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Abstract

The concept of statistical convergence is one of the most active areas of research in
the field of summability. Most of the new summability methods have relation with
this popular method. In this paper, we introduce the concept of double
Ty-statistical-T-convergence which is a more general idea of statistical convergence.
We also investigate the ideas of double Zy-statistical-T-boundedness and double
Tp-statistical-t-Cauchy condition of sequences in the framework of locally solid Riesz
space endowed with a topology T and investigate some of their consequences.
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1 Introduction

The notion of statistical convergence, which is an extension of the idea of usual conver-
gence, was introduced by Fast [1], Steinhaus [2] independently in the same year 1951 and
also by Schoenberg [3]. Its topological consequences were studied first by Fridy [4] and
Salat [5]. The notion has also been defined and studied in different steps, for example, in
a locally convex space [6]; in topological groups [7, 8]; in probabilistic normed spaces [9,
10], in intuitionistic fuzzy normed spaces [11], in random 2-normed spaces [12]. In [13]
Albayrak and Pehlivan studied this notion in locally solid Riesz spaces. Recently, Mohi-
uddine et al. [14] studied statistically convergent, statistically bounded and statistically
Cauchy for double sequences in locally solid Riesz spaces. Also, in [15] Mohiuddine et al.
introduced the concept of lacunary statistical convergence, lacunary statistically bounded
and lacunary statistically Cauchy in the framework of locally solid Riesz spaces. Quite re-
cently, Das and Savas [16] introduced the ideas of Z,-convergence, Z,-boundedness and
T.-Cauchy condition of nets in a locally solid Riesz space.

The more general idea of lacunary statistical convergence was introduced by Fridy and
Orhan in [17]. Subsequently, a lot of interesting investigations have been done on this
convergence (see, for example, [18—21] where more references can be found).

The idea of statistical convergence was further extended to Z-convergence in [22] using
the notion of ideals of N with many interesting consequences. More investigations in this
direction and more applications of ideals can be found in [22-31] where many important
references can be found.
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Recently in [24, 30] we used ideals to introduce the concepts of Z*-statistical conver-
gence and Z-lacunary-statistical convergence and investigated their properties.

The notion of a Riesz space was first introduced by Riesz [32] in 1928, and since then it
has found several applications in measure theory, operator theory, optimization and also
in economics (see [33]). It is well known that a topology on a vector space that makes the
operations of addition and scalar multiplication continuous is called a linear topology and
a vector space endowed with a linear topology is called a topological vector space. A Riesz
space is an ordered vector space which is also a lattice endowed with a linear topology.
Further, if it has a base consisting of solid sets at zero, then it is known as a locally solid
Riesz space.

In this paper, we introduce the idea of Z-double lacunary statistical convergence in a
locally solid Riesz space and study some of its properties by using the mathematical tools
of the theory of topological vector spaces.

2 Preliminaries
We now recall the following basic facts from [22].

A family Z of subsets of a non-empty set X is said to be an ideal if (i) A, B € Z implies
AUBEeZ, (ii)AeZ, BC Aimply BeZ.T is called non-trivial if 7 # {¢} and X ¢ Z. T is
admissible if it contains all singletons. If 7 is a proper non-trivial ideal, then the family of
sets F(Z) = {M C X : M¢ € T} is a filter on X (where ¢ stands for the complement). It is
called the filter associated with the ideal 7.

We also recall some of the basic concepts of Riesz spaces.

Definition 2.1 Let L be a real vector space and let < be a partial order on this space. L is
said to be an ordered vector space if it satisfies the following properties:

(i) Ifx,yeLandy <x,theny+z<x+zforeachzelL.

(i) Ifx,y € L and y <x, then Ay < Ax for each A > 0.

If in addition L is a lattice with respect to the partial ordering, then L is said to be a Riesz
space (or a vector lattice).

For an element x of a Riesz space L, the positive part of x is defined by x* = x Vv 6, the
negative part of x by x~ = (—x) Vv 0 and the absolute value of x by |x| = x Vv (—x), where 6 is
the element zero of L.

A subset S of a Riesz space L is said to be solid if y € S and |%| < |y| imply x € S.

