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Abstract
In this paper, a new viscosity iterative process, which converges strongly to a
common element of the set of fixed points of a finite family of pseudo-contractive
mappings more general than non-expansive mappings, is introduced in Banach
spaces. Strong convergence theorems are obtained under milder conditions. The
results presented in this paper extend and unify most of the results that have been
proposed for this class of nonlinear mappings.
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1 Introduction
Let E be a real Banach space with dual E∗. A normalized duality mapping J : E → E∗ is
defined by

Jx =
{
f ∗ ∈ E∗ :

〈
x, f ∗〉 = ‖x‖ = ∥∥f ∗∥∥}, (.)

where 〈·, ·〉 denotes the generalized duality pairing. It is well known that E is smooth if and
only if J is single-valued, and if E is uniformly smooth, then J is uniformly continuous on
bounded subsets of E.
Let C be a closed convex subset of the Banach space E. A mapping T : C → C is called

non-expansive if

‖Tx – Ty‖ ≤ ‖x – y‖, ∀x, y ∈ C. (.)

Amapping T is said to be pseudo-contractive if for any x, y ∈D(T), there exists j(x– y) ∈
J(x – y) such that

〈
Tx – Ty, j(x – y)

〉 ≤ ‖x – y‖. (.)
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Amapping T is said to be κ-strictly pseudo-contractive if for any x, y ∈ D(T), there exist
j(x – y) ∈ J(x – y) and a constant  ≤ κ ≤  such that

〈
x – y – (Tx – Ty), j(x – y)

〉 ≥ κ
∥∥(I – T)x – (I – T)y

∥∥. (.)

Clearly, the class of pseudo-contractive mappings includes the class of strict pseudo-
contractive mappings and non-expansive mappings. We denote by F(T) the set of fixed
points of T , that is, F(T) = {x ∈ C : Tx = x}.
An operator A : C → E is called accretive if there exists j(x – y) ∈ J(x – y) such that

〈
Ax –Ay, j(x – y)

〉 ≥ , ∀x, y ∈ C. (.)

We observe that A is accretive if and only if T := I –A is pseudo-contractive, where I is the
identity mapping on C, and thus a zero of A,N(A) := {x ∈D(A) : Ax = }, is a fixed point of
T . It is nowwell known that if A is accretive, then the solutions of the equationAx =  cor-
respond to the equilibrium points of some evolution systems. Consequently, considerable
research efforts have been devoted to iterative methods for approximating fixed points
of T when T is pseudo-contractive (see, e.g., [–] and the references contained therein).
A mapping f : C → C is called contractive with a contraction coefficient if there exists a
constant ρ ∈ (, ) such that

∥∥f (x) – f (y)
∥∥ ≤ ρ‖x – y‖, ∀x, y ∈ C. (.)

For finding an element of the set of fixed points of non-expansive mappings, Halpern
[] was the first to study the convergence of the scheme in :

xn+ = αn+u + ( – αn+)T(xn). (.)

Viscosity approximation methods are very important because they are applied to con-
vex optimization, linear programming,monotone inclusions and elliptic differential equa-
tions. In a Hilbert space, many authors have studied fixed point problems for pseudo-
contractive mappings by the viscosity approximation methods and obtained a series of
good results (see [–, –]).
In , Moudafi [] introduced viscosity approximation methods and proved the

strong convergence of the following iterative algorithm in a Hilbert space under some
suitable conditions:

xn+ = αnf (xn) + ( – αn)T(xn). (.)

