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1 Introduction
Let G be a simple graph with n vertices. The adjacency matrix A = A(G) is the symmetric
matrix [@;],x,, where a; = aj; = 1 if v;v; is an edge of G, otherwise, a; = a;; = 0. We call
det(AI — A) the characteristic polynomial of G, denoted by ¢(G; 1) (or abbreviated to ¢(G)).
Since A is symmetric, its eigenvalues A1(G), 12(G), ..., A,(G) are real, and we assume that
M(G) = A(G) = - - - = A,(G). We call p(G) = 11(G) the adjacency spectral radius of G.

The class of all graphs G whose largest (adjacency) spectral radius is bounded by 2
has been completely determined by Smith; see, for example, [1, 2]. Later, Hoffman [3],
Cvetkovi¢ et al. [4] gave a nearly complete description of all graphs G with 2 < p(G) <

2 ++/5 (* 2.0582). Their description was completed by Brouwer and Neumaier [5].
Then Woo and Neumaier [6] investigated the structure of graphs G with v2 + /5 <
Amax(G) < %\/5 (~ 2.1312), Wang et al. [7] investigated the structure of graphs whose
largest eigenvalue is close to %\/E

Another interesting problem that arises in the context of graph eigenvalues is to order
graphs in some class with respect to the spectral radius or least eigenvalue. In 2003, Guo
[8] gave the first six unicyclic graphs of order n with larger spectral radius. Belardo et
al. [9] ordered graphs with spectral radius in the interval (2,v/2 + V/5). In the paper [10],
the first five unicyclic graphs on order # in terms of their smaller least eigenvalues were
determined.

The graph obtained from a simple undirected graph by assigning an orientation to each
of its edges is referred as the oriented graph. Let G be an oriented graph with vertex set

{vi,v2,...,v,} and edge set E(G?). The skew-adjacency matrix S = S(G”) = [s;j]1xx related
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to G is defined as

i,  if there exists an edge with tail v; and head vj;
sij =14 -1, if there exists an edge with head v; and tail vj;
0, otherwise,

where § = /-1 (note that the definition is slightly different from the one of the normal
skew-adjacency matrix given by Adiga et al. [11]). Since S(G”) is an Hermitian matrix,
the eigenvalues 11(G%), 12(G?),...,A,(G?) of S(G”) are all real numbers and, thus, can be

arranged non-increase as
M(G7) = 12(G7) = - = 1,(G7).

The skew-spectral radius and the skew-characteristic polynomial of G’ are defined respec-

tively as

p(67) = max{1a(G")

22(G%)

2(G7))

] ooy

and
#(G”;1) = det(rL, — S(G”)).

Recently, much attention has been devoted to the skew-adjacency matrix of an oriented
graph. In 2009, Shader and So [12] investigated the spectra of the skew-adjacency matrix
of an oriented graph. In 2010, Adiga et al. [11] discussed the properties of the skew-energy
of an oriented graph. In papers [13, 14], all the coefficients of the skew-characteristic poly-
nomial of G in terms of G were interpreted. Cavers et al. [15] discussed the graphs whose
skew-adjacency matrices are all cospectral, and the relations between the matchings poly-
nomial of a graph and the characteristic polynomials of its adjacency and skew-adjacency
matrices. In [16], the author established a relation between py(G°) and p(G). Also, the
author gave some results on the skew-spectral radii of G° and its oriented subgraphs.

A connected graph in which the number of edges equals the number of vertices is called
a unicyclic graph. In this paper, we will investigate the skew-spectral radius of an oriented
unicyclic graph. The rest of this paper is organized as follows: In Section 2, we introduce
some notations and preliminary results. In Section 3, all the oriented unicyclic graphs
whose skew-spectral radius does not exceed 2 are determined. The result tells us that
there is a big difference between the (adjacency) spectral radius of an undirected graph
and the skew-spectral radius of its corresponding oriented graph. Furthermore, we order
all the oriented unicyclic graphs with # vertices whose skew-spectral radius is bounded

by 2 in Section 4.

2 Preliminaries

Let G = (V,E) be a simple graph with vertex set V = V(G) = {v,v3,...,v,} and e € E(G).
Denote by G — e the graph obtained from G by deleting the edge e and by G — v the graph
obtained from G by removing the vertex v together with all edges incident to it. For a
nonempty subset W of V(G), the subgraph with vertex set W and edge set consisting of
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those pairs of vertices that are edges in G is called an induced subgraph of G. Denote by
Cyu, Ki,-1 and P, the cycle, the star and the path on n vertices, respectively. Certainly,
each subgraph of an oriented graph is also referred as an oriented graph and preserves the
orientation of each edge.

Recall that the skew-adjacency matrix S(G”) of any oriented graph G° is Hermitian,
then the well-known interlacing theorem for Hermitian matrices applies equally well to
oriented graphs; see, for example, Theorem 4.3.8 of [17].

