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1 Introduction
Let Z¢%, where d is a positive integer, denote positive integer d-dimensional lattice points.
For the elements of Z¢ we use bold symbols m, n and so forth. Further, we will as-
sume the usual partial ordering for elements of Zf, i.e. for m = (my,mo,...,my) and
n = (ny,ny,...,1n4), m < n if and only if m; < n; for all i = 1,2,...,d. The strict inequal-
ity m < n is defined as follows: m < n if and only if m < n and m # n. We assume that
n — 0O means maxj<;<4 #; — 00. We also use |n| for ]_[f.i:l 7

Most of the results concerning limit theorems, especially for random fields, are obtained
for identically distributed random variables.

Kuczmaszewska and Lagodowski [1] considered the concept of weak boundedness as

follows.

Definition 1.1 (Kuczmaszewska and Lagodowski [1]) The random variables {Xj, k € Z%}
are said to be weakly bounded by the random variable £ if there exist some constants

c1,¢>0,n9 € Z‘f and x¢ > 0 such that for every x > xp and n > ng, n € Z‘f

P16l ) = SO P(Xl >3) < @P(l] > ). (L)

k<n

Clearly, the regular cover implies weak boundedness. If only the right-hand side inequality
is satisfied we say that the random field {Xy,n € Zf} and the random variable & satisfy the

weak mean dominating condition.
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Gut [2] proved Marcinkiewicz laws and convergence rates in the law of large numbers for
i.i.d. random fields and Gut [3] also showed convergence rates for probabilities of moderate
deviations for independent random fields.

Recently, the limit theorems for independent random fields such that different indices
have different powers in the normalization are investigated. For example, Thanh [4] pro-
vided the strong law of large numbers for independent random fields and Gut and Stadt-
miiller [5] proved the Marcinkiewicz-Zygmund law for i.i.d. random fields and Gut and
Stadtmiiller [6] also obtained the Hsu-Robbins-Erdds-Spitzer-Baum-Katz theorem for
iid. random fields.

It is clear that independent random fields imply martingale difference random fields.
Hence, from Theorem 4.1 in Kuczmaszewska and Lagodowski [1] we obtained the follow-
ing convergence rates in the strong law of large numbers for independent random fields

with nonidentical distribution.

Theorem 1.2 Let {X,, n € Z%)} be the a field of independent random variables with EX, = 0

forne Z4. Assume, forr>1,a > % and ar>1,

> 2> " P{IXil > [n|*} < oo, (1.2)

i<n

Z|n|a(r—2)—2 ZE(|Xi|21[|Xi| < |n|a]) < 00, (1.3)
and
> |n|“’2P{max SCE([1Xi] < [n“])| > 6'“'a} - .
n =n i<j
forall e >0. Then
Z |n|‘”“2P[maX 1S;] > €|n|a} <oco foralle>O0, (15)
j<n

where Sj =) i ; Xi.

From Corollary 4.1 in Kuczmaszewska and Lagodowski [1] we also obtain the following

corollary.

Corollary 1.3 Let { Xy, n € Z%} be a field of independent random variables with EX, = 0
forne Z%. Then (1.2), (1.3), and

e ringlx ZE(X11[|X1| <n|]) >0 asn|— o0 (1.6)
T gy

imply (1.5).

Kuczmaszewska and Lagodowski [1] investigated the following convergence rate for in-
dependent random field weakly dominated by the random variable &.
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Theorem 1.4 (Kuczmaszewska and Lagodowski [1]) Let {Xn,n € Z%} be a field of inde-
pendent random variables weakly dominated by the random variable § and EX,, = 0 for
ne Zf. Moreover, we assume that for1<r<2,1<p<d

Elg|" (log" &1 < o0, (17)
where logx* = max{1,logx}. Then, for ar >1 and a > %, (1.5) holds.

In this paper we generalize the above results (Theorem 1.2, Corollary 1.3, and Theo-
rem 1.4) to the case where different indices have different powers in the normalization.