Moudafi [] generalized Halpern’s theorems in the direction of viscosity approximations.
In , Yao et al. [] proposed the following modified Mann iterations for non-

expansive mappings:
⎧⎨
⎩yn = βnxn + ( – βn)Txn,

xn+ = αnf (xn) + ( – αn)yn, ∀n≥ ,
(.)

and obtained strong convergence theorems for a common fixed point of non-expansive
mappings.
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Recently, Zegeye [] introduced the following algorithm:

xn+ = αnf (xn) + ( – αn)TrnFrnxn, (.)

where Trn , Frn are non-expansive mappings, and obtained a strong convergence theorem
but still in a Hilbert space.
On the other hand, for obtaining strong convergence theorems for a family of finite non-

expansive mappings, Takahashi [] defined the following mappingWn:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Un, = αn,T + ( – αn,)I,

Un, = αn,TUn, + ( – αn,)I,

· · ·
Wn :=Un,m = αn,mTmUn,m– + ( – αn,m)I,

(.)

where {Ti, i = , , . . . ,m} are non-expansive mappings, and F(Wn) =
⋂m

i= F(Ti).
Our concern now is the following: Is it possible to construct a new sequence in Banach

spaces which converges strongly to a common element of fixed points of a finite family of
pseudo-contractive mappings?
In this paper, motivated and inspired by the above results, we introduce a new iter-

ation scheme in Banach spaces which converges strongly to a common element of the
set of fixed points of continuous pseudo-contractive mappings more general than non-
expansive mappings. This provides affirmative answer to the above concern. Our theo-
rems extend and unify most of the results that have been proposed for this class of non-
linear mappings.

2 Preliminaries
Let E be a real Banach space with dual E∗, C be a closed convex subset of E. Let S = {x ∈ E :
‖x‖ = } denote the unit sphere of E. The space E is said to have a Gâteaux differentiable
norm if the limit limt→

‖x+ty‖–‖x‖
t exists for each x, y ∈ S and in this case E is said to be

smooth. E is said to be uniformly Gâteaux differentiable if for each y ∈ S, the limit above
is uniformly attained for x ∈ S.
In the proof of our main results, we also need the following definitions and results.
Let μ be a continuous linear functional on l∞ satisfying ‖μ‖ =  = μ(). Then we know

that μ is a mean on N if and only if

inf{an;n ∈ N} ≤ μ(a)≤ sup{an;n ∈N}, ∀a = (a,a, . . .) ∈ l∞. (.)

According to time and circumstances, we use μn(an) instead of μ(a). A mean μ on N is
called a Banach limit if μn(an) = μn(an+) for every a = (a,a, . . .) ∈ l∞.
Define a map ϕ : E → R by ϕ(y) = μn‖xn – y‖, {xn} ⊂ E is an arbitrary bounded se-

quence, then ϕ(y) is convex and continuous, and ϕ(y) → ∞ as ‖y‖ → ∞. If E is reflexive,
there exists z ∈ C such that ϕ(z) = infy∈C ϕ(y) (see []). So the set

Cmin =
{
z ∈ C;ϕ(z) = inf

y∈C ϕ(y)
}

=∅. (.)

Clearly, Cmin is a closed convex subset of E.
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In the sequel, we shall use the following lemmas.

Lemma . [, ] Let C be a nonempty closed convex subset of a Banach space E with a
uniformly Gâteaux differentiable norm. Let {xn} be a bounded sequence of E, and let μn be
a Banach limit and z ∈ C. Then

μn‖xn – z‖ =min
y∈C μn‖xn – y‖

if and only if

μn
〈
y – z, J(xn – z)

〉 ≤ , ∀y ∈ C.

Lemma . [, ] Let α be a real number and (x,x, . . .) ∈ l∞ for all Banach limits satis-
fying μnxn ≤ α. If lim supn→∞(xn+ – xn)≤ , then lim supn→∞ xn ≤ α.

Lemma . [] Let {an} be a sequence of nonnegative real numbers satisfying the following
relation:

an+ ≤ ( – θn)an + σn, n ≥ ,

where {θn} is a sequence in (, ) and {σn} is a real sequence such that
(i)

∑∞
n= θn =∞;

(ii) lim supn→∞
σn
θn

≤  or
∑∞

n= σn < ∞.
Then limn→∞ an = .

