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Abstract

This paper is concerned with solvability of a class of functional equations arising in
dynamic programming of multistage decision processes. Using the fixed point
theorems due to Banach and Liu-Ume-Kang and iterative algorithms, some sufficient
conditions which ensure the existence, uniqueness and iterative approximations of
solutions for the functional equation in the Banach spaces BC(S) and B(S) and the
complete metric space BB(S) are provided. Four examples are constructed to illustrate
the results presented in this paper.
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1 Introduction

It is well know that the existence problems of solutions for various functional equations
arising in dynamic programming are both of theoretical and of practical interest; for ex-
ample, see [1-19] and the references cited therein. Bellman [2], Bhakta and Choudhury
[5], Liu [9] and Liu et al. [11, 12, 14-16, 19] studied the existence, uniqueness and itera-

tive approximations of solutions for the following functional equations arising in dynamic

programming;:
@ = infmax{utay), vioy)f (aw )}, vxes, (L)
@ = inf max{uxy).f (ats,p)}, Vres, (1.2)
flx) = sup max{u(x,y).f(alx,y)}, Vx€S, (1.3)
flx) = ot opt{ux,y).f(ax)}, VxeS, (1.4)
fx) = ;)ep];{u(x,y) max{p(x,y).f(a(xy)}}, VxeS, (L5)
716 = optfu ) min{pte ). aw)] ), vxes (16)

in the complete metric space BB(S), where opt stands for the sup or inf.

©2013 Liu et al, licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2013/1/516
mailto:smkang@gnu.ac.kr
http://creativecommons.org/licenses/by/2.0

Liu et al. Journal of Inequalities and Applications 2013, 2013:516 Page 2 of 19
http://www.journalofinequalitiesandapplications.com/content/2013/1/516

Motivated and inspired by the results in [1-19], in this paper we introduce and study
a new functional equation arising in dynamic programming of multistage decision pro-

cesses as follows:

S ) = 2opt{ulx,y) opt{p(x,y).f (a(x,9)) }} + (1 = 1) opt{v(x, y) opt{q(x, ). f (b(x.)) }

yeD yeD

+ t(x,y) opt{r(x,y),f(c(x,y)) } }, Vx €S, 1.7)

where A € [0,1] is a constant, x and y stand for the state and decision vectors, respectively,
a, b and ¢ denote the transformations of the processes, and f(x) is the optimal return func-
tion with initial state x. Obviously, functional equation (1.7) includes functional equations
(1.1)-(1.6) as special cases. Utilizing the Banach fixed point theorem and Liu-Ume-Kang
fixed point theorem, some techniques in nonlinear analysis and a few iterative algorithms,
we get the existence, uniqueness and iterative approximations of continuous bounded so-
lutions, bounded solutions and solutions for functional equation (1.7) in the Banach spaces
BC(S) and B(S) and the complete metric space BB(S), respectively, and discuss some error
estimates between the iterative sequences generated by the iterative algorithms and the
solutions. Four nontrivial examples are given to show that the results presented in this
paper are more general than those in [5, 6, 11, 12, 14-16, 19].

2 Preliminaries

Throughout this paper, we assume that (X, || - ||) and (Y, || - ||') are real Banach spaces, S C X
is the state space, D C Y is the decision space, N denotes the set of all positive integers,
No={0}UN, R = (—00, +00), R* = [0, +00) and R~ = (-0, 0]. Define

= {(p :¢:R* — R* is nondecreasing and ¢(t) < ¢

for each t > 0},

@, :(go, ¥):p € &1,¢% : R — R* is nondecreasing and Z 1// t)) < +00
n=0

for each ¢ > 0},
B(S) ={g:g:S — Ris bounded},

BC(S) = {g :g € B(S) is continuous},

BB(S) ={g:g:S— Risbounded on each bounded subsets of S}.

Clearly, (B(S), || - |l1) and (BC(S), || - ||l1) are Banach spaces with the norm ||g||; = sup,s |g(x)|.
For each k € N and /,g € BB(S), put

di(h,g) = sup{|h(x) — g(x)| : x € B(0,k)},

21 dilhg)
dhg) = Z_k 1+di(ng)
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where
B(0,k) = {x:x € Sand ||x| < k}.

Obviously, {dk}ren is a countable family of pseudometrics in BB(S). A sequence {x}xey in
BB(S) is said to converge to a point x € BB(S) if di(x,,x) — 0 as n — oo and {x,},en is a
Cauchy sequence if di(x,,x,,) — 0 as n,m — oo for each k € N. It is clear that (BB(S), d) is
a complete metric space.

Lemma2.1([12]) LetE beaset, p and q: E — R be mappings. If opt,g p(y) and opt . q(y)
are bounded, then

optp(y) - 0ptq(y)‘ < sup|p(y) - q()|-
yeE yeE yeE
Lemma 2.2 ([14]) Let o, B,y and 8 be in R. Then

|opt{a, B} — opt{y,8}| < max{|e - y|,|8 - 8l}.

Lemma 2.3 (Liu-Ume-Kang fixed point theorem [17]) Let (G, p) be a complete metric
space, { p }ken be a countable family of pseudometrics on G such that for any different points
%,y € G, pk(x,y) > 0 for some k € N, and p be defined by

oo

Zi ply) VayeG
Kol prley)’

Assume that T : G — G satisfies that
oc(Tx, Ty) < o(pk(x,9)),  ¥(x,9,k) € G* x N,

where ¢ : R* — R* is upper semicontinuous from the right on R* and ¢(t) < t foreach t > 0.
Then T has a unique fixed point w € G and lim,_, o, T"(x) = w for each x € G.

3 Main results

Now we investigate the existence, uniqueness and iterative approximations of continu-
ous bounded solutions and bounded solutions for functional equation (1.7) in the Banach
spaces BC(S) and B(S), respectively, by using the Banach fixed point theorem and iterative
algorithms.