A topology 7 on a real vector space L that makes the addition and scalar multiplication
continuous is said to be a linear topology, that is, when the mappings

x) —x+y (from (L xL,tx71)—> (L,1)),

(%x) > Ax  (from (R x L,o x 1) — (L, 7))

are continuous, where o is the usual topology on R. In this case, the pair (L, 7) is called a
topological vector space.
Every linear topology t on a vector space L has a base A for the neighborhoods of ¢
satisfying the following properties:
(a) Each V € NV is a balanced set, that is, Ax € V holds for all x € V and every A € R
with |A| < 1.
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(b) Each V € N is an absorbing set, that is, for every x € L, there exists a A > 0 such that
raxeV.
(c) Foreach V e N, there exists some W e N with W+ W C V.

Definition 2.2 A linear topology t on a Riesz space L is said to be locally solid if ¢ has
a base at zero consisting of solid sets. A locally solid Riesz space (L, T) is a Riesz space L

equipped with a locally solid topology 7.

Nio will stand for a base at zero consisting of solid sets and satisfying the properties (a),
(b) and (c) in a locally solid topology.

3 Main results
The notion of statistical convergence depends on the density of subsets of N, the set of
natural numbers. A subset E of N is said to have density §(E) if

1 n
8(E) = lim — Z xe(k) exists.
n—-oo 1 )

Note that if K C N is a finite set, then §(K) = 0, and for any set K C N, §(K¢) = 1 - §(K).

Definition 3.1 A sequence x = (xy) is said to be statistically convergent to ¢ if for every
>0,

8({keN:|xk—€|28}):0.

In another direction, a new type of convergence called lacunary statistical convergence
was introduced in [17] as follows. A lacunary sequence is an increasing integer sequence
0 = {k;}renujoy such that ko = 0 and A, = k, — k,_; — o0 as r — oo. Let I, = (k,_1, k] and

qr= kkil . A sequence (x¢) of real numbers is said to be lacunary statistically convergent to

L (or, Sp-convergent to L) if for any € > 0,

o1
rlggoh—erel,: e —L| > €}] =0,
where |A| denotes the cardinality of A C N.In [17] the relation between lacunary statistical
convergence and statistical convergence was established among other things.
We now have the following definitions.

Definition 3.2 (See [22, 25]) Let Z C 2N be a proper admissible ideal in N. The sequence
() of elements of R is said to be Z-convergent to L € R iffor each € > 0, theset A(e) = {n €
N:|xr — L| > €} € Z. The class of all Z-statistically convergent sequences will be denoted
by S(Z).

Definition 3.3 ([24]) Let 0 be a lacunary sequence. A sequence x = (x) is said to be Z-
lacunary statistically convergent to L or Sy(/)-convergent to L if for any € >0 and § > 0,

{reN:hi|{kel,:|xk—L|ze}|35} el
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In this case, we write xx — L(Sp(Z)). The class of all Z-lacunary statistically convergent
sequences will be denoted by Sy(Z).

It can be checked, as in the case of statistically and lacunary statistically convergent

sequences, that both S(Z) and Sy(Z) are linear subspaces of the space of all real sequences.

Remark 3.1 For 7 = 75, = {A € N : Ais a finite subset}, Z — Ss-convergence coincides

with lacunary statistical convergence which is defined in [17].

Let E € N x N be a two-dimensional set of positive integers and let E,, , be the numbers
of (i,j) in K such that i < n and j < m. Then the lower asymptotic density 8,(E) of E is

defined as follows:

Em n
liminf =222 = 8,(K).
m,n mn

Em,n )O0,00

In the case when the sequence (=22*)," ", |

has a limit, we say that E has a natural density
and is defined as follows:

E
lim =22 = 8, (E).
nm,n  n

For example, let E = {(i?,/2) : (i,j) € N x N}. Then

Emn .
82(E) = lim —= < lim Vmyn =

mn . yin m,n mn

0

(i.e., the set E has double natural density zero).

Recently, Mursaleen and Edely [34] presented the notion of statistical convergence for
a double sequence x = (xy;) as follows:

A real double sequence x = (xy;) is said to be statistically convergent to L provided that

for each € > 0,

limi|{(k,l):k§mandl§nylxk,l—“ > ef|=0.
nm,n n

The double sequence 6, ; = {(k;, [;)} is called double lacunary if there exist two increasing

sequences of integers such that
ko =0, h, =k —kiy— 00 asr— o0

and

lh=0, hy=Il,— 1,1 — 00 ass— o0.