Lemma . [] Let {xn} and {zn} be bounded sequences in a Banach space, and let {βn}
be a sequence in [, ] which satisfies the following condition:

 < lim inf
n→∞ βn < lim sup

n→∞
βn < .

Suppose that

xn+ = βnxn + ( – βn)zn, n≥ ,

and

lim
n→∞

(‖zn+ – zn‖ – ‖xn+ – xn‖
) ≤ .

Then limn→∞ ‖zn – xn‖ = .

Lemma . [] Let E be a real Banach space with dual E∗, J : E → E∗ be the generalized
duality pairing, then, ∀x, y ∈ E,

‖x + y‖ ≤ ‖x‖ + 
〈
y, j(x + y)

〉
, ∀j(x + y) ∈ J(x + y).

Moreover, by a similar argument as in the proof of Lemmas . and . of [], we get
the following lemmas.
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Lemma. Let C be a nonempty closed convex subset of a uniformly smooth strictly convex
real Banach space E. Let T : C → E be a continuous pseudo-contractive mapping. Then,
for r >  and x ∈ E, there exists z ∈ C such that

〈
j(y – z),Tz

〉
–

r
〈
j(y – z), ( + r)z – x

〉 ≤ , ∀y ∈ C.

Proof Let x ∈ C and r > . Let A := I – T , clearly A is a continuous accretive mapping.
Thus, by a similar argument as in [], the lemma holds. �

Lemma. Let C be a nonempty closed convex subset of a uniformly smooth strictly convex
real Banach space E. Let T : C → E be a continuous pseudo-contractive mapping, define
the mapping Tr as follows: x ∈ E, r ∈ (,∞)

Tr(x) =
{
z ∈ C :

〈
j(y – z),Tz

〉
–

r
〈
j(y – z), ( + r)z – x

〉 ≤ ,∀y ∈ C
}
.

Then the following hold:
(i) Tr is single-valued;
(ii) Tr is a non-expansive mapping;
(iii) F(Tr) = F(T);
(iv) F(T) is closed and convex.

Proof Let A := I – T , we note that A is a continuous accretive mapping and that 〈j(y – z),
Tz〉 – 

r 〈j(y – z), ( + r)z – x〉 ≤  is equivalent to 〈j(y – z),Az〉 + 
r 〈j(y – z), z – x〉 ≥ . Thus,

by a similar argument as in [], the conclusions of (i)-(iv) hold. �

3 Main results
Let C be a nonempty, closed and convex subset of a smoothly, strictly convex and reflexive
real Banach space E with dual E∗. Let {Ti : C → C, i = , , . . . ,m} be a finite family of con-
tinuous pseudo-contractivemappings. For the rest of this article, Tirnx andWn are defined
as follows: for x ∈ E, rn ∈ (,∞),

Tirn (x) :=
{
z ∈ C :

〈
j(y – z),Tiz

〉
–


rn

〈
j(y – z), ( + rn)z – x

〉 ≤ ,∀y ∈ C
}
, (.)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Un, = αn,Trn + ( – αn,)I,

Un, = αn,TrnUn, + ( – αn,)I,

· · ·
Wn :=Un,m = αn,mTmrnUn,m– + ( – αn,m)I.

(.)

We know from Lemma . and Takahashi [] that Tirn andWn are firmly non-expansive
mappings and F(Wn) =

⋂m
i= F(Tirn ) =

⋂m
i= F(Ti). Denote F := F(Wn).

Theorem . Let C be a nonempty closed convex subset of a uniformly smooth strictly
convex real Banach space E. Let {Ti : C → C, i = , , . . . ,m} be a finite continuous pseudo-
contractive mapping, for each bounded sequence xn and for each Banach limit μn, Cmin is
defined as (.) satisfying F ∩ Cmin =∅. Let f : C → C be a contraction with a contraction

http://www.journalofinequalitiesandapplications.com/content/2014/1/124
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coefficient ρ ∈ (, ). The mappings Tirn and Wn are defined as (.) and (.), respectively.
Let {xn} be a sequence generated by x ∈ C:

