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Abstract

In this paper, necessary and sufficient conditions of the complete convergence are
obtained for the maximum partial sums of negatively orthant dependent (NOD)
random variables. The results extend and improve those in Kuczmaszewska (Acta
Math. Hung. 128(1-2):116-130, 2010) for negatively associated (NA) random variables.
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1 Introduction

The concept of complete convergence for a sequence of random variables was introduced
by Hsu and Robbins [1] as follows. A sequence {U,,n > 1} of random variables converges
completely to the constant 6 if

oo

ZP(ILIn -0|> 8) <oo foralle>0.

n=1

Moreover, they proved that the sequence of arithmetic means of independent identically
distribution (i.i.d.) random variables converges completely to the expected value if the
variance of the summands is finite. This result has been generalized and extended in sev-
eral directions by many authors. One can refer to [2-16], and so forth. Kuczmaszewska
[8] proved the following result.

Theorem A Let {X,,, n > 1} be a sequence of negatively associated (NA) random variables
and X be a random variables possibly defined on a different space satisfying the condition

% > " P(1X;| > x) = DP(1X| > x)
i=1

for all x > 0, all n > 1 and some positive constant D. Let ap > 1 and a > 1/2. Moreover,
additionally assume that EX,, = 0 for all n > 1 if p > 1. Then the following statements are
equivalent:

(i) E|XP < o0,

(ii) Y o2, n“P=2P(max;<j<y | Z’Q X;| > en®) < 00, Ve > 0.

The aim of this paper is to extend and improve Theorem A to negatively orthant de-
pendent (NOD) random variables. The tool in the proof of Theorem A is the Rosenthal
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maximal inequality for NA sequence (cf [17]), but no one established the kind of maximal
inequality for NOD sequence. So the truncated method is different and the proofs of our
main results are more complicated and difficult.

The concept of negatively associated (NA) and negatively orthant dependent (NOD)

was introduced by Joag-Dev and Proschan [18] in the following way.

Definition 1.1 A finite family of random variables {X;,1 <i < n} is said to be negatively

associated (NA) if for every pair of disjoint nonempty subset A;, A, of {1,2,...,n},
|Cov(fi(Xi,i € A1), fo(X),j € Ar))| <O,

where f; and f; are coordinatewise nondecreasing such that the covariance exists. An in-

finite sequence of {X,,,n > 1} is NA if every finite subfamily is NA.

Definition 1.2 A finite family of random variables {X;,1 <i < n} is said to be

(a) negatively upper orthant dependent (NUOD) if

n
PX;>x,i=1,2,...,n) < [ [ P(X; > )

i=1

for Vx1,%9,...,%, €R,
(b) negatively lower orthant dependent (NLOD) if

n
PX; <x;,i=1,2,...,n) < HP(Xi <ux;)
i-1

for Vx1,%2,...,%, €R,
(c) negatively orthant dependent (NOD) if they are both NUOD and NLOD.
A sequence of random variables {X,,,n > 1} is said to be NOD if for each n, X3, X3,..., X},
are NOD.

Obviously, every sequence of independent random variables is NOD. Joag-Dev and
Proschan [18] pointed out that NA implies NOD, neither being NUOD nor being NLOD
implies being NA. They gave an example that possesses NOD, but does not possess NA,
which shows that NOD is strictly wider than NA. For more details of NOD random vari-
ables, one can refer to [3, 6, 11, 14, 19-21], and so forth.

In order to prove our main results, we need the following lemmas.

Lemma 1.1 (Bozorgnia et al. [19]) Let X3, Xy, ..., X, be NOD random variables.
(i) Iffifor--- [y are Borel functions all of which are monotone increasing (or all
monotone decreasing), then fi(X1),2(X2), . .., fu(X,,) are NOD random variables.
(i) ETT%, X <[1% EX;,Vn=>2.

Lemma 1.2 (Asadian et al. [22]) For any q > 2, there is a positive constant C(q) depending
only on q such that if {X,,,n > 1} is a sequence of NOD random variables with EX, = 0 for
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every n > 1, then foralln > 1,

E

q n n q/2
< C(q){ZE|X,«|q + (ZEX}) }
i=1 i=1

Lemma 1.3 For any q > 2, there is a positive constant C(q) depending only on q such that
if {Xy,n > 1} is a sequence of NOD random variables with EX, = 0 for every n > 1, then for

n
>
i=1

alln>1,
j q n n q/2
E max X;| < C(g)(log(4n))? E|X;|?+ EX? .
1g<n§ < Clg)(log(4n)) {Zl X (Zl ) }

