conditions to guarantee optimal
uniform L?2-L? estimates have been known so far. See [3, 5-12] for example. Among other
things, the author proved the following.

Theorem 1.1 (Choi [12]) Let ] be an open interval in R, and ¢ : ] — R be a C* function
such that ¢" > 0. Suppose that there exists a positive constant A such that

A ty 1/3
()0 2 (t) < ( j o) dt)
h—t 5]
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holds whenever t; < t, and [t1,t;] CJ. Let T be the operator defined as in (1.1). Then there
exists a constant C that depends only on A such that

||Tf”L3(R2) = C|lf||L3/2(R2)
holds uniformly in f € C§° (R?).

Under somewhat stronger assumptions on ¢(t) or w(t), the endpoint Lebesgue norm
estimate aforementioned can be improved to optimal Lorentz norm estimates, namely
from L%?%(R?) into L>%2(R?) and L%%3(R?) into L3(R?). We refer interested readers to [6,
8, 10, 11] for known sufficient conditions for optimal and nearly optimal Lorentz norm
estimates. Most importantly, Oberlin established the following uniform optimal Lorentz
norm improving estimates.

Theorem 1.2 (Oberlin [11]) Let ] be an open interval. Suppose that w(t) is monotone in-
creasing and that there exists a positive constant A such that

Volt)o(t) < Ao((t + 1)/2) 1.2)

holds whenever t, < ty and [t1,t;] C J. Then the operator T given by (1.1) satisfies

1T f 332 2) < Clf ll32®2),
ITfl3®2) < Clifll 3232

Sorall f € CP(R?), where C is a constant depending only on A.

For the proof of the optimality, see [13] by Stovall along with [8] by Bak et al. It is inter-
esting to ask if the condition in Theorem 1.2 can be relaxed to cover more general curves.
Based on an ingenious argument of Oberlin in [11], the author aims to establish a uniform
optimal Lorentz norm improving estimate under a condition on averages of the square of
w(t). The average condition is a slightly stronger version of that in Theorem 1.1, and yet
covers most simple plane curves studied up to now including those in Theorem 1.2.

This paper is organized as follows: in the following section, conditions on w(t) are in-
troduced and the main theorem is stated. The last section is devoted to the proof of the
main theorem. As usual, absolute constants may grow from line to line.

2 Statement of the main theorem
Before we state our main result, we introduce certain conditions on functions defined on

intervals.

Definition 2.1 Let 0 < p < co. For an interval /; in R, a locally L? function ® : /; — R*,
and a positive real number A, we let

G, (D,A) = {F 1 — RY

-t

1 t 1/p
JEE®) §A<— / <I>”(t)dt>

whenever t; < t, and [#, t] C]l}
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and we let
EA) = {dJ :J— R*|/Jisaninterval and ® € Qip(CD,A)}.

An interesting subclass of Sp(21/1’A), 0 < p < 00, was introduced by Bak et al. [14] in

studying Fourier restriction estimates related to degenerate curves.

Definition 2.2 For an interval / and a positive real number A, a function ® : J — R* is
said to be a member of £(A) if
« & is monotone; and

« whenever t; < t; and [, 8] C J,
(1) D(tr) < AD((t1 + 12)/2)
holds.

The condition (1.2) can be rewritten as w € £(A).

Remark 2.3 It seems appropriate to mention some properties of £,(A) and £(A) men-
tioned above.

1. It is a simple matter to check:

o £(A) C &,(217A) for all p € (0, 0);

o ®e&,(A)ifand only if &¥ € & (AP);

o« ®e&,(A) implies AP € E,(A) for all A > 0; and

o« ®e&,(A) implies (a - +b) € £,(A) for all (a,b) e R\ {0} x R.

2. If0<pi<pr<o0, ®:] > R €&, (A), and @ € L}”.(]), then ® € &,,(A) by Holder’s
inequality.

3. The class £(1) is essentially the class of logarithmically concave functions, which
already encompasses many useful examples. Simplest examples are the exponential
function and ®(t) = ¢, ¢t > 0, for « > 0. More interesting example is the function
®(t) = eV, t > 0, which models a curve ‘flat’ at the origin. A hierarchy of flatter
functions that belong to £(1) was constructed by Bak et al. [14].

4. For a polynomial p(t) of degree N, |p(¢)| belongs to E(2N"2) after (possibly)

3N/2 jntervals.

decomposing the real line into at most
5. Nevertheless, there are functions that belong to £,(4) but do not belong to E(A) for
any A’ > 0. Two examples of curves that our result covers that are not covered in [11]

can be constructed with the aid of the examples given below.