⎧⎨
⎩yn = λnxn + ( – λn)Wnxn,

xn+ = αnf (xn) + βnxn + γnyn,
(.)

where λn ∈ [, ], {αn}, {βn}, {γn} are sequences of nonnegative real numbers in [, ] and
(i) αn + βn + γn = , n≥ ;
(ii) limn→∞ αn = ,

∑∞
n= αn =∞;

(iii)  < lim infn→∞ λn ≤ lim supn→∞ λn < ;
(iv) limn→∞(αn,i – αn–,i) = ; limn→∞ |rn+ – rn| = .
Then the sequence {xn} converges strongly to a common fixed point of {Ti : C → C, i =

, , . . . ,m}.

Proof First we prove that {xn} is bounded. Take p ∈ F∩Cmin, becauseWn is non-expansive,
then we have that

‖yn – p‖ ≤ λn‖xn – p‖ + ( – λn)‖Wnxn –Wnp‖ ≤ ‖xn – p‖. (.)

For n≥ , because f is contractive, we have from (.) that

‖xn+ – p‖ = ∥∥αn
(
f (xn) – p

)
+ βn(xn – p) + γn(yn – p)

∥∥
≤ αn

∥∥f (xn) – f (p)
∥∥ + αn

∥∥f (p) – p
∥∥ + βn‖xn – p‖ + γn‖yn – p‖

≤ ραn‖xn – p‖ + αn
∥∥f (p) – p

∥∥ + ( – αn)‖xn – p‖
≤ [

 – ( – ρ)αn
]‖xn – p‖ + αn

∥∥f (p) – p
∥∥

≤max

{
‖x – p‖, f (p) – p

 – ρ

}
.

Therefore, {xn} is bounded. Consequently, we get that {Wnxn} and {yn}, {f (xn)} are
bounded.
Next, we show that ‖xn+ – xn‖ → . Let xn+ = βnxn + ( – βn)zn. Hence we have that

zn+ – zn =
αn+

 – βn+

(
f (xn+) – f (xn)

)
+

(
αn+

 – βn+
–

αn

 – βn

)
f (xn)

+
γn+

 – βn+
(yn+ – yn) +

(
γn+

 – βn+
–

γn

 – βn

)
yn. (.)

Because yn = λnxn + ( – λn)Wnxn, so we have that

‖yn+ – yn‖
≤ λn+‖xn+ – xn‖ + ( – λn+)‖Wn+xn+ –Wnxn‖ + |λn+ – λn|‖xn –Wnxn‖
≤ ‖xn+ – xn‖ + ( – λn+)‖Wn+xn –Wnxn‖ + |λn+ – λn|‖xn –Wnxn‖
≤ ‖xn+ – xn‖ + ‖Wn+xn –Wnxn‖ + |λn+ – λn|‖xn –Wnxn‖. (.)

http://www.journalofinequalitiesandapplications.com/content/2014/1/124
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Because Tirn and Un,m are non-expansive mappings, we have from (.) that

‖Wn+xn –Wnxn‖
=

∥∥αn+,mTmrn+Un+,m–xn + (αn,m – αn+,m)xn – αn,mTmrnUn,m–xn
∥∥

≤ |αn+,m – αn,m|{‖xn‖ + ‖TmrnUn,m–xn‖
}

+ αn+,m‖Tmrn+Un+,m–xn – TmrnUn,m–xn‖
≤ M|αn+,m – αn,m| + αn+,m‖Tmrn+Un+,m–xn – TmrnUn,m–xn‖
≤ M|αn+,m – αn,m| + ‖Tmrn+Un+,m–xn – TmrnUn,m–xn‖, (.)

whereM =max{‖xn‖, sup≤i≤m– ‖Tm–i,rnUn,m–(i+)xn‖}.
Let un = Tmrnvn, un+ = Tmrn+vn+, vn = Un,m–xn, vn+ = Un+,m–xn, by the definition of

mapping Tirn , we have that

〈
j(y – un),Tmun

〉
–


rn

〈
j(y – un), ( + rn)un – vn

〉 ≤ , ∀y ∈ C, (.)