Let us denote k. = kL, hys = h,h; and 0,s is determined by I, = {(k,]) : k,_; < k <
kyand [,_; <[ < [}.
We have the following.
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Definition 3.4 Let (xy) be a sequence in a locally solid Riesz space (L, 7). We say that x is
1y, ,-statistically-7 -convergent to xy if for every r-neighborhood U of zero and for § > 0,

{(r,s)eNxN: %H(k,l)e[rszxkl—xoél,[” 28} el.

Ty, s—ste

In this case, we write Zy, , — st; — limxy = x (or xy ——> %o in brief).

Remark 3.2 For 7 = Zj,, Ty, -statistical-T-convergence becomes double lacunary statis-
tical T-convergence in a locally solid Riesz space.

Definition 3.5 Let (xy;) be a sequence in a locally solid Riesz space (L, 7). We say that x is
Ty,,-statistically-7-bounded if for every t-neighborhood U of zero and § > 0, there exists
a > 0 such that

{(r,s)eNxN: hi|{(k,l)61,3:ax/d€éL[}| 28} el.

Definition 3.6 Let (x4;) be a sequence in a locally solid Riesz space (L, 7). We say that x
is 7y, ,-statistically-t-Cauchy if for every r-neighborhood U of zero and § > 0, there exist
g € N such that

{(r,s)eNxN: %H(k,l)e[rs:xkl—quél,[” 28} cl.

Now we are ready to present some basic properties of this new convergence in a locally
solid Riesz space.

Theorem 3.1 Let (L, ) be a Hausdor{f locally solid Riesz space, x = (xx;) and y = (yi;) be
two sequences in L. Then the following hold:
(@) IfZy,, —st; —limxy = yo and Ly, — st; —limxy = zo, then yo = zo.
(b) If Iy, — st; —limuxy = xo, then Ly, — st — limoxy = axo for each a € R.
(¢) IfZy,, — st — limxy = xo and Ly, — st; —limyy = yo, then
Ty, — stz —lim(xyg + yr1) = %o + Yo.

Proof (a) Let U be any t-neighborhood of zero. Then there exists a V' € N such that
V CU.Takea W € Ny, suchthat W+ W C V.Let§ = é Since Ty, — st; —limaxy = yo and
I, — st; —limxy = zo, we write

ISE {(r,s) eNxN: him|{(k,l) €l a0 —yo & W} <5} € F(T)
and

Ky = {(r,s) eNxN: hL,SH(k’Z)EI":xkl_ZO ¢ WH <8} e F(T).
Then K = K; N K, € F(Z) and for r,s € K,

1
h—’{(k,l) €lys:xy—yo ¢ W}’ <4,

rs
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ie.,

1 4

—|{(k,l)61rs:x/<1—yo€W}|>1—8=§. (1)
Similarly,

1 4

h—’{(k,l)elrszxkl—zoeWH>g. (2)

Now write that {(k,[) € Ls : x(«,;) —y0 € W} and {(k, () € L5 : xxy —zo € W'} cannot be disjoint,
for then we will have ﬁ [{(k, 1) € Is}| > %, which is impossible. So, there is a (k;, s) € I, for
which

Xig—Yo €W and  x . —zo€ W.
Then

X0 —20 =Y0 — Xk, + Xy, —20 EW + W CV CU.

Thus yo — zo € U for every t-neighborhood U of zero. Since (L, t) is Hausdorff, the in-
tersection of all T-neighborhoods of zero is the singleton {0,;}, and so yo — zp = 6, i.e.,

Yo = Z0-
(b) Let Ty, — st; —limuxy = xo and let U be an arbitrary t-neighborhood of zero. Choose
V € Nso1 such that V. C U. Forany1> 48>0,

K= {(r,s)eN x N: hi|{(k,l) €Ly X — %0 ¢ V| <5} € F(T),
ie,Vr,sek,
1
h—|{(k,l) €l :xiy—x0 € V}| >1-6.