Example 2.4 Consider ®4(¢) =t7#, ¢t > 0, for B > 2. Then, for given 0 < #; < £, < 00, we

have by a change of variable

1 [~ 1 *
/ dp(t)dt = —ﬂ/ ¢ P de
L t ()\. - 1)t1 1

-t
1 1
e " / P2 dt,
A =1)ty Jot
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where A := t,/t; > 1. Since P2 is logarithmically concave, we see

15} _3-1
/ ¢ﬂ(t)dt>171 A epon
i

t—t T 20—t
1 1 1

= ————— = — [ Dg()Ds(ty),

2n 2 p(t)DPs(t2)

which implies @4 € & (2). In view of Remark 2.3, given 8 > 0, &4 € &,(217) if p > 2/B8. One
can easily see Oy ¢ E(A") forany A’ > 0 and g8 > 0.

Example 2.5 Consider ® : (0,00) — R* given by ®(¢) = (26)2¢"”. Then we have
YOO ~ Y42 and d((t + 1)/2) = O(tV2e!*3) as t — oo, which clearly implies
® ¢ E(A) for all A > 0. On the other hand, ® € &(1) by the following.

Proposition 2.6 Let s :] — R. Suppose that ' € £,(A) for some A > 0. Then the function
® given by ®(t) = (¥/)VP(¢) exp(y (¢)) belongs to E,(AVF) for 0 < p < co.

Proof Let t < t;. Since ¥’ € £1(A), we have

() - () = / "0 dt = ANl - TV E) > 0

by the fundamental theorem of calculus and the assumption on ¥'(£). A change of variable
gives

1 2 1 f
/ P (f) dt = f eV Oy (t) dt
f 5]

b=t bhh—t
1 pY(t2)
= e dt
Pt =11) Jpyiw)
Uit) — () eV — v
- « '
b=t P (t2) - v (1))

From
eb — et ) e(b+a)/2 e(b—a)/Z _ e—(b—a)/2
b-a 2x(b-a)2
= b2 o sinh((b — a)/2) > obra)l2
(b-a)2

for all a < b, we see

eV (02) _ ppr(t1)

— " s W)z
pW (k) -vn) ~

Altogether, we obtain

2
o [ @ d AT ) - A7 (@) o))
20U Jy

By taking the pth root we obtain the desired estimate. O
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We are now ready to state the main theorem of this paper.

Theorem 2.7 Let —co < a < b < oo, and let ¢ : (a,b) — R be a C* function such that
@" > 0 on the interval. Suppose that there exists a positive constant A such that v € £;(A),

ie.

1 ty 1/2
o (1) (1) < A ( f % (t) dt)
b—-tJy

holds whenever a <ty < t, < b. Let T be the operator given by (1.1). Then there exists a
constant C that depends only on A such that

ITf 332wz < Clfll 32w, (2.1)
ITfl3w2) < Clifll 3232 (2.2)

holds uniformly in f € C(R?).

Remark 2.8 Some remarks are in order.

« In view of Remark 2.3, Proposition 2.6, Example 2.4 and Example 2.5, the condition
wel(A)is strictly stronger than the condition w € £ (v/24) in Theorem 2.7, and
therefore our result improves Theorem 1.2.

« An explicit example is also available. Consider ¢(t) = t™/? exp(¢?) defined for
t € (c,00), where c is a large constant. A simple calculation shows w(t) ~ t/2 exp(t2/3).
By Proposition 2.6, w € £ (A) for some A > 0. Thus, the corresponding operator 7
satisfies endpoint Lorentz estimates (2.1) and (2.2) by Theorem 2.7, but Theorem 1.2
is not directly applicable.

« Itis not known whether w € £(A) in Theorem 2.7 can be further relaxed to w € £,(A)
for some p > 2. More generally, one can ask for the optimal p such that w € £,(A)
guarantees the boundedness of 7 from L%’q(Rz) to L3> (R?) for given g < r.

3 Proof of the main theorem
Before we prove the theorem, we begin with a couple of lemmas.

Lemma 3.1 Let ] be an interval in R, and let  : ] — R, be a continuous function such
that w € £,(A) for some A > 0, i.e.

1 ty 172
o' ()" (t:) sA(— / () dt)
-t Jy

holds whenever t; < t, and [t1,t,] CJ. Then the following holds:

1 ty 1/3
o(t)Po(t) o ()" 56“3A(ﬁ / wB(t)dt) (31)
5]

2 —h
whenever t; < t, and t* € [t1,£,] CJ.

Proof of Lemma 3.1 Let t* € [t1,t,] CJ. From

1 ty 1/2
ot (t) < A( / () dt) ,
-t Jy
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we obtain

w1/2(t1 )w1/2 (tz)w1/2 (t*)

1 ty 1/2
< A( / a)z(t)w(t*) dt>
t2 - tl t
1 (o 1 (7
§A3/2<—/ w(t) / w?(s)ds
h—10 4 t*—t J;
1 A 1/6
§A3’2(—/ 0] dt)
t2 - tl t
121
X ( f —_ / ®*(s)ds
-t Jy ¢

t*—t
by hypothesis and Holder’s inequality. Applying Hardy’s inequality twice gives us

ty 1 t* 3/2 2/3 ty 2/3
( / / w?(s)ds dt) <6 ( / @3 (t) dt) ,
tH -t t t

and so we obtain

1/2 1/2 1/2 61/2A3/2 g 3 1
()2 ()0 (¢ s—(/ w(t)dt) .
' ? *) (ta —t)'2\Jyy

12
a)

32 \13
a)

By taking the 2/3th power, we obtain the desired estimate. O

The following lemma, which is nearly a triviality, generalizes a version of Lemma 2.2
in [11].