Theorem 3.1 Let S be compact, A € [0,1] and o € [0,1). Let p,q,r,u,v,t: S X D — R and
a,b,c:8 x D — S satisfy that

(C1) p, q and r are bounded in S x D;

(C2) supgyesp max (e, ), v, )| + 66, )|} <

(C3) foreach (x0,g) € S x {p,q, 1, u,v,t,a,b,c},

lim g(x,y) = g(x0,y) uniformly fory € D.
xX—>X0

Then functional equation (1.7) possesses a unique solution w € BC(S) such that
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(C4) for each wy € BC(S), the iterative sequence {wy},cn, defined by

Wy(x) = A opt{u(x, y) opt{p(x, ¥), W1 (a(x, y)) } }

yeD
+(1-2) opg{v(x, ) opt{q(x, ¥), Wy_1 (b(x, y))}
ye
+ t(x,y) opt{r(x,y), Wy_1 (c(x,y))}}, V(x,n)eS x N (3.1)

converges to w and has the error estimate:

Wy —wli <a"|lwo —wl, and
; (3.2)
lwo —willi, VYmeN.

”Wn _W”l <
l-«

Proof Define a mapping H : BC(S) — BC(S) by

Hh(x) = 1 opt{u(x,y) opt{p(x,y), h(a(x,)) }}

yeD

+(1-2) 0pg{V(x,y) opt{q(x,y), h(b(x,y))}
ye
+t(x,y) opt{r(x,y),h(c(x,y)) } }, V(x,h) € S x BC(S). (3.3)

Firstly, we show that H is a self-mapping in BC(S). Let (xo,/4) € S x BC(S) and ¢ > 0. It
follows from (C1), (C3) and the compactness of S that there exist constants M >0, § >0
and 8; > 0 such that

(x,ys)LEIEXDmaX{Ih(x) |i(atx, )|, [1(by)) |, B (e ) |, (2G| [g@9) |, [ 9)|}

<M (3.4)
max{|u(x,) = (0,9, [v(,3) = ixo.) | + |t2.9) = elxo,3)]} < 3,

V(x,y) € S x Dwith [lx - xo] < ; (3.5)
max {|p(x,y) - p(x0,9)|, |a(x,) — q(x0, )|, |r(x,y) — r(xo, )|} < %

V(x,9) € S x Dwith [lx - xo]| < ; (3.6)
) = )| < 5, Vs € Swith [ = < 8 (3.7)
max{ | a,y) - alx0, )], [ b 5) - bexo, |, e ) - clxo, )] } < 81,

V(x,y) € S x Dwith [lx - xo]| <. (3.8)

On account of (C2), (3.3)-(3.8), Lemmas 2.1 and 2.2, we infer that
|Fh(x) = Hh(xo)|

= /\op;{u(x,y)opt{p(x,y),h(a(x,y))}}
ye

+ (1 - ) opt{v(x,) opt{q(x,y), h(b(x, 7)) } + t(x,y) opt{r(x,y), h(c(x, )} }

yeD
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- oth{u(xo,y) opt{p(xo,y), h(a(xo,y)) } }
ye

-(1-2) Oth{V(xO’y) Opt{q(xo»y), h(b(xo»y))} + £(x0,) Opt{”(xo»y), h(C(xO:J’)) } } ‘
ye

<X

op;{u(x,y) opt{p(x,y), h(a(x,y)}} - Oth{M(xo,)’) opt{p(x,), h(a(x,y))} }‘
JE ye

+ A

opg{u(xo,y) opt{p(x,y), h(a(x,y)) } } - opg{u(xo,y) opt{p(xo,y), h(a(xo,y)) } } ‘
JE ye

+(1-2)

opt{(x,) opt{q(e3), 1 (b(@.3))} + £, ) opt{ (). (el )}
yE

- O%t{v(xo,y) opt{q(x,y), h(b(x,)) } + t(x0,y) opt{r(x, ), h(c(x, ) } }’
ye

+(1-2)

o;;)t{v(xo,y) opt]{q(x,y), h(b(x,)) } + t(x0,y) opt{r(x,y), h(c(x, %)) }}
ye

- o;;)t{v(xo,y) opt{q(x0, ), h(b(x0,9)) } + t(x0,) opt{r(xo,y),h(c(xo,y))}}’
ye

<A sug{ ‘u(x,y) — u(xo,y)’ max{ ’p(x,y)’, ’h(a(x,y)) ’}}
ye

+A sug{ |u(xo,y)||opt{p(x, ), h(a(x, )} — opt{p(xo,), h(a(x0,9))}|}
ye

max{|q(x,y) ) h(b(x,y))H

+(1-2) sup{ |V(x,y) = v(x0,7)
yeD

’

h(ctxy)|H
|0Pt{q(x,y), h(b(x’y))} - Opt{Q(xo:J’)» h(b(xO’y))} |

+ |t(x,y) —t(x0,7) max{}r(x,y)

+ (1 - 1) sup{ |v(x0,)
yeD

+ |t(x0,y)| |0pt{r(x,y), h(c(x,y)) } - opt{r(xo,y), h(c(xo,y))} | }

< AM sup|u(x,y) — u(xo,7)
yeD

+ A sug max{|p(x,y) — p(xo,y)|, |1 (a(x,)) - h(alx0,))|}
ye
}

+(1-2) sug{(\V(xo,yM + |t(x0,7)|) max{|q(x, ) — q(x0,7)
ye

+1-2)M sug{ |v(x,y) - v(xo,y)| + |t(x,y) —t(x0,7)
ye

’

|1 (b(x,5))  h(bx0,9)) |,

& & e e
<AM—+2ra=—+(1-AM—+(1-N)a—
2M 2 2M 2

r(x,) = r(%0,9)], |1 (c(x,9)) = h(c(xo, )| }}

<eg, VxeSwith|x—xg| <8
and
|Hh(x)|

= ‘/\ opt{u(x,y) opt{p(x, ), h(alx,y)) }}

yeD
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+(1-2) Op;{V(x,y) opt{q(x,y), h(b(x,y))} + t(x,y) opt{r(x,9), h(c(x, 7)) }} ’
ye