〈
j(y – un+),Tmun+

〉
–


rn+

〈
j(y – un+), ( + rn+)un+ – vn+

〉 ≤ , ∀y ∈ C. (.)

Let y := un+ in (.), and let y := un in (.), we have that

〈
j(un+ – un),Tmun

〉
–


rn

〈
j(un+ – un), ( + rn)un – vn

〉 ≤ , (.)

〈
j(un – un+),Tmun+

〉
–


rn+

〈
j(un – un+), ( + rn+)un+ – vn+

〉 ≤ . (.)

Adding (.) and (.), and because Tm is pseudo-contractive, we have that

〈
j(un+ – un),

un – vn
rn

–
un+ – vn+

rn+

〉
≥ .

Therefore we have
〈
j(un+ – un),un – vn –

rn(un+ – vn+)
rn+

+ un+ – un+
〉
≥ .

Without loss of generality, let b be a real number such that rn > b > , ∀n ∈N , hence we
have that

‖un+ – un‖ ≤ ‖vn+ – vn‖ + 
b
|rn+ – rn|M, (.)

whereM = sup≤i≤m{‖Ti,rnUn,i–xn‖ + ‖Un,i–xn‖}.
Since vn =Un,m–xn, vn+ =Un+,m–xn, so we have that

‖vn+ – vn‖
=

∥∥αn+,m–Tm–rn+Un+,m–xn + (αn,m– – αn+,m–)xn – αn,m–Tm–rnUn,m–xn
∥∥

≤ |αn+,m– – αn,m–|
{‖xn‖ + ‖Tm–rnUn,m–xn‖

}

http://www.journalofinequalitiesandapplications.com/content/2014/1/124
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+ αn+,m–‖Tm–rn+Un+,m–xn – Tm–rnUn,m–xn‖
≤ M|αn+,m– – αn,m–| + αn+,m–‖Tm–rn+Un+,m–xn – Tm–rnUn,m–xn‖. (.)

By the definition of Tirn , repeating steps from (.) to (.), we have that

‖Tm–rn+Un+,m–xn – Tm–rnUn,m–xn‖

≤ ‖Un+,m–xn –Un,m–xn‖ + 
b
|rn+ – rn|M. (.)

Consequently, we have from (.) and (.), (.) that

‖un+ – un‖

≤ M|αn+,m– – αn,m–| + αn+,m–

{
‖Un+,m–xn –Un,m–xn‖ + 

b
|rn+ – rn|M

}

+

b
|rn+ – rn|M

≤ M|αn+,m– – αn,m–| + ‖Un+,m–xn –Un,m–xn‖ + 
b
|rn+ – rn|M

≤ · · ·

≤ M
m–∑
i=

|αn+,i – αn,i| + m – 
b

|rn+ – rn|M + ‖Un+,xn –Un,xn‖. (.)

From (.) we have that

‖Un+,xn –Un,xn‖ =
∥∥(αn, – αn+,)xn + αn+,Trn+xn – αn,Trnxn

∥∥
≤ M|αn+, – αn,| + ‖Trn+xn – Trnxn‖. (.)

By the definition of Tirn , repeating steps from (.) to (.), we have that

‖Trn+xn – Trnxn‖ ≤ |rn+ – rn|
b

M, (.)

where M = max{M, sup{‖Trnxn‖ + ‖xn‖}}. Substituting (.) into (.), (.) into
(.), (.) into (.), we have that

‖Wn+xn –Wnxn‖ ≤ M
m∑
i=

|αn+,i – αn,i| + m
b

|rn+ – rn|M. (.)