rs
First let |@| < 1. Since V is balanced, xy; — xo € V implies that «(xy; — x9) € V. Therefore
{(k, D) el :axy—axg € V} D {(k, D) el xy—%x0 € V},
and so Vr,s € K,
1 1
h—|{(k,l) €l :axy —axg € V}| > h—|{(k,l) €l Xy — X0 € V}| >1-6,
rs rs

which implies that
1
{(r,s) eNxN: h—|{(k,l) € s axy —axg & V}| <8} DK
and finally

{(r,s)eNxN: hiH(k,l)eI,S:axkl—axo ¢ V}| <8} e F(T).
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If || > 1 and [|«|] is the smallest integer greater or equal to ||, choose W € N such that
[l¢]]W C V. Again, for 1 > § > 0, taking

1
K= {(r,s) eNxN: h—|{(k,l) € Ly 1 0 — %0 & W} <5} € F(T)
rs
and in view of the fact that
|axtg — aua| = lerl 10 — il < [lex| 1o — %0 € [ll JW C V C Um,

which implies that ax — axy € V C U, proceeding as before, we conclude that
1
{(r,s) eNxN: h—|{(k,l) € Ly oy — axo ¢ U} < 8} e F(T).

This proves that Iy, ; — st; — lim oy = axo.
(c) Let U be an arbitrary t-neighborhood of zero. Then there are V, W € N such that
W+ W C V C U.Since Iy —st, —limxy = xo and Iy, , — st —lim yy = yo, we get, for 0 < § < 1,

K= {(V,S)ENXN: hi|{(k,l)elrszxkl—xoe£ WH < g} e F(I)

and

1
Ky = {(r,s)GNxN:h—H(k,Z)eI,S:ykl—yo ¢ Wl S}GF(I).

<—
3
If K = Kt NK,, then Vr,s € K,

1 1)
h—|{(k,l) €l x1y—x0 & WH < g,

rs

1 1)
h—’{(k,l)elrszxkl—xoe W}} >1—§

rs

and also
1 §
_|{(krl) EIrs Yk — Yo ¢ W}| < g

rs

But
ek + i) — (o +90) = (X —x0) + G —yo) e W+ W CVCU

V(k,I) € I,; such that k,/ € A N B when {(k,]) € I; : xy — xp € W} = A (say) and
{(k,]) € Ls : yua — yo € W} = B (say). Note that

)

|Al=|ANB|+|A\B| <|ANB| + |B”
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i|A|<i|AmB| inC\
I " T

! |AN B 5
< — + -,
h 3

rs

1 1
h—|AﬂB| = h—|{(k,1)€1rsixk1—xo €W Ayu—-y0€ W}

1 5
> h_rs‘{(k’l)ebs:xkl—xo € W}|—§

)
>1-——-=

3 3
>1-6.

Since
{(k,0) € I : (%2 + yua) = (0 +y0) € U} DANB,
so forallr,s € K,

1 1
h—|{(/<,l)Glrs:(xkl+3’k1)—(xo +y0) € U}| = h—lAﬂBl >1-34,

rs S

1
h_’{(k’l) € L : (i + yua) — (%0 +30) ¢ U}| <8.

rs

Hence

KcC {(r,s) eNxN: hirs‘{(k,l) € Ly : (% + yia) — (%0 + y0) ¢ U | <8}
and so

{(r,s) eNxN: hirsH(k’l) € L : (%1 + yir) — (%0 +Y0) € L[}| <6} e F(1).

This completes the proof of the theorem. O

Theorem 3.2 Let (L, t) be a locally solid Riesz space. Let x = {xi1}, ¥y = {yu} and z = {zi;} be
three sequences in L such that xy; < yi < zx for each (k,I) e N x N. If Ty, . — st; — limxy =
a =1y, — sty —limz,,,, then Iy,  — st; —limyy = a.