< Asup{|u(x,y)||opt{p(x,9), h(ax,)}|}

yeD

+(1-2) squ{ v(x,)||opt{q(x, ), A (b(x, %)) }| + |£(x, 9)| |opt{r(x, y), h(c(x, ) } |}
ye

h(a(x.9))|}

)

<l sup max{ ’ p(x,y)
yeD

h(b(x,9))],

’ f(x,y)|, h(c(x,y))|}}

+(1-A) sug{“v(x,y)! + |t(x,y)|] max{|q(x,y)
ye

<iaM+(1-NaM

=aM, VxeS,

which yields that H is bounded and continuous in S. That is, H maps BC(S) into BC(S).
Secondly, we show that H is a contraction mapping in BC(S). Given ¢ > 0. In view of
(3.3), Lemmas 2.1 and 2.2, we get that

|Hh(x) — Hg(x)|

= ‘k opt{u(x,y) opt{p(x,y), h(alx,y))}}

yeD

+(1-2) org{ v(x,y) opt{q(x,7), h(b(x,)) } + t(x, y) opt{r(x,y), h(c(x, ) }}
ye

- ropt{u(x,y) opt{p(x,7), g(a(x, ) }}

yeD

-(1-2) op;{V(x,y) opt{q(x,y),g(b(x, 7))} + t(x,y) opt{r(x,y),g(c(x,5))}} ‘
ye

= 2o sup! [, ) [opt{ (. ), (a,)) } = opt{ . 1) g at, )} }
ye

+(1-2) sug{ |v(x,9)||opt{q(x,), (b, 7)) } - opt{q(x, y), g (b(x,7))}|
ye

+|t(x, )| [opt{r(x, y), A (c(x, 7)) } - opt{r(x,y),g(c(x, ) }|}

< Ax sug{ ‘h(a(x,y)) —g(a(x,y)) ‘} +(1-2) sug{[’v(x,y)} + ‘t(x,y)’]
JE ye

x max{|h(b(x,)) - g(bx2)] [h(c(x.9)) - g(cx )| }}
<alh-glli, VYxeS hgeBC(S),

which gives that
lHh - Hgll < alln - gll,  Vh,g € BC(S), (3.9)

that is, H is a contraction mapping in BC(S). Thus the Banach fixed point theorem yields
that H has a unique fixed point w € BC(S), which is a unique solution of functional equa-
tion (1.7) in BC(S).


http://www.journalofinequalitiesandapplications.com/content/2013/1/516

Liu et al. Journal of Inequalities and Applications 2013, 2013:516
http://www.journalofinequalitiesandapplications.com/content/2013/1/516

Thirdly, we show (C4). Note that

w(x) = A ;)Ep;{u(x, ) opt{p(x,y), w(a(x,7))}}
+(1-2) ;)Ep;{V(x,y) opt{q(x,y), w(b(x,))}
+t(x,y) opt{r(x,9), w(c(x,7)) )}, Vaes,
which together with (3.1), (3.3) and (3.9) yields that
Wy —wl = ilglwn(x) - wx)| = ilésp'HW”’l(x) - Hw(x)| = |[HWwy_ — Hw||

<alwp —wih < <a"lwo—wl1, VneN, (3.10)

which guarantees that the sequence {w,},cn, converges to w. Similarly, we conclude that

n+m-1 n+m-1 n+m-1
Wy = Wiimlln < Z lwi —wiall = Z l1Hw;_1 — Hw;|l; < Z allwiir —wilh
i=n i=n i=n
n+m-1 ) "
<= ) dlwo-will < —llwo - will, Y(nm) eNxN.
i=n

Letting m — oo in the above inequalities, we infer that (3.2) holds. This completes the
proof. d

Using the proof of Theorem 3.1, we have the following.

Theorem 3.2 Let o € (0,1) and X € [0,1]. Let p,q,r,u,v,t : S x D — R and a,b,c: S x
D — S satisfy (Cl) and (C2). Then functional equation (1.7) possesses a unique solution
w € B(S) and for each wy € B(S), the sequence {wy},cn, defined by (3.1) converges to w and
satisfies (C4).

Example 3.3 Consider the functional equation

fx) = A 0% f (sin® (* —y35))”
yER*

4 (1-2) opt { x% sin(y™) opt{ x*°In(1 + xz),f< x° ) }

yere | 2(x +1)% + 93 2 +y3+1 2 +y2+1

cos(x® + y'8) . x°6
2 +2 x3+95 +1

Vra+1 t{xlocos6(y7—y) ( xy

+3m+y20p )}}, Vx €[0,40]. (3.11)

P +yr+1 x+y2+1

Put X=Y =R, §=[0,40], D=R*, A € [0,1], @ = %. Let p,q,r,u,v,t: S x D — R and
a,b,c:S x D — S be defined by

x°6 225 1In(1 + 2?) %10 cos®(y” —y)
px,y) = m: q(x,y) = mr r(x,y) = W
cos(x® + y'8) x2 sin(y'%) Vx+1
u(x,y) = 2—3/’ v(x,y) = %, txy) = ———,
¥y +2 2 +1)>+y 3Vx+2 492
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6 7
a(x,y) = sin® (x* - ), bx,y) = 1Pl

Y(x,y) €S x D.

Itis easy to see that the conditions of Theorem 3.1 are satisfied. It follows from Theorem 3.1

that functional equation (3.11) possesses a unique solution w € BC(S) and (C4) holds.