Proof By Lemma 1.2, the proof is similar to that of Theorem 2.3.1 in Stout [23], so it is
omitted here. 0

Lemma 1.4 (Kuczmaszewska [8]) Let 8, y be positive constants. Suppose that {X,,,n > 1}
is a sequence of random variables and X is a random variable. There exists constant D > 0
such that

n
Zp(pm >x) <DnP(1X|>x), Vx>0,Vn>1; (1.1)

i=1
() ifEIX|P <o, then L " EIX;| < CE|X[;
(i) 1 ZLEIXJIﬂI(Ile <y) <CEEXIPI(X| < y) + y*P(X| > y)}
(iif) % ZLEIleﬂI(IX/I >y) < CEIXIPI(|IX] > y).

Recall that a function /(x) is said to be slowly varying at infinity if it is real valued, posi-
tive, and measurable on [0, 00), and if for each A > 0

h(ix) 1
% hw)

We refer to Seneta [24] for other equivalent definitions and for a detailed and comprehen-
sive study of properties of slowly varying functions.
We frequently use the following properties of slowly varying functions (cf Seneta [24]).

Lemma 1.5 If h(x) is a function slowly varying at infinity, then for any s > 0

oo
Ci*hin) <Y 77 k(i) < Con~*hin)

and

Csr'h(m) <Y i (i) < Cun*h(n),

i=1
where Cy, Cy, Cs, Cy > 0 depend only on s.

Throughout this paper, C will represent positive constants of which the value may
change from one place to another.
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2 Main results and proofs

Theorem 2.1 Leta >1/2,p > 0, ap > 1 and h(x) be a slowly varying function at infinity. Let

{X,, n > 1} be a sequence of NOD random variables and X be a random variables possibly

defined on a different space satisfying the condition (1.1). Moreover, additionally assume

that fora <1, EX,, =0 foralln > 1. If
EIXIPh(1X]"*) < 00

then the following statements hold:
(i) Znap_zh(n )P max |Sj| > en ) <00, Ve>O0;

(if) Zn‘”’ 2h(m)P( m |S ‘ >en ) <00, Ve>0;

(iv) Zn"p 2h(n)P supj |S;| > 8) <00, Ve>0;

jzn

(e
(1mex
W) 3 =) <oe, e
(s
(s

) Zn"p 2h(n)P supj | X;| > e) <00, Ve>O0.

n=1 jzn

Here S, =" X, SW =8, - Xp, k=1,2,...,m

Proof First, we prove (2.2). Choose g such that 1/ap < g < 1. Let Xi("’l)
XI(X;| < n*) + n*I(X; > n*1), X" = (X; - n*DI(X; > n*1), X" =

-n*1),V¥n > 1,1 <i < n. Note that
1 2 3
Xl’ X n,1) X(n ) Xl(” )

and

Zn"‘}’ 2h(n)P(max ISj| > en )

n=1

o0
< oap—2
< Z n**~*h(n)P ( 1m<135§’

n=1

ZX"l >8n°‘/3)
+in"‘”‘2h(n (ZX”2 >en /3) +Zn°‘” 2h(n)P (
n=1

dif 11 + 12 + 13.

ZXE”‘:” >en”/3

i=1

)

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

—n*I(X; < -n*7) +
—(X; + n*NI(X; <

(2.7)

In order to prove (2.2), it suffices to show that ; < oo for / = 1,2, 3. Obviously, for 0 < n < p,

the condition (2.1) implies E|X|?~" < co. Therefore, we choose 0 < n < p, a(p—n) > a(p —

Page 4 of 12
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n)g>1land p—n—1>0if p>1. In order to prove [; < co, we first prove that

lim #»® max

n— 00 1<j<n

(2.8)

j
> x|
i=1

This holds when « < 1. Since ap >1, p>1. By EX; = 0, i > 1, and Lemma 1.4, we have

j
< ™ max Y {EIX|I(1X;| > n*9) + n*P(|X;| > n*9) }

1<j<nm
== i=1

n~ % max
1<j<mn

ZEX””

n
< 207 Y EIX|(1X:| > n*9) < Cn'E|X|I(|X] > n*7)
i=1

< Cn—[a(p—n)q—l}—a(l—q)ﬂlew

— 0, n— oo.

Whena >1,p>1,

j
< n® max Y {EIXI(1X;] <n*?) +n*1P(|1X;| > n*?)}

- 1<j<n
== i=1

% max

1<j<n

ZEX””

n
< n ) E|Xi| < Cn'ElX|
i=1

— 0, n— oo.