Lemma 3.2 Suppose F is nonnegative and continuous on some interval [a, D). For t € [a, b],
we let F(¢) := maxp,y F, and for p > 0, we let

E,={telabl:F®)(b-t) <p}.
Then we have

/ F(t)dt < p.
Ep

Proof of Lemma 3.2 Observe that the function ¢ — E@)(b - ¢) is a monotone decreasing
function. Let p > 0 be given. Since b € E,,, E, is nonempty. Let t, := inf E,. Then we have

F(t,)(b -t,) < p. From this, we obtain

pr F(t)dt = /: F(t)dt

<Ft)b-t)=p,

which finishes the proof. d
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Proof of Theorem 2.7 1t suffices to prove (2.1) by duality. We may further assume, without
loss of generality, —oo < a < b < 00, since a uniform estimate independent of a and b will
allow us a suitable limiting argument. For a measurable subset E of either R or R?, we de-
note the Lebesgue measure and the characteristic function of E by |E| and 1, respectively.
We also write y (¢) = (¢, ¢(2)).

By a well-known interpolation argument [7, 8], it suffices to show that

b b 2
/ ( / ﬂE(V(tz)—V(tl))w(tl)dh) w(ts) dty < CIE|

holds for measurable sets E C R, In view of the simple identities

b b 2
f ( / ﬂg(y(fz)—y(tl))w(tl)dﬁ) olts) dty

2
2

b a+b-ty

= f </ ILE()/(tz) - )/(ﬂ+b—t1))a)(6l+b—t1)dt1> a)(tz)dtz
b t 2

:f </ ]lg(y(a+b—t2)—y(a+b—t1))w(a+b—t1)dt1) w(a+b-1t)dt
b ty 2

- ( [t f(m)@(mdn) B(t2) dt,

where p(t) := (£, (1), () := pla + b —t), o(t) := (@" () = w(a + b — t) € E(A), and
E :={(x1,x) : (~%1,%) € E}, it is enough to establish that

b [5) 2
f ( / ng(y(tz)—ym))w(tl)dst) ot dt < CIE] (3.2)

holds for measurable sets E C R2. To do this, we let A := {(t;,t,) :a < i < t < b}. The
mapping ® : A — R? given by ®(t1,£,) = y (t;) — ¥ (f1) is one-to-one and the absolute value
of the Jacobian determinant J(¢, ;) of ® is given by

J(t, 1) = ¢/ (t2) — ¢'(80).
Given measurable Q C A and £, € (a, b), we apply Lemma 3.2 with
1 (2
p= 5_/ Lo, b)o(t)dh,
to obtain

1 [
/ 1o(t, b)o(t)dt < —/ Lo(t, b)ow(t)dt,
Bttt -1)<p 2/,

where @&(t1;t) := maxp, 4, w. From this, we get

1 (2
/ Lo(t b)o(t)ds > - / Lo(t, o) da,
Blsta)(tr—t1)>p 2 J,
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and so

1/ (" 2
— (/ ]lQ(tl:tZ)w(tl)dtl) < Pf Lo(t, b)ow(t) dh
4\ /s a(ti;t)(t-t1)>p

IA

/ Lo, bo(t)o(t; b) (6L - t)dh
a(t;tr)(ta-t1)>p
=< / To(t, )w(t)o(t; t)(t, — h) dt.

Multiplying by w(t,) and integrating with respect to £, provides us with

b ty 2
/(/ 1Q(t1,t2)w(t1)dt1> w(ty) dty

b ty
<4 f f Loty b)o(t)o(t2)i b )t — 0) dby dis.

Notice that for a < t; < £, < b, there exists &, € [t1,£,] such that &(t;£,) = w(t,). By Lem-
ma 3.1, we have

w(h)w(B)o(t; )t — t) = o(h)o(B)w(t.)(t — &)

2
< 6A® / ®>(t) dt
51

t
= 6A°3 / " () dt
5]

= 6A° (¢'(t2) - 9/ (1))
= 6A%](t1,12),

which further implies

by ot 2 b b
/(/ ]lﬂ(tl:tZ)w(tl)dtl) w(tz)dt2§24A3/ / Lo (t, 0) (4, ) dty dty.

Letting 2 = {(#1,£,) € A : y(t1) — y(t2) € E} and making a change of variables, we obtain
the desired estimate (3.2). O
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