Example 3.4 Consider the functional equation

.45
f(x) =2 opt {M Opt{sin3 (xyS),f(x59 [xh +y24)}}

yer- | *2+y4+1
+(1-2) opt
yeR~

2x* — sin?(xy) X% —y?
3x% + cost(x8y°) (x+1)* + 92

{ M Opt{COS9 (x6y3(x + y)),f(xzyé) }

2rxd +y% +1

S (6% =Y —xy) } }, VxeR".  (3.12)

SetX=Y=R,§=R*,D=R_, 1 €[0,1],a = %.Letp,q,r,u,v,t:S x D — Randa,b,c:
S x D — S be defined by

3_ .2
pley)=sin’(®°),  qxy)=cos’(x°(x+y),  rlxy)= ﬁ

xy? sin**(x%y") a3 arctan(x°y?!)
u(x,y) = %, v(x,y) = 3—23/’

¥ +yt+1 2rx3 +y2 +1
2 4 _ in2

) = e “SE) ) < e, blay) =,

3xt + cos*(x8y0)
c(x,y) =2 -y —xy, V(x,y)eSxD.

It is clear that the conditions of Theorem 3.2 are fulfilled. Thus Theorem 3.2 guarantees

that functional equation (3.12) possesses a unique solution w € B(S), which satisfies (C4).

Next we prove the existence, uniqueness and iterative approximation of solutions for
functional equation (1.7) in the complete metric space BB(S) by using Liu-Ume-Kang fixed
point theorem.

Theorem 3.5 Let @ € (0,1), A € [0,1], p,q, 7, u,v,t : S Xx D — R and a,b,c:S x D — S
satisfy that

(C5) p, q and r are bounded on B(0,k) x D, Yk € N;

(C6) sup,)cBo.0xp max{|ux,y)l, vx, )| + [£(x,9)|} < o, Yk € N;

(C7) SUP(eyedosyxn max{llal n)I, G, el y)1} < k, Vk € N,
Then functional equation (1.7) possesses a unique solution w € BB(S) such that

(C8) for each wy € BB(S), the sequence {wy},en, defined by

Wy(x) = A 0%{ u(x,y) opt{ p(x, ), wu_1 (a(x,)) }}
ye

+(1-2) ozg{V(x, ) opt{q(x,), w1 (b(x,)) }
ye

Page 8 of 19
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+ t(x,y) opt{r(x, ), Wa1(c(x,9)) } },
V(x,k,n) € B(0,k) x N x N (3.13)

converges to w and has the following error estimates:

dr(Wy, w) < a"di(wo,w) and
, (3.14)
dr(wo,w1), V(k,n)eNxN.

o
dk(wnr W) =<
l-«o

Proof Define a mapping H : BB(S) — BB(S) by

Hh(x) = 2 org{u(x»y) opt{p(x,y), h(a(x,y))}}
ye

+(1-2) 01)3{V(x,y) opt{q(x,y), h(b(x,y))}
ye

+t(x,y) opt{r(x,y),h(c(x,y)) } }, Y(x, k, 1) € B(0,k) x N x BB(S). (3.15)

It follows from (C5) and (C7) that for each (k, /1) € N x BB(S), there exist y (k) > 0 and
B(k, k) > 0 such that

sup  max{[p(x )], [q )|, [r(x. )|} < v &)

(x,9)€B(0,k)x D

’

h(b(x,y))

sup  max{|h(a(x,y)) h(c(x, )|} < Bk, h),

(x,9)€B(0,k)x D

’ ’

which together with (C6), (3.15) and Lemma 2.1 gives that

|Hh(x)|

= ‘/\ opt{u(x, ) opt{p(x,), h(a(x,y))}}

yeD

+(1-2) Op;{V(x,y) opt{q(x,y), h(b(x,y))}
ye

+ £(%,y) opt]r(x, y), h(c(x,9)) }} ’

h(at.)[}}

< A sup{|u(x, )| max{|p(x,y)|,
yeD

+(1-=1) sug{ |V(x,y)| max{ |q(x,y) , h(b(x,y)) |}
ye

+ |t(x,y)| max{|r(x,y)}, fh(c(x,y))”}

<\ max{y(k),ﬁ(k, h)} +(1- )»)max{y(k),,B(k,h)} sug(|v(x,y)’ + ’t(x,y)|)
ye

<\ max{ y (k), B(k, h)} +(1-Aa max{y(k), Bk, h)}
= ozmax{y(k),ﬁ(k, h)}, Y(x,k,h) € B(0,k) x N x BB(S),

Page 9 of 19
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which means that H is a self-mapping in BB(S). By virtue of (3.15), (C6), (C7), Lemmas 2.1
and 2.2, we get that

|Hih(x) - Hg(x)|

= |»opt{u(x, y) opt{p(x, ), h(a(x,)) }}

yeD

+ (1 - 1) opt{v(x,) opt{q(x,y), h(b(x, 7)) } + t(x,7) opt{r(x, ), h(c(x, ) } }

yeD

-X Oth{u(x»J’) OPt{P(x,y),g(ﬂ(x,y)) } }
ye

-(1-2) 0pg{ v(x,y) opt{q(x,7),g(b(x,9)) } + t(x,y) opt{r(x, 7). g(c(x,)}} ‘
ye

= 2 sup! fu(x, ) opt{ (. ), (@, )) } = opt{ . 1) g(atx.) )}
ye

+(1-2) SUB{ [v(x,9)|[opt{q(x, ), A (b(x, 7)) } — opt{q(x,y),g(b(x,)) }|
ye

+ |e(x9)|Jopt{r(x, %), h(c(x,)) } - opt{r(x,7),g(c(x,))}|}
< adi(h,g)+(1-21) sug{ |V(x,y)| + |t(x,y)]}dk(h,g)
ye

<adi(hg), (xkh,g) e B(0,k) x N x BB(S) x BB(S),
which yields that
di(Hh, Hg) < adi(h,g), V(k,h,g) € N x BB(S) x BB(S). (3.16)