Hence we have from (.)-(.) and (.) that

‖zn+ – zn‖ – ‖xn+ – xn‖

≤ (ρ – )αn+

 – βn+
‖xn+ – xn‖ + γn+

 – βn+

(
M

N∑
i=

|αn+,i – αn,i| + m
b

|rn+ – rn|M

)

+
∣∣∣∣ αn+

 – βn+
–

αn

 – βn

∣∣∣∣{∥∥f (xn)∥∥ + ‖yn‖
}
+

γn+

 – βn+
|λn+ – λn|‖xn –Wnxn‖.

http://www.journalofinequalitiesandapplications.com/content/2014/1/124
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Notice conditions (ii) and (iii), (iv), we have that

lim sup
n→∞

(‖zn+ – zn‖ – ‖xn+ – xn‖
)
= .

Hence we have from Lemma . that

lim sup
n→∞

‖zn – xn‖ = . (.)

Therefore we have that

‖xn+ – xn‖ = | – βn|‖zn – xn‖ → . (.)

Finally we show that {xn} converges strongly to p ∈ F ∩ Cmin. Because μn‖xn – p‖ =
infy∈C μn‖xn – y‖, we have from Lemma . that

μn
〈
f (p) – p, J(xn – p)

〉 ≤ . (.)

Due to the norm-weak∗ uniform continuity of the dualitymapping J , it follows from (.)
that

lim
n→∞

(〈
f (p) – p, J(xn+ – p)

〉
–

〈
f (p) – p, J(xn – p)

〉)
= .

Hence, the sequence {〈f (p)–p, J(xn–p)〉} satisfies the conditions of Lemma .. As a result,
we must have

lim sup
n→∞

〈
f (p) – p, J(xn+ – p)

〉 ≤ . (.)

On the other hand, since f is contractive with a contraction coefficient ρ ∈ (, ), we have
from (.), (.) and Lemma . that

‖xn+ – p‖

=
∥∥αn

(
f (xn) – p

)
+ βn(xn – p) + γn(yn – p)

∥∥

≤ ∥∥βn(xn – p) + γn(yn – p)
∥∥ + αn

〈
f (xn) – p, J(xn+ – p)

〉
≤ ( – αn)‖xn – p‖ + αn

〈
f (xn) – f (p), J(xn+ – p)

〉
+ αn

〈
f (p) – p, J(xn+ – p)

〉
≤ ( – αn)‖xn – p‖ + ραn‖xn – p‖‖xn+ – p‖ + αn

〈
f (p) – p, J(xn+ – p)

〉
≤ ( – αn)‖xn – p‖ + ραn

[‖xn – p‖ + ‖xn+ – p‖] + αn
〈
f (p) – p, J(xn+ – p)

〉
,

that is,

‖xn+ – p‖ ≤
[
 –

( – ρ)αn

 – ραn

]
‖xn – p‖ + αn

 – ραn

〈
f (p) – p, J(xn+ – p)

〉

+
α
n

 – ραn
‖xn – p‖. (.)

http://www.journalofinequalitiesandapplications.com/content/2014/1/124
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Let θn = (–ρ)αn
–ραn

, σn = αn
–ραn

〈f (p) – p, J(xn+ – p)〉 + αn
–ραn

‖xn – p‖. Since {xn} is bounded,
according to Lemma . and formula (.), we have that limn→∞ ‖xn – p‖ = , i.e., the
sequence {xn} converges strongly to a common fixed point of Ti : C → C, i = , , . . . ,m.

�

Theorem . Let C be a nonempty closed convex subset of a uniformly smooth strictly
convex real Banach space E. Let {Ti : C → C, i = , , . . . ,m} be a finite family of continuous
pseudo-contractive mappings, for each bounded sequence xn and for each Banach limit μn,
Cmin is defined as (.) satisfying F∩Cmin =∅, f : C → C is a contraction with a contraction
coefficient ρ ∈ (, ). The mappings Tirn and Wn are defined as (.) and (.), respectively.
Let {xn} be a sequence generated by x ∈ C

⎧⎨
⎩yn = λnxn + ( – λn)Wnxn,

xn+ = αnf (xn) + βnxn + γnyn,
(.)

where λn ∈ [, ], {αn}, {βn}, {γn} are sequences of nonnegative real numbers in [, ] and
(i) αn + βn + γn = , n≥ ;
(ii) limn→∞ αn = ,

∑∞
n= αn =∞;

(iii) limn→∞ λn = ;
(iv) limn→∞(αn,i – αn–,i) = ; limn→∞ |rn+ – rn| = .
Then the sequence {xn} converges strongly to a common fixed point of {Ti : C → C, i =

, , . . . ,m}.