Lemma 2.1 Let G° be an arbitrary oriented graph on n vertices and V' C V(G). Suppose
that |V'| = k. Then

2i(G7) = 1i(G7 - V') = Mk (G”)  fori=1,2,...,n—k.

Let G° be an oriented graph, and let C = v1vy - - -1y (k > 3) be a cycle of G, where v;
adjacent to v,; for j = 1,2,...,k — 1 and v; adjacent to vx. Let also S(G°) = [s;],xx be the
skew-adjacency matrix of G° whose first k rows and columns correspond to the vertices
Vi, Va,..., vk The sign of the cycle C?, denoted by sgn(C?), is defined by

(3
sgn(C%) = $12823 * * * Sk-1kSk,1-

Let C = vvx - - - o1 be the cycle by inverting the order of the vertices along the cycle C.
Then one can verify that

sgn(C"T) _ —sgn(C?), %f k %s odd;
sgn(C?), if k is even.

Moreover, sgn(C?) is either 1 or —1 if the length of C is even; and sgn(C?) is either i or i if
the length of C is odd. For an even cycle, we simply refer it as a positive cycle or a negative
cycle according to its sign. A positive even cycle is also named as oriented uniformly by
Hou et al. [14].

On the skew-spectral radius of an oriented graph, we have obtained the following results.
They will be useful in the proofs of the main results of this paper.

Lemma 2.2 ([16, Theorem 2.1]) Let G° be an arbitrary connected oriented graph. Denote
by p(G) the (adjacency) spectral radius of G. Then

Ps (Ga) < p(G)
with equality if and only if G is bipartite and each cycle of G is a positive even cycle.

Lemma 2.3 ([16, Theorem 3.2]) Let G° be a connected oriented graph. Suppose that each
even cycle of G is positive. Then

(@) ps(G?) > ps(G® —u) for any u € G;

(b) ps(G%) > ps(G° —e) forany e € G.

Lemma 2.4 ([14, Theorem 2.4], [16, Theorem 3.1]) Let G° be an oriented graph, and let
¢(G?, L) be its skew-characteristic polynomial. Then

@ ¢(G7A)=2p(G —ur) - Y $(G° —u-v,1)-2) sgn(C)p(G° - C, 1),
)

veN(u ueC
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where the first summation is over all the vertices in N (u), and the second summation is over

all even cycles of G containing the vertex u,

(b) ¢(G°2)=¢(G° —en) - ¢(G° —u-v,2) =2 Y sgn(C)p(G” - C, 1),

(u,v)eC

where e = (u,v) and the summation is over all even cycles of G containing the edge e, and
sgn(C) denotes the sign of the even cycle C.

Lemma 2.5 ([13, A part of Theorem 2.5]) Let G° be an oriented graph, and let ¢(G°, 1)
be its skew-characteristic polynomial. Then

—¢G” Z $(G7 = v,

veV (G
where d%qb(G“, A) denotes the derivative of $(G%, A).

Finally, we introduce a class of undirected graphs that will be often mentioned in this
manuscript.

Denote by Py, 4,1, a pathlike graph, which is defined as follows: we first draw & (> 2)

..... I
paths Py, Py,..., P, of orders Ii,5,...,[; respectively along a line and put two isolated
vertices between each pair of those paths, then add edges between the two isolated vertices
and the nearest end vertices of such a pair of paths such that the four newly added edges
form a cycle Cq4, where [j,[y > 0 and [; > 1 for i = 2,3,...,k — 1. Then Py 4,4, contains
ZL l; + 2k — 2 vertices. Notice thatif ; =1 (i = 2,3,. — 1), the two end vertices of
the path P, are referred as overlap; if ; = 0 (/x = 0), the left (right) of the graph Py 4,1,

has only two pendent vertices. Obviously, P; o = Kj 5, the star of order 3, and P;; = Cy. In

general, Py, 1,, Po 1, 1,5 Po s 1,0 are all unicyclic graphs containing Cy4, where [,/ > 1.

3 The oriented unicyclic graphs whose skew-spectral radius does not exceed 2
In this section, we determine all the oriented unicyclic graphs whose skew-spectral radius
does not exceed 2.

First, we introduce more notations. Denote by T}, ;, i, the starlike tree with exactly one
vertex v of degree 3, and Ty, 5,1, — v = Py U P, U Py, where Py, is the path of order /; (i =
1,2,3).

Due to Smith, all undirected graphs whose (adjacency) spectral radius is bounded by 2
are completely determined as follows.

Lemma 3.1 ([2] or [1, Chapter 2.7.12]) All undirected graphs whose spectral radius does
not exceed 2 are Cyy, Po -0, T222, T133, 1125 and their subgraphs, where m > 3 and n > 5.