Put ¢(t) = at for all £ € R*. It follows from (3.16) and Lemma 2.3 that H has a unique fixed

point w € BB(S), which is also a unique solution of functional equation (1.7). In light of
(3.13), (3.15) and (3.16), we obtain that

dk(wm W) = dk(HWn—I’HW) = O[dk(wn—lr W) =

< o"di(wg,w), V(k,n)eNxN (3.17)
and
n+m-1 n+m-1
AWy W) < Y dic(wiywin) = Y di(Hwiy, Hw))
i=n i=n
n+m-1 n+m-1
< Y adiwi,w) < ) aldi(wo,w)
< 1“ di(wo,w), V(k,nm) €N x N x N. (3.18)
-

Clearly (3.17) means that {w,},cn, converges to w. Thus (3.14) follows from (3.17) and
(3.18) by letting m — oo. This completes the proof. g
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Remark 3.6 Theorem 3.5 extends Theorem 3.4 in [5] and Corollaries 2.2 and 2.3 in [11].
The example below shows that Theorem 3.5 extends substantially the corresponding re-
sults in [5, 11].

Example 3.7 Consider the functional equation
3 0 0a75 (564,98 69 7 cind
f(x):kopt{x cos (;cyS)opt{ : x64 ,f<x651n Scy))”
yer+ | 3 +1)% +y (@ —y0)r+17 \a® +y3 +1

+(1_k) Opt{sin92(x8y3) o t{ 9:1203’7 ’ <x6y4cosg(x3y9))}
yert | %y2 +5 2y +1 x4 +1

22y X57y2 In(1 + 2'5y%3)
t B , VxeR". 3.19
+x4+(y+1)20p{xl"+y4+1f<(x+1)14(y23+1)>}} xe (3.19)

PutX=Y=R,S=D=R*,A€[0,1] and x = %,Letp,q,r,u,v,t:SxD—)Randa,b,c:
S x D — S be defined by

69 51207 P
px,y) = m; qlx,y) = Oy + T (x,y) = W1y
x% cos”® (x°y°%) sin® (x 3) x%y
H = T a2 £ ) =T 5 - t y =,
ue) 3x+1)° +y° Yoy = xy* +5 () xt+ (y+1)
¥’ sin (xy) x6y% cos®(x3y?)
1] =0 b , - -
alxy) = e (%,7) PO
In(1 + 1523
clx,y) = n(l+x7y™) Y(x,y) € S x D.

(x+1)4(p23 +1)°

It is clear that the conditions of Theorem 3.5 are satisfied. It follows from Theorem 3.5
that functional equation (3.19) possesses a unique solution w € BB(S), which satisfies (C8).
But Theorem 3.4 in [5] and Corollaries 2.2 and 2.3 in [11] are unapplicable to functional
equation (3.19).

Next we discuss the behaviors of solutions and iterative algorithms for functional equa-

tion (1.7) in the complete metric space BB(S).

Theorem 3.8 Let A € [0,1], (¢, V) € @y, p,g, 1, u,v,t: S X D—> Rand a,b,c:SxD— S
satisfy that
(C9) SUP(ecBoyxp Max{Ip(e )], g )1, Irx NI} < W (1), Yk € N;
(C10) SUP () B(0,6)x D max{|u(x,y)|, [v(x )| + |t(x )|} <1,Vk e N;
(C11) sup(,,)eB(0,0xp max{lla@, y)ll, 166, y)I, el Y} < e(llxll), Yk € N.
Then functional equation (1.7) possesses a solution w € BB(S) such that
(C12) for each wo € BB(S) with |wo(x)| < ¥ ([lx])), Y(x, k) € B(0,k) x N, the sequence
{Wntnen, defined by (3.13) converges to w and di(w,, w) < Z;’fn_l ¥ (¢ (k)),
V(k,n) e N x N;
(C13) |[w(x)| < Yoo ¥(@"(Ix1)), V(x, k) € B(0, k) x N;
(C14) llm,Hoo w(x,) = 0 for any (xo,k) € B(0,k) X N, {y,,},en C D and
€ {alxu-1,yn), b(xn-1,yn), c(xp1,yn)}, V1 € N;
(C15) w is a unique solution of functional equation (1.7) relative to (C14).
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Proof Define a mapping H : BB(S) — BB(S) by
Hh(x) = MAh(x) + (1 = \)Bh(x), Y(x k&, k) e B(0,k) x N x BB(S), (3.20)

where
Ah(x) = 0pt{u(x,y) opt{p(x,y), h(a(x,))}},
yeD

Bh(x) = oth{V(x,y) opt{q(x,y), h(b(x,)) } + t(x,y) opt{r(x, ), h(c(x, %) }}, (3.21)
ye

Y(x,k, k) € B(0,k) x N x BB(S).

Note that (C9) and (C11) imply (C5) and (C7) by (¢, ¥) € @3, respectively. Similar to the
proof of Theorem 3.5, by (C10) we conclude that the mapping H maps BB(S) into BB(S)
and satisfies that

dy(Hh, Hg) < dy(h,g), V(h,g,k) € BB(S) x BB(S) x N

which yields that
1 di(HhHg) 1 dilhg
dHWHg) = )  — ————— oK
(Hh, H) Ezk 1+ di(Hh, Hg) ~ Zz 1+di(h,g)

k=1
=d(h,g), Y(hg)eBB(S) x BB(S), (3.22)

that is, the mapping H is nonexpansive in BB(S).
Now we show that for each # € Ny,

|w,,(x)|<zw (Ixl)),  ¥(x,k) € B(0,k) x N. (3.23)

It is easy to see that (3.23) holds for n = 0. Assume that (3.23) holds for some 7 € Ny. In
terms of (C9), (C11), (C12), (3.13), (¢, ¥) € ®, and Lemma 2.1, we gain that