Proof Take p ∈ F ∩Cmin, from (.) we can obtain

‖xn+ – xn‖ =
∥∥αnf (xn) + βnxn + γnyn – p

∥∥
≤ αn

∥∥f (xn) – xn
∥∥ + γn( – λn)‖Wnxn – xn‖.

Notice the boundedness of the sequences {xn} and {Wnxn}. According to conditions (ii)
and (iii), we have limn→∞ ‖xn+ – xn‖ = . Similar to Theorem ., we can obtain the re-
sult. �

If in Theorem . and Theorem . we let f :≡ u ∈ C be a constant mapping, we have
the following corollary.

Corollary . Let C be a nonempty closed convex subset of a uniformly smooth strictly
convex real Banach space E. Let {Ti : C → C, i = , , . . . ,m} be a finite family of continuous
pseudo-contractive mappings, for each bounded sequence xn and for each Banach limit μn,
Cmin is defined as (.) satisfying F ∩ Cmin =∅. The mappings Tirn and Wn are defined as
(.) and (.), respectively. Let {xn} be a sequence generated by x ∈ C

⎧⎨
⎩yn = λnxn + ( – λn)Wnxn,

xn+ = αnu + βnxn + γnyn,
(.)

where λn ∈ [, ], {αn}, {βn}, {γn} are the sequences of nonnegative real numbers in [, ]
and

http://www.journalofinequalitiesandapplications.com/content/2014/1/124
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(i) αn + βn + γn = , n≥ ;
(ii) limn→∞ αn = ,

∑∞
n= αn =∞;

(iii)  < lim infn→∞ λn ≤ lim supn→∞ λn <  or limn→∞ λn = ;
(iv) limn→∞(αn,i – αn–,i) = ; limn→∞ |rn+ – rn| = .
Then the sequence {xn} converges strongly to a common fixed point of {Ti : C → C, i =

, , . . . ,m}.

Theorem . Let C be a nonempty closed convex subset of a uniformly smooth strictly
convex real Banach space E. Let T : C → C be a continuous pseudo-contractive mapping
for each bounded sequence xn and for each Banach limit μn, Cmin be defined as (.) satis-
fying F(T) ∩ Cmin =∅, f : C → C be a contraction with a contraction coefficient ρ ∈ (, ).
Mapping Trn is defined as follows: x ∈ C, rn ∈ (,∞)

Trn (x) =
{
z ∈ C :

〈
j(y – z),Tz

〉
–


rn

〈
j(y – z), ( + rn)z – x

〉 ≤ ,∀y ∈ C
}
.

Let {xn} be a sequence generated by x ∈ C

⎧⎨
⎩yn = λnxn + ( – λn)Trnxn,

xn+ = αnf (xn) + βnxn + γnyn,
(.)

where λn ∈ [, ] and {αn}, {βn}, {γn} are the sequences of nonnegative real numbers in [, ]
and

(i) αn + βn + γn = , n≥ ;
(ii) limn→∞ αn = ,

∑∞
n= αn =∞;

(iii)  < lim infn→∞ λn ≤ lim supn→∞ λn <  or limn→∞ λn = ;
(iv) limn→∞ |rn+ – rn| = .
Then the sequence xn converges strongly to a fixed point of T .

Proof Putting αn,i =  in (.), we have Wn = Tr,n; from Lemma . and Theorems .
and ., we can obtain the result. �
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