By Lemma 2.4, to study the skew-spectrum properties of an oriented graph, we need
only consider the sign of those even cycles. Moreover, Shader and So showed that S(G”)
has the same spectrum as that of its underlying tree for any oriented tree G’; see The-
orem 2.5 of [12]. Consequently, combining with Lemma 2.2, the skew-spectral radius of
each oriented graph whose underlying graph is as described in Lemma 3.1, regardless of

the orientation of the oriented cycle C7, does not exceed 2.
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For convenience, we write:
U ={G|G is a unicyclic graph}.
U(m) = {G|G is a unicyclic graph in ¢/ containing the cycle C,,}.
U*(m) = {G|G is a unicyclic graph in U (m) which is not the cycle C,,}.
U, = {G|G is a unicyclic graph on order n}.

Moreover, let C,, = vivy - - - v,,v1 be a cycle on m vertices, and let Py, Py, ..., P}, be m
paths with lengths [, /s, ..., ,, (perhaps some of them are empty), respectively. Denote by
Clbn the unicyclic undirected graph obtained from C,, by joining v; to a pendent vertex
of P, fori=1,2,...,m. Suppose, without loss of generality, that ; = max{/;:i=1,2,...,m},
Iy > 1,,, and write Cﬁ,l{lz""’lj instead of the standard Ci,l{b""'l/ 00 g Lin=lp=-=1,=0.

By Lemmas 2.2 and 2.4 or papers [11, 12], for a given unicyclic graph G € U(m), we know
that the skew-spectral radius of G” is independent of its orientation if 2 is odd. Therefore,
we will briefly write G instead of the normal notation G° if each cycle of Gis odd. If m is
even, then essentially, there exist two orientations o7 (the sign of the even cycle is positive)
and o, (the sign of the even cycle is negative) such that p;(G™) = p(G) and p;(G™?) < p(G).
Henceforth, we will briefly write G~ (or G*) instead of G if the sign of each even cycle
is negative (or positive). In particular, G will also denote the oriented graph if G is a tree
since ps(G°) = p(G) in this case.

3.1 The C,4-free oriented unicyclic graphs whose skew-spectral radius does not
exceed 2
Let G° be an oriented graph with the property

ps(G7) <2. (31)

The property (3.1) is hereditary, because, as a direct consequence of Lemma 2.1, for any
induced subgraph H C G, H? also satisfies (3.1). The inheritance (hereditary) of property
(3.1) implies that there are minimal connected graphs that do not obey (3.1); such graphs
are called forbidden subgraphs. It is easy to verify the following.

Lemma 3.2 Let G € U \ U(4) with p(G°) < 2. Then C3, C3*, C3(2), CA(2), CL, C} are for-
bidden, where 63(2) (or 6%(2)) denotes the oriented graph obtained by adding two pendent
vertices to a vertex (or the pendent vertex) of 6'3 (or E?%)

Combining with Lemma 3.2 and the fact that p5(T') > 2 if the oriented tree T  contains an
arbitrary tree described as Lemma 3.1 as a proper subgraph, we have the following result.

Theorem 3.1 Let G € U \ U(4) and G # C,,. Let also p,(G) < 2. Then G° is one ofé'z,
(C2002)= (CEOMON)~, (Cg*YO) and their induced oriented unicyclic subgraphs.

Proof Denote by gir(G) the girth of G. Let gir(G) = m and C,, be the cycle of G with vertex
set {v1,Vy,...,Vy} such that v; adjacent to v;; for i =1,2,...,m — 1 and v,, adjacent to v;.

Wby .
(We should point out once again that in C,,"”>"” (j < m), we always refer v; adjacent to one
pendent vertex of P, a path with length [;, for i =1,2,...,j.) We divide our proof into the

following four claims.

Claim 1 If gir(G) = 3, then G° € {C}, C2}.
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The result follows from Lemma 3.2 that 6;, 6;1 and 6'3(2), @(2) are forbidden.

Claim 2 If gir(G) # 3, then gir(G) € {6, 8}. Moreover, each induced even cycle of G° is neg-
ative.

Let gir(G) = m. Notice that G is C4-free, then m > 5 if m # 3, and, thus, G contains the
induced subgraph Cl, as G # C,,. From Lemma 3.2, both C! and C! are forbidden, thus,
m #5,7. Moreover, the graph obtained from C}, by deleting the vertex vs is the tree 773 ,,_5
for m > 6. Thus, there is an induced subgraph 77 3 4 if gir(G) > 9, which is a contradiction
to Lemma 3.1. Hence, the former follows.

Assume to the contrary that there exists a positive even cycle C;,, then by Lemma 2.3,
0s(G7) > ps((CL)*) > ps(Cr) = 2, a contradiction. Thus, the latter follows.

Claim 3 Ifgir(G) = 6, then G is one of (CZ”"*")~, (C2%°*)" or their induced subgraphs.