’Wn+1 (x)‘

=|A op;{u(x,y) opt{p(x,y), Wy (a(x,y)) } }
ye

# (1=2) 0pt{v(x,) 0pt{ g5, ), w2 (b))} + £5) 0pt{ (), wi (e )}
ye

< )»sug{|u(x,y)‘ max{’p(x,y)!, (az(x,y))|}}
ye
+(1-2) sug{ \v(x,y)| max{ |q(x, (b(x,y))|
ye

+ [t )| max{[rGe )], [wa (et ) |1}

< spf oy 1) SR o}

yeD
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+(1-2) sup[ v(x,y>|max{vf 1), (Hb(x,wll))}
. |t(x,y)|max{w(||x||), ) w(w(nc(x,y)u))”
- xmax{w(nxn),iww(nxn))}

n

+(1-2) jlelg{ v, y)| + }t(x,y)!}maX<lﬁ(IIXIl), v (¢ (I1x11)) } }

§A<w(llxll)+ ‘n w(w*l(llxll))) +(1—k)< llxIl) Zw (@ ||x||))>
= i V(¢ (Ilxll)),  V(x,k) € B(0,k) x N,

that is, (3.23) is true for # + 1. Hence (3.23) holds for each n € Nj.
Let ¢ > 0 and k,n,m € N. Assume that opt,;, = sup,p. It follows from (3.21) that for
each x, € B(0, k) there exist ¥,90,%, 20 € D satisfying

AWy (0) — 27" < u(xo, y) opt{p(%0, ), Wirrm-1 (a(x0,2)) },
Awn—l(xo) - 2_18 < M(xO’yO) Opt{P(xo:yo), Wp-1 (ﬂ(xod’o)) }! (3 24)
Awn+m—1 (xO) > u(xO’yO) Opt{l’(xo»yo)» Whim-1 (d(xo,yo)) }’ .

Aw,_1(x0) > u(xo,y) opt{ p(x0,), Wu-1(a(x0,)) }
and

BWyim-1(%0) — 27 < v(%0,2) opt{q (%0, 2), Wirm-1 (b(%0,2)) }
+ £(%0, 2) opt{ (%0, 2), Winm-1 (c(%0,2)) },
Bw,,_1(x0) — 27 < v(x0, Z0) 0pt{q(%0, 20), W1 (b(x0, 20) ) }
+ t(x0, z0) opt{r(xo, 20), W1 (C(xo, 2)) };
(3.25)
BWyim-1(%0) = v(%0,20) 0pt{q (0, Z0), Wem-1(b(%0,20)) }
+ £(%0, Z0) OPt{ (%0, Z0), Wiem-1 (¢(%0,20)) }

Bwn—l (xO) > V(xOr Z) OPt{Q(xm Z)r Wy-1 (b(JCo, Z)) }

+ £(%0,2) opt{r(x0, 2), -1 (c(%0,2)) }.
On account of (3.24), (3.25) and Lemma 2.2, we obtain that
Awn+m—1 (xO) - Awn—l (X())

< u(x0,y) opt{ p(%0, ), Wnem-1 (a(x0,5)) } — ulxo,y) opt{ p(x0, ), w1 (alx0,)) } +27"¢

< |u(x0, )| [Wasm-1(a(x0,9)) = wu(alxo, )| +27"e;
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AWyam-1(%0) — AWy (%)
> u(%0,%0) opt{ p(0, ¥0), Wim-1(a(%0,0)) }
= u(x0, y0) opt{ p(x0, y0), W1 (a(x0, ¥0)) } = 27'¢
> —|u(x0,y0)| [Wnsp-1 (a(x0, %0)) = war (alxo,70)) | - 275
BWiim-1(%0) — BWy-1(x0)
< V(50,2) 0L (50,2 Wnsms (Bor ) | + £k 2) ODL{ (50, 2), Wrsmt (c0,2))
— Vx0,2) opt{ g0, 2), W1 (b0, 2)) } — £, 2) Opt{r(x0, 2), Wyt (c(x0, 2)) } + 276
< V%0, 2)| | Wisp-1(b(x0,2)) = wur (b(x0,2)) |

+ |£(x0, 2) | |[Wnam-1(c(x0, 2)) = W (c(w0,2)) | +27"¢
and

Bwim-1(%0) — BWwy_1(%o)
> V{0, 20) P G(X0> Z0)s Wram-1 (b0, 20)) )
+ (%0, Z0) Opt{ (%0, 20) Wim-1(c(%0,20)) }
— x0,20) 0pt{ g0, 20), Wt (b0, 20))
— t{x0, 20) Opt{r(x0, 20), Wyt (c(x0, 20)) } — 27&

> —|v(x0, 20) || Warm-1 (B(%0, 20)) = Wn-1(b(x0, 20)) |

— |£(x0, 20)| | Wnam-1(c(x0, 20)) = wui (c(x0,20)) | = 27",
which together with (C10), (3.13), (3.20), (3.21) imply that
|Wn+m(x0) - Wn(x0)|
= |)\Awn+m71(x0) + (1= M)BWem-1(x0) — AAW,_1(x0) — (1 - )\)Ban1(x0)|

<Ai |AWn+m—1 (xO) - Awn—l (x0)| + (1 - )‘-) |Bwn+m—1 (xO) - Bwn—l (x0)|

’

= max{ |AWn+m—1 (xO) - Awn—l (xO) BWVH—m—l (xO) - Bwn—l (x0)| }

< max{|u(xo,y)|[Wirm-1(a(x0,)) = w1 (alx0,9))

’

|1(%0,Y0) | | Winsm-1(a(%0,¥0)) = Wn-1(a(x0, 0))

’

|v(x0, Z)‘ ‘Wn+m—1 (b(xOr Z)) — Wn-1 (b(xo, Z)) ’