Whena >1,p <1,

j
<n lmlax > {EXI(1X| < n*) + n*1P(1X;] > n*?)}

7% max
1<j<n

ZEX””

i=1

n
<n? {E|Xl-|1(|Xi| < n“q) + n“qP(IX,'| > rz"‘q)}
i=1
n
< n® (na(lprrn)qE'X”P*n)
i=1

< Cn—{ot(lﬂ—ﬂ)q—ll—a(l—q)E|X|P—?7
-0, n— o0
Therefore, (2.8) holds. So, in order to prove I; < 0o, it is enough to prove that

j

Z _ EXi(n'l))

I = Z n""’_zh(n)P<lm<la<>; > 81/1"/6) < o0. (2.9)

n=1

By Lemma 1.1 for Vn > 1, {Xf"’l) — EX;"'l),l < i < mnj} is a sequence of NOD random vari-
ables.\X/hen0<p§2,bya(p—n)>1and0<q<1,wehavea—%—a(l—'%)q>

o - % - a(1 - &%) > 0. Taking v such that v > max{2, p, (ap — 1)/(a — 1/2), (ap — 1)/(x -
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1 —al-5h)g), = q}, we get by the Markov inequality, the C, inequality, the Holder
inequality, and Lemma 13,

o0 n
I <CY n 2 h(n) (log(am) "y E|X{™V|"

n=1 i=1
. v/2
+ CZn""”“"‘zh( (log(4n)) (ZE’X "1 2) def I+ 1.
n=1

By the C, inequality, Lemma 1.4, and Lemma 1.5, we have

o0 n
I < CY P 2h(n)(log(4n))" Y  E{XI'I(1X;] < n®) + n®P(|1X;| > n*?
11

n=1 i=1

< CY n* =" h(n)(log(4m)) "E{IXI"I(1X| < n*9) + n*P(|X| > n*9) }

n=1

< C) parwa=ni () (log(4m))"E|X [P < 0.

n=1
By the C, inequality and Lemma 1.4,

n v/2

o0
I, < CZnO‘p’“V’zh(m) (log(4n))" Z(E|X,v|21(|Xi| <n*) + n**1P(1X;| > n*))

n=1 i=1

< CZ n*P= 22 () (log(4n)) | EIXPI(1X] < n*) + n**P(|X| > n*1) }“/ 2,

n=1
When p > 2,
I < CZnO‘p 2120 ) (log(4m)) (EX?)" < oc.
n=1
WhenO0<p <2,

o0
L,<cC Z pP=27@ 2 ) (log(4n)) Y (E|X |1’_'7)]//211"“’{2_(”_'7)}"/2

n=1

o0
< CZn“p_z_[“_%_“(l_l%)q}"h(n)(log(4-n))v < 00.

Therefore, (2.9) holds for I,. Define Y - X; = n*NI[(n*1 < X; < n®* + n*) + n*I1(X; >

1
n® +n%),1<i<mn,n>1,since Xf"’z) = Yi(n‘z) +(X; = n* — n)I(X; > n* + n*9), we have

L=<y n"‘p‘zh(n)P<Z Y s 8n°‘/6>

n=1 i=1

+Znap 2h(n)p(2( ;=1 — n®)I(X; > n® + n*7) >8n"‘/6>

n=1 i=1

& 1 + Iy, (2.10)
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By Lemma 1.5, (2.1), and a standard computation, we have

Iy < Zn“”_zh(n) ZP(Xi >n* + n"‘q) < Zn“”_zh(n) ZP(|Xi| > n"‘)
n=1 i=1

n=1 i=1
o0
< CZn"”’lh(n)P(|X| >n”) < C+ CEIXPh(1X|"*) < oc. (2.11)
n=1

Now we prove I < co. By (2.1) and Lemma 1.4, we have

n
0<n® ZEY}”’”
i=1

_ e DL EXIX > ), itp>1,

T | TLEIXI(X) < 20%) + nP(XG| > 2000}, if0<p <1
Cnle-ma-l-«(-0 | x P~ if p>1,

< —- 0, n— oo

Crl-ew-nag| x|, if0<p=<1

Therefore, in order to prove I; < 00, it is enough to prove that

n=1 i=1

o0 n
I < Z n“"‘%(n)P(Z(Yi("’Z) —EYi(”’Z)) > sna/12> < 00. (2.12)

ap-1  2(ap-1)
a-1/2" a(p-n)-1
the C, inequality, the Hélder inequality, and Lemma 1.2,

Taking v such that v > max{2, }, we get by Lemma 1.1, the Markov inequality,

n 14

> (v - Ex{?)