2 Results

In Section 1 every coordinate ng, k = 1,2,...,d, is raised to the same power «. The main
point of this section is to allow for different powers for different coordinates. In order to
continue we therefore define & = (01, 2, .. ., &4), where, w.l.o.g., we assume that the coor-
dinates are arranged in nondecreasing order, such that ¢ is the smallest one and «, the
largest one. We further let p denote the number of «’s which are equal to the smallest one,
that is, p = max{k: oy = o1}.

As is easily seen the domain of interest concerning the o’s becomes

<oyp<op<---<ag <1,

| =

where the boundary % takes us into the realm of the central limit theorem and the bound-
ary 1 corresponds to the Kolmogorov strong law.

. . a d i
For ease of notation, we use the notation n® = (n}",n3?,...,n;%) and [n*| =[], n;".

Lemma 2.1 (Gut and Stadtmiiller [6]) Let & be a random variable. Let a; > % andl<p<

d, where o = (01,00, . .., 0g) With % <o = =0y <0p < Zag <1 Then, foranyr>0
and all € >0,
-1 _ o
Elgl"(log" [£])" <00 < > Inf"P(|&] > €|n”|) < oc. (2.1)

n

The following lemma appeared in Lemma 3.1 of Thanh [4].

Lemma 2.2 (Thanh [4]) Let {X,,n € fo} be a field of independent random variables with
EXy = 0. Then there exists a constant C depending only on p and d such that

E(Ilr(lfalf ISkIP) < CZE|Xi|p forall0<p<2.

i<n

Remark In the case 0 < p <1, the independent hypothesis and the hypothesis that EX,, =

. . _ . . _ d
0 are superfluous, and C is given by C =1.Inthe case 1 < p <2, Cis given by C = 2([%1)1’ .
In the case p = 2, Lemma 2.2 was proved by Wichura [7] and C is given by C = 4.

Theorem 2.3 Let {Xp,n € Z%} be a field of independent random variables with EX, = 0
forne Zf and let a = (a1, a9,...,a4), where % o= =0y <py <=0y <1and
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1<p<d. Assume, for r >1 and oayr > 1,

> " In[r 2> " P(1X:] > |n) < oo, (2.2)

i<n
> I @22 N E(1XPI(1X] < [n%])) < oo, (2.3)
n i<n
and
> |n|°’1r—2P{maX > E(aI[Ixl < [n*]])| > e|n°‘|} <00 (2.4)
- = |4
forall € > 0. Then we obtain
Z |n|“1’_2P{max |S;] > e|n"|] <oo foralle>O0. (2.5)
j<n
n

Proof Let Xag = Xl (Xl < |n%[], X%, = Xai — EXag) and S}, = ¥, X, Then
3 |n|°‘"‘2P[max ;1 > €|n |}
j<n

=27 ) P(1Xil > [n])
> X1l < [n]

+ Z |n|“1’_2P{maX
j<n |
n i<j

= D Inl D PG> n) + 3 lnl“”‘zP{r;f:,X!S.ﬁ,;l > §In“|}

i<n

>e|n°‘|}

" Zn: |n|"‘1’2P{I}1<anx gE(XiI[lXﬂ <|n?])| > §|n°‘|}
“h+h+hs. (2.6)
It follows from (2.2) and (2.4) that
h<oco and Is<oo 2.7)

hold. It remains to prove that I; < co.
By the Markov inequality and Lemma 2.2, for some positive constant C we obtain

€ E(maxj<y S$*.%)
P max’Sﬁ.’ > —‘n”" < c—=tTmi 7
j=n 1omil 7 In® |2
2
CZignEX::,i
[n*|2

< C|n"’|_ZZE(Xi21[|Xi| < [n*[])

i<n

< Cln[ > "E(ZI[1Xi] < |n]]) (2.8)

i<n
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since |n|?>*1 < |n%|2. Therefore, by (2.3) and (2.8) we obtain

L=}, Inl"‘”‘zP{r}g}lXISi,jl > %!n"‘l}
n

<CY In[2E([1Xi] < [n”|]) < 0o (2.9)

Hence, by (2.6), (2.7), and (2.9) the result (2.5) follows. O

Remark Theorem 2.3 generalizes Theorem 1.2 to the case where different indices have
different powers in the normalization. Thatis, Theorem 1.2 is a special case of Theorem 2.3

witho; =0g =--- =ay.