+ |£060, 2) | [Wom-1(c (%0, 2)) = w1 (c(x0,2)) |,

|v(x0,zo)| |Wn+m—1 (b(xo,zo)) — Wy (b(xOrZO))|

+ | 6060, 20) | |[Wasm-1 (c(x0,20)) = Wyt (c(x0,20)) |} +27'e

< max{|u(xo, y)|, |u(x0,y0) |, |[v(x0,2)| + |t(x0,2) |, |[v(%0,20)| + |£(x0,20) |}

x max{|Wm-1(a(x0,)) = Wn-1(a(%0,9))|, [Wnrm-1(a(xo, y0)) = w1 (alx0, y0))

|Wn+m—1 (b(xo, Z)) — Wy-1 (b(OC(), Z))

’ ’

’ ’

Wiim-1 (C(xOr Z)) - W1 (C(X(), Z))
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_ (c(xo,zo)) - Wpa (c(xo,zo)) |} +27le

|Winsm-1(B(%0,20)) = Wa1 (b0, 20)) |,

< max{ |Wn+m—1 (a(xO:y)) — Wy (ﬂ(xOxy)) )

- (ﬂ(xoxyo)) — Wi-1 (“(xo'yO)) )
|Wn+m71 (b(xo, Z)) — Wy (b(x(), Z)) i; |Wn+m—1 (C(?Co, Z)) — Wi (C(?Co, Z)) |’
| Wiem-1 (b(%0,20)) = Wn-1(b(x0,20)) |, _1(c(x0,20)) = Wt (c(x0, 20)) | } + 27"

= |Wn+m—1(x1) - Wn—l(xl)i + 2715

for some x; € {a(xo, 1), b(x0,31), c(x0,y1)} and y1 € {¥,%0,2, 20}, that is,

|Wn+m(x0) - Wn(x0)| < |Wn+m—1 (xl) - Wn—l(xl)l + 2_18' (326)
Similarly, we infer that (3.26) holds for opt,p, = inf)ep. Proceeding in this way, we con-
clude that for each #n € N, there exist y; € D and x; € {a(x;_1,y:), b(x;_1,:), c(x;_1,y:)} for

ie€{l,2,...,n} such that

|Wn+m—l(x1) — Wp-1 (x1)| =< |Wn+m—2(x2) — Wp2 (x2)| + 27287

‘Wn+m—2(x2) - Wn—2(x2)| = ’Wn+m—3(x3) — Wn-3 (xS)‘ + 2_38;

(3.27)
[ Wi (n-1) = W1 (1) | < |[Win(oen) — wo )| +27".
In terms of (¢, ) € ®,, (C11), (3.23) and (3.27), we deduce that
W (0) = W (®0)| < [Win(@n) = wo )| + & <D0 (@ (Iall)) + ¥ (Il2all) + €
j=0
<D V(@TR) + Y (e R) +e < Y W (W) +e,
j=0 j=n-1
which means that
AWy W) < Y Y (@ (K)) +&. (3.28)
j=n-1
Letting ¢ — 0% in the above inequality, we deduce that
A Wosmy W) < Y Y (@ (K)). (3.29)
j=n-1

Notice that > -0 ¥ (¢"(£)) < +oo for each ¢ > 0. Thus (3.29) means that {w,}en, is a
Cauchy sequence in (BB(S),d) and it converges to some w € BB(S). Letting m — 0o in
(3.29), we conclude immediately that

di(w,w) < Y Y (¢ k), Vikn) eNxN.

j=n-1
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By virtue of (3.22), we infer that
d(Hw,w) < d(Hw,Hw,)) + AWy, w) <dw,w,) +dW,.1,w) =— 0 asn— oo,

which yields that Hw = w, that is, functional equation (1.7) possesses a solution w € BB(S).
Next we show (C13). Let (x, k) € B(0, k) x N. According to (C11), (3.23) and (¢, V) € &,
we know that

[w@)| < (W) = wu(@)| + [wal@)| < dilw,wn) + Y (¢ (I21))

Jj=0

o]

= > ¥ (¢ (Ixl)) asn— oo,

j=0

that is, (C13) holds.
Next we show (Cl4). Given (xo,k) € B(0,k) x N, {y,}uen C D and x,, € {a(x,_1,¥y),
b(xy_1,Yn), ¢(Xn_1, Y1)}, Vu € N. It follows from (C11) and (¢, V) € ®, that

llcnll < max{ Ha(xn—lryn) b(xn—l)yn)Hr C(xn—lryn)”}

’

< @(lxpall) <+ <¢"(Iwoll) <¢"(k) <k, VneN,

which together with (C11), (3.23) and (¢, V) € ®, implies that

W] < W) = Wi ()| + [Winln) | < diclw,wi) + Y (¢ (Il2all))

=0
2n
<di(w,w,) + lef(wj(k)) — 0 asn— 00,
j=n

which yields that lim,,_, . w(x,) = 0.

Finally we show (C15). Suppose that functional equation (1.7) has another solution
h € BB(S) that satisfies (C14). Let ¢ > 0 and x( € S. It follows from (3.21) that there ex-
ist ¥,%0,2,2z0 € D with

Aw(xo) — 27" < u(xo,y) opt{ p(x0,), w(a(x0,)) },
Ahf(xo) — 27'e < u(xo,y0) opt{p(x0,y0), h(a(x0,%0))},
Aw(x) > u(x0, y0) opt{ p(x0, y0), w(a(xo, y0)) } - 27",

Ah(xo) > u(x0,y) opt]p(x0, ), h(alxo, )} —27'¢
and

Bw(x) — 27" < v(x0,2) opt{q(x0, 2), w(b(x0,2)) }
+ t(x0,2) opt{ r(x0,2), w(c(x0,2)) }