Proof Let U be an arbitrary t-neighborhood of zero. Take V, W € N, such that W+ W C
V C U. Since Iy, — st; —limxy = a =1Ly, — st, —limzy, sofor 0 <8 <1,

1<1:{(V;S)ENXN3hiH(k:l)eIrs:xkl_“é W}|<§} € F(I)
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and
1 8
Ky={(r,s) eNxN: h—|{(k,l) €ls:zy—a¢ W} < 3( €FD-
Hence we observe that Vr,s € K,

1 B
h_rsH(kJ)Glrsixkz—aé W}| < 3

1 5
h_mH(k:DEIrs:xkl—ﬂE W}|>1—§

and

1 1)
h—|{(k,l)e],s:zk;—u¢ wl| < 3

rs

Writing A = {(k,[) € Ls : x5y —a € W} and B = {(k,]) € I,s : ziy —a € W}, we see that Vk,[ €
ANB,

Xkl = Vil = Zkis
Xk —A=Y—a=zy—a

v —al < |xw—al+lzu—ale W+ WCV,
and as V is solid, so
yu—acV Cclu.

Clearly, {(k,{) € s : yu —a € U} D AN B and as in the previous theorem, we show that
Vr,s e K,

iy{(k,l)ef,s:ykz—aeu}]zhi|AmB|>1—a,

rs

L|{(k’l)elrs:ykl_ﬂéLIH <9.

rs

Hence
1
{(r,s)eNxN: h—]{(k,l)elrs:ykz—aéu}] <5} oK,
where K € F(T) and so
1
{(r,s)eNxN: h—|{kelrszykz—a¢U}{ 28} el

This proves that 7y, — st; —limyy = a. This completes the proof of the theorem. 0

Page 9 of 12
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Theorem 3.3 An 1, -statistically T-convergent sequence (xy) in a locally solid Riesz space
(L, 7) is 1y, -statistically T-bounded.

Proof Let (x) be Iy, -statistically 7-convergent to xo € L. Let U be an arbitrary z-
neighborhood of zero. Choose V, W € N, such that W + W C V C U. Since W is ab-
sorbing, there is a ;¢ > 0 such that uxo € W. Choose o <1 so that o < u. Since W is solid
and |Axg| < |uxg|, we have axy € W. Again, as W is balanced, xi; — x9 € W implies that
a(Xpm — %) € W. Now, forany 0 <8 <1,

K={(@rs)eNxN: hil{(k,l) € L 1 — %0 € W <8} e F().
Thus, forall ,s € K,
1
h—|{(k,l) €l xiy—x0 & WH <8,

rs

1
h—|{(k,l) €lsimy—x9 € W} >1-36.
If B,s = {(k,]) € L5 : xig — xg € W}, then Vk, [ € B,

axy =o(xy —xg)+axo e W+WCVCU,

and so, forall r,s € K,

1 1
h—|{(k,l) el :oaxy € WH > h—|{(k,l) €l X1 — %9 € WH
>1-6
iLe.,
1
h—’{(k,l) el oxy é WH < 4.
Hence

K cC {(r,s)eNxN:hiH(k,l)elmzaxklé W}| <8}.

Since K € F(Z), so the set on the right-hand side also belongs to F(Z) and this proves that
(xx0) is Ty,  -statistically T-bounded. O

Theorem 3.4 If a sequence (xy) in a locally solid Riesz space (L,7) is Iy, -statistically

T-convergent, then it is 1y, -statistically t-Cauchy.

Proof Let (xi) be Iy, -statistically T-convergent to xy € L. Let U be an arbitrary z-
neighborhood of zero. Choose V, W € N, such that W+ W C V C U. Let 0 <§ < 1.
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Therefore

K= {(r,s)eNx N: hi|{(k,l) € L 1 0 — %0 & W | <5} € F(T).

rs

Forall r,s € K,

kD € b -0 € WY <,

rs

hi’{(k’l)EIrs:xkl_xOG WH >1-46.

rs

Take r,s € K and in view of the above, we can choose p,q € {(k,]) € I,s : xxy — %o €
W} (since this set cannot be empty). Then x,, — xo € W. Now observe that if for
(k,1) € Ig, %00 — %9 € W, then

Xil —KXpg = Xk —Xo + X0 —Xpg €W+ W CV CU.

Hence, as in the earlier proofs, we can prove that

KC {(r,s)eNxN:hLH(k,l)eI,s:xkl—qué W}| <8},

rs

which consequently implies that (xy) is Z,, -statistically 7-Cauchy.
This completes the proof of the theorem. d

It should be noted that single and double case of I, -statistical convergence in locally
solid Riesz spaces are introduced in [35] and [36] respectively.
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