Corollary2.4 Let {Xn,n € Z%) be a field of independent random variables such that EX,, =
OforneZﬁf.Letrz 1,0 > % and oqr > 1, where a = (ay, oo, ..., 00q) With % < ==, <

pu < <ag<landl<p<d. Assume (2.2),(2.3), and

g rjn;)x . E(XI[1X] < |n*|]) > 0 as|n| — oco. (2.10)
i<j

Then (2.5) holds.
Proof 1t is easy to see that (2.10) implies (2.4). Thus, by Theorem 2.3 we get (2.5). O

Remark The following corollary shows that the assumption (2.4) is natural and it reduces

to the known one.
In the case of a weakly dominated random field, we have the following theorem.
Corollary 2.5 Let {X,,n € Z%} be a field of independent random variables weakly domi-

nated by the random variable & and such that EX,, =0 for n € Z‘f. Let % <ap=-oo=0y<

Qpi1 < <ag <1, wherea = (a1, a,...,04) and 1 < p < d. Assume that for r > 2
El5|"(log" |1} < oc. (2.11)
Then (2.5) holds.

Proof We are going to prove Corollary 2.5 by using Corollary 2.4. It follows from
Lemma 2.1 and (2.11) that, for a;7 > 1, we have

> i @23 P(X| > [0%]) < € a1 P(jg] > |n® )

i<n n

= CE|£| (log" 1) < o0, (212)

which yields (2.2).
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Furthermore, we get

3 223" EXI[1G) < [nf]]
=y |n|a1<’*;)*2(|n|E521[|él < |n“]]
+ "1 P(jg| > [n”|))
= C Y I g [jg] < ]
+C Y I 1P(lg| > )
—L+1s 219
It follows from (2.11) and Lemma 2.1 that

I5 < 00. (2.14)

Let%<0t1=---=ap<ap+1§~~~§ad§1andletv=n1x---xnp.

To show I, < oo define

fv) = Z 1~ v((l;)gvl);l as v — o0

ny-np<v

with differences Af(v) = f(v) —f(v-1) = an---np:u 1.
(See Gut and Stadtmiiller [5].)

Then we have

I =) In["CEEPI[IE] < n%]
n

@
Vg P+l A

. ey
= > AW g E(&1(i-1<g] <))
ViHp il sealig=1 j=1
.
< ) ) TTA ) Y PP -1< 8] <))
ViHpilsealig=1 j=1
~ v“lnszlmnzd j
<C Y Weonmpan) @)Y (Zi)P(j—1<|$|§j)
ViHp il s ng=1 j=1 i=1
oo veum
<C Y e AL Y jP(1E] > )
ViHp 1 sealig=1 j=1
Op+l ag
p+1 d 00
<C Z (o1 1g)™ =2 { Do JTP(ENS) Yo v Af )
Hpilyees 4=1 j=1 v=1
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o0 o0
0 JP(ELS) YD vrPTAfQ)
j=n pﬁl g+l v=(jln,, aay UG

—2)— «, 2-r
Do ) ()

”p+1v-~vnd:1
pffl nZd o0
x FP(EN> ) Y (v - 0+ )M f ()
j=1 v=1
00 00
LD DR /(1) D S (e e (R Vi ()]
j= np[gl nzd+l u:(j/anIlnwzd)l/“l

o0
2)( +1)— 1 ! —aq)— e np— .
<C Z pr)r1 (1—0p41 . ng:i 2)(a1—ag) Izlr l(log])p 1P(|§| >])

Mpi1seallg=1 j=1

< oo by (2.11). (2.15)

Thus, by (2.13), (2.14), and (2.15) we established (2.3).
It remains to obtain (2.10). Since EX,, = 0, we get

1
e x| O ([l < |na|])‘
— ligj
1
= o > E(GI[IX)] > |n“|])‘
i<j

< ™ |a1 > E(IXGI[1X] > n]*])

r o]
< |n|°‘1’ ZE Xl 11X > nf*t])
c ...
= - ———El§]" >0 as|n|— oo, (2.16)
which yields (2.10). Therefore, by (2.12)-(2.16) and Corollary 2.4 we get (2.5). O
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