Bh(xo) = 27'¢ < v(%0,20) opt{q(x0, 20), 11 (b(%0, 20)) }
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+ t{xo, 20) opt{r(xo, 20), h(c(xo, 20)) },
Bw(xo) > (%0, 20) 0pt{ g(x0, 20), w(b(x0, 20)) }
+ t(xo, 20) opt{ (o, 20), w(c(xo, 20)) } = 27,
Bh(xo) > v(x0,2) opt{q(xo, 2), h(b(x0,2))}

+ t(x0,2) opt{r(x0, 2), h(c(x0,2)) } - 27",

which together with (C11), (3.20) and (3.21) yield that there exist x; € {a(xo, 1), b(x0, 1),
c(x0,91)} and y1 € {y, 90,2, 20} satisfying

|wi(xo) — hi(xo)|
= |AAw(x0) + (1= A)Bw(xo) — AMh(xo) — (1 — A)Bh(x0)|
< A|Aw(x0) —Ah(x0)| +(1- A)|Bw(x0) - Bh(x0)|

< max{ |Aw(xo) — Ah(xo)

| Bw(xo) — Bh(x0)|}

< max({ |u(xo,5)| [opt{p(x0, ), w(a(xo, ) } - opt{p(x0,5), h(alxo, 1) } .
|u(x0, y0) || opt{p(x0, 70), w(a(xo, 70)) } — opt{p(x0,30), A (a(x0,0)) } |,
Iv(x0,2) 0pt{4(x0 2), w(blx0,2)) ] + £(x0, 2) opt{ 0, 2), wiclxor ) )

—v(x0,2) opt{q(x0, 2), h(b(x0,2)) } — t(x0,2) opt{r(xo,2), h(c(xo,2)) }

’

|V(xo,Z0) Opt{q(xo;zo),W(b(xo,Zo))} + t(xo;Zo)Opt{V(xo:Zo), W(C(xo,Zo))}

= v(%0,20) opt{q(x0, Z0), 11 (b(%0,20)) } — £(%0, Z0) Opt{r(x0, 20), 11 (c(x0,20)) } |} + €

}

) M(xo,yo) ) V(xO»Z) )

< max{ |u(x0,7)

+ |£(%0,2)

v(%o,20)| + |£(x0, 20)
« max{ | w(axo,5)) - h(alxo, )|, [W(ao,y0)) — h(ao,y0))],
|w(b(x0,2)) = h(b(x0,2)) |, [w(c(xo,2)) = h(c(x0,2))],

|w(b(xo, 20)) — h(b(xo, 20)) |, [w(c(x0, 20)) = (clx0, 20)) |} + €

= ‘W(xl) - h(x1)| +é&,

that is,
’w(xo) - h(xo)| < |w(x1) - h(xl)’ + €. (3.30)

Similarly, we infer that for each n € N\ {1}, there exist x; € {a(x;_1,y:), b(x;_1,y:), c(xi_1, ¥i)}
and y; € D,i€{2,3,...,n}, such that

|w(x1) = hix)| < [w(xz) — (xp)| + 27",
|w(xa) — h(x2)| < [w(xs) — (x3)| + 27,

(3.31)

|W(xn—1) - h(x,,_l)| < |W(xn) _ h(xn)| 4y nle
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Using (3.30) and (3.31), we deduce that
|w(x0) - h(xo)f < |w(xn) - h(xn)’ +2¢& — 2& asn—> oo.

Letting ¢ — 0% in the above inequality, we infer that w(xg) = /(xo). This completes the
proof. d

Remark 3.9 Theorem 3.8 generalizes Theorem 3.5 in [5, 6, 12], Corollaries 2.2 and 2.3 in
[11], Corollaries 3.1, 3.3 and 3.4 in [14], Theorems 2.3 and 2.4 in [15], Theorem 2.6 in [16]
and Theorem 3.4 in [19]. The example below shows that Theorem 3.8 extends properly
the corresponding results in [5, 6, 11, 12, 14-16, 19].

Example 3.10 Consider the functional equation

i sin® (x3%y?7) x8y° x%y?
f) —A;Z%.{ =y o1 °pt{x2y6 1/ <<2x7 +1)07 +1>)”

3 1 1) cos? 21,5 7,4
+(1—A)opt{(xs+)cosS (xy)opt{ = :f( s )}
yer- | #°—yx +1 200 =17\ f4x12y8 + 1

3 1 1) sin? 32,4 1
+(x 3+ )s1;1 (xy) Opt{ _ x 3’2 . ,f(xsin2< ))H’
x3 —yx° +1 x20y% + cos?(x3y) V2 +xy?

Vx e R (3.32)

LetA€[0,1], X=Y=R,S=R*,D=R". Letp,q,r,u,v,t : S XD —> R, a,b,c:SxD— S,
¢ and ¥ : R* — R* be defined by

x8 y6 x21 )’5 x32y4
plx,y) = m, q(x,y) = m, r(x,y) = m,
sin®® (x3°9%7) (3 +1) cos?(xy)
D= e T e e
) (% + 1) sin®(xy) y) x8y>
%)) = ——————, ax,y) = —————,
Y X —ya® + 1 Y=o 1 D +1)
X7y 1
b(x,y) = ————, c(x, ):xsin2<7>, V(x,y) € S x D,
Y VA4x12y8 +1 ) V2 + xy? Y
t
o(t) =, ¥ (t) = max{t®,£*}, VeeR".

Obviously, the conditions of Theorem 3.8 are satisfied. It follows from Theorem 3.8 that
functional equation (3.32) possesses a unique solution w € BB(S) satisfying (C11)-(C14).
However, Theorem 3.5 in [5, 6, 12], Corollaries 2.2 and 2.3 in [11], Corollaries 3.1, 3.3 and
3.4 in [14], Theorems 2.3 and 2.4 in [15], Theorem 2.6 in [16] and Theorem 3.4 in [19] are

not applicable to functional equation (3.32).
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