o0
Iy < CY n?™2h(n)E

n=1 i=1

00 n o0 n v/2
< CZ napfotv—Zh(n) ZE| }/i(n,2) |V i CZ n()tpfot\/th(n) (Z E(Yi(n,Z))2>

n=1 =1 n=1 i=1

def %
= Iy + Iy,

By the C, inequality, Lemma 1.4, Lemma 1.5, (2.1), and a standard computation, we have
o0 n
Ly = CY_ n72h(n) Y E|Y"|
n=1 i=1

o0 n
< CZn“p’“V’Zh(n) Z{EX;’I(n"‘q <X;<n"+ n") + n"”’P(Xi >n* 4+ n"‘)}
n=1 i=1

[e'e) n
< CY n T h(n) Y {EIXGI'T(1Xi] < 2n%) + n* P(1Xi] > n*) }

n=1 i=1

< CY n ™ () {EIX|"I(1X] < 2n%) + n*'P(1X| > )}

n=1

< C+CEIXPPh(IX]"*) < 00

Page 7 of 12
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and
n v/2

L, < CZV[“”_M *h(n) Z(EX?I(HW <X; <n*+n) + n?*P(X; > n*? + n®))
n=1 i=1

< CZM"“”_‘)””"’/2 2h(n ){ X21(|X| <2n”* ) + nz"‘P(|X| > n"‘)}w2

n=1
C Zn— ap—(a-1/2) v—2h( )(Ex2)v/2’ lfp >2,
<
Czn:1 nap—2— a(p_")_l}V/Zh(n)(E|X|p_'7)V/2, ifp <2
CY %2 noer=@-12v=2p ), ifp>2,
<
- CZn:l nep—2-{e(p-n) —I}V/Zh(n), ifp <2
< OQ.

Therefore, (2.12) holds. By (2.10)-(2.12) we get I < co. In a similar way of I, < co we can
obtain I3 < 0o. Thus, (2.2) holds.

(2.2) = (2.3). Note that [Sy”] = S, — Xel < 1S,] + |Xel = 1Sy] + 1Sk = Sl < 1Sy] + 1Sil +
|Sk-1] < 3max<j<, |S|, we have (maxi<x<, [Sy"| > en®) C (maxi<j<, |Sj| = n”/3), hence,
from (2.2), (2.3) holds.

(2.3) = (2.4). Since 11S,| < ZL[S,| = |1 3% 8P| < maxi<x<, IS, Y1 > 2, and | X =
1S, =53] < 1Sl +1S], e have (max; <<y [Xx| > en) C (IS,| > en®/2)U(maxi <=4 IS} | >
en®/2) C (maxj<g<n |S | > en®/4), Vn > 1, hence, from (2.3), (2.4) holds.

(2.2) = (2.5). By Lemma 1.5 and (2.3), we have

Zn"‘” 2lfz(;/t)P<sup/“"|S| > a)

n=1 jzn

:i 3 n“p‘zh(n)P<$upj‘”|5}| 28)
jzn

i=1 2i-l<pc2i

o0
< CZZi(“p_l)h(Zi)P( sup j*|S;| > 8)

I'Zzi—l

< CZf(“P-Uh(z")ZP( max |$;] > e27%- 1)
i=1 k=i

2k 1</<2

2k-1<jcok

k
< CZP( max |Sj| > g20(k=1) )Zzi(up—l)h 9
i=1

< CiZk("‘p‘Dh(Zl‘) (max 1Sj| > g2 ) < 00.

kel 1<]<2

(2.5) = (2.6). The proof of (2.5) = (2.6) is similar to that of (2.2) = (2.4), so it is omit-
ted. O

Theorem 2.2 Leta >1/2,p > 0,ap > 1and h(x) be a slowly varying function at infinity. Let
{X,, n > 1} be a sequence of NOD random variables and X be a random variables possibly
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defined on a different space. Moreover, additionally assume that for « <1, EX,, = 0 for all
n > 1. If there exist constant D, > 0 and D, > 0 such that

D 2n-1 D 2n-1
71 Y P(1Xi| > x) < P(|X| > %) < 72 Y P(Xi|>x), Vx>0,n>1,
i=n i=n

then (2.1)-(2.6) are equivalent.

Proof From the proof of Theorem 2.1, in order to prove Theorem 2.2, it is enough to
show that (2.4) = (2.6) and (2.6) = (2.1). The proof of (2.4) = (2.6) is similar to that
of (2.2) = (2.5). Now, we prove (2.6) = (2.1). Firstly we prove that

lim P(sup i1 = s) —0, Ves>O0. (2.13)
n— o0

jzn

Otherwise, there are gy > 0, § > 0, and a sequence of positive integers {n, k > 1}, ngx 1 00
such that P(SUPjan J1X;| > e0) = 8, Vk > 1. Without loss of generality, we can assume
that .1 > 2ng, Vk > 1. Therefore, we have

P( sup 71X > go) >3, Vk>1.
J=2n

By ap > 1 we have

i‘ 72 h(m)P(supj 1] = o)

n=1 jzn
00 2ny
=233 n“P*Zh(n)P<sup X > go)
k=1 n=nj+1 jzn

o0
= CZn‘,ﬁpilh(nk)P( sup j~¥|X;| > go) = 00,
k=1 JZ2nx

which is in contradiction with (2.6), thus, (2.13) holds. By Lemma 1.1, we get

P(supj‘“ X > e) > P( max j|X;| > s)

j=n n<j<2n

> P( max |X;| > (2n)°’£)

n<j<2n

2n-1

>1—P< X <2 ‘*):1-}5 1(X; < (2n)°

1o (gt ) (s o)
j=n

2n-1 2n-1
>1-[[P(X; < @n)e) =1- [ [ (1 - P(X; = 2n)*¢))
j=n j=n

2n-1
>1-exp (— ZP(XI > (2n)0fg)>.

j=n
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By (2.13), we have lim,_, » lefn_l P(X; = (2m)“e) = 0, Ye > 0. Therefore, when # is large
enough, we have

2n-1 2n-1 2
P( max /X z ) =1~ i1 =" P(X; = @n)e) + %(Z P(X; > (2n)°‘8)) }

n<j<2n - -
j=n j=n
2n-1
> CZP(Xj > (2n)°‘8), Ve > 0.
j=n
In a similar way, when # is large enough,
2n-1
P(nxggn X > a) >C ZP(—X, > (2n)%), Ve > 0.
j=n
Thus, when 7 is large enough, we have
2n-1
P( max J X > g) >C ZP(|X,| > (2n)"¢e) > CnP(1X| = (2n)%e), Ve>0. (2.14)
n<j<2n
j=n

Taking ¢ = 27%, by (2.6), (2.14), Lemma 1.5, and a standard computation, we have

o0 o0
—2 — - —2 . -
o0 > El n“t h(n)P(igfj “I1XG > 2 ") > El n? h(n)P( max j=|Xj| = 2 “)
n= = n=

n<j<
o0
> C Y n? h(m)P(|X| = n”)
n=1
> CE|XPh(1X]™).

Thus, (2.1) holds. O

In the following, let {z,, 7 > 1} be a sequence of non-negative, integer valued random
variables and t a positive random variable. All random variables are defined on the same
probability space.

Theorem 2.3 Let o >1/2, p >0, ap > 1 and h(x) > 0 be a slowly varying function as
x — +00. Let {X,,,n > 1} be a sequence of NOD random variables and X be a random
variables possibly defined on a different space satisfying the condition (1.1) and (2.1). More-
over, additionally assume that for o <1, EX,, = 0 for all n > 1. If there exists A > 0 such that
Yooy B2 h(n)P(2 < 1) < 00, then

> P h(m)P(|S,, | = 1) <00, Ve >0. (2.15)

n=1

Proof Note that

(|S,n| > sr,‘,") C(ta/n<A)U (ISrn| > 6T, T, > kn) C(ty/n<A)U <5up]'-a|Sj| > 8).
j>An

Thus, by (2.5) of Theorem 2.1, we have (2.15). O
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Theorem 2.4 Let a >1/2, p > 0, ap > 1 and h(x) be a slowly varying function at infin-
ity. Let {X,,,n > 1} be a sequence of NOD random variables and X be a random vari-
ables possibly defined on a different space satisfying the condition (1.1) and (2.1). Moreover,
additionally assume that for o <1, EX,, = 0 for all n > 1. If there exists 6 > O such that
Yoo n"‘p’zh(n)P(l%” — 1| >0) < 0o with P(t < B) =1 for some B > 0, then

> w2 h(n)P(|S,, | = en®) <oo, Ve >0. (2.16)

n=1

Proof Note that

(|Srn| = 81’1‘1) - < 2 -7 >9> U <|51n| Zgy["" 2 - §0>

n n

< ( L >9> U (ISz,| = en®, 7, < (z + 0)n)
n

< < o >9> U (1Se,| = en, 7, < (B+ 0)n)
n

< ( g >9>U( max |S]~|25n°‘),
n 1<j<(B+0)n

Thus, by (2.2) of Theorem 2.1, we have (2.16). 0
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