By Claim 2, we always suppose that each cycle Cs is negative.

We first claim that G is of Cé1’12’13'14'l5’l6, that is, each pendent tree adjacent to v; of Cs is a
pathfori=1,2,...,6. Otherwise, assume that the pendent tree adjacent to v; is not a path,
then the resultant graph by deleting vertex vs of G is a tree and contains the tree Py as
a proper induced subgraph, and, thus, ps(G°) > ps(Po,0) = 2 combining with Lemmas 2.3
and 3.2, a contradiction. Moreover, we have /; < 2. Otherwise, G — v4 contains T3 as an
induced subgraph. Notice that both Cé’l —v4 and Cg’o’l — v are trees and contain Py, as
a proper induced subgraph, then G may be Cé’o’l’o’l and Cg,o,o,z. By calculation, we have
,os((Cé’o’l'O’l)‘) =2 and ps((Cé'O’o’Z)‘) = 2. Thus, the result follows.

Claim 4 If gir(G) = 8, then G° is one of (Cg""*") or its induced subgraphs.

By Claim 2, the cycle CJ of G” is negative. Notice that Cg —v5=Th33, Cé’l —vs=Toy3,
Cé’o’l —v5=Ts23, Cé’o’o’l —v5 = Th2 3, each of them has skew-spectral radius greater than 2.
Then G° may be (Cé’o'o’o’l)“ By calculation, we have ps((Cé’O'O’O’l)‘) = 2. Thus, the result

follows. O

3.2 The oriented unicyclic graphs in 1£(4) whose skew-spectral radius does not
exceed 2
Now, we consider the oriented unicyclic graphs in Z/(4). First, we have the following.

Lemma 3.3 Letl},l, > 1. Then
(@) ps(P; ) <2;

1l

(b) ’OS(P(;,ll,lz) = ps(P(;,ll,lg,O) =2.
Proof (a) Let n =11 + [ + 2. We first show by induction on # that
O (Pyp2) =4. (3.2)

Let [; > [,. Then there is exactly one pathlike graph if # = 4, namely, P;; = Cy. By calcula-

tion, we have

¢(P;1,2) = 4.
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Suppose now that # > 5, and the result is true for the order no more than n — 1. Applying
Lemma 2.4 to the left pendent vertex of P , , we have

¢(Pl_1,lz’)“) = )‘¢(Pl_1—1,12’)“) - ¢(Pl_1—2'lz’)”)'

Then ¢(P}, ;,,2) = 4 by induction hypothesis, and, thus, the result follows.

Let now v be a vertex with degree 2 in C4 of Py, ;,. Then Py 5, — v = P,_;, a path of order
n—1.LetA\ >ty >--->Ar,and Ay > Ay > --- > A,; beall eigenvalues ofPl‘Ll2 and P,_q,
respectively. By Lemma 2.1 and the fact that A; < 2, we have A; < A; < 2. On the other

hand, we have

¢(P;1,lz,/\) =[x =2).

i=1

Consequently, A; < 2, and, thus, pS(Pl’l’lz) <2 by Eq. (3.2). Thus, the result (a) holds.
(b) We first show that 2 is an eigenvalue of P bl

O(Pos 1y h) = AP (Pr sy 2) = AB(Pr_yy0 )
By the proof of the result (a), we know that

D (P 1102) = d(Py 1y, 2) = 4
It tells us that

¢(P6,ll+l,lz’ 2) =0.

Note that A5(P; ;. ,,) < 2. We know that ps(P;, ;) = 2.

Now, we show that 2 is also an eigenvalue of Py, , ;. Applying Lemma 2.5, we have

42,0°
d )~ -
Ed’( 0,11,12,0’)\’) = qu(P(),[l,lz'o -V, )\.)

v

It is easy to see that 2 is an eigenvalue of each oriented graph P;; , , —v. Thus, 2 is an
eigenvalue of P, , , with multiplicity 2. O

By calculation, we have the following.

Lemma 3.4 Let G € U(4) with p,(G°) < 2. Then G; (i =1,2,...,7) are forbidden, where
G =Cy', Gy =Cy% Gy = CM, Gy = C3, Gs = Cp1, G = C* and G; = Py, | o, which
denotes the graph obtained by adding a pendent vertex to a vertex of Py, 1, 0.

Combining with Lemma 3.4 and the fact that ps(T) > 2 if the oriented tree T contains an

arbitrary tree described as Lemma 3.1 as a proper subgraph, we have the following result.

Theorem 3.2 Let G € U*(4) and ps(G?) < 2. Then G is one of(Cff’l)’, (Ci’l’l)’, (CZ’I'M)’,
(CZ’z)’ and Py, | , or their induced oriented unicyclic subgraphs.
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Proof Note that the induced cycle Cj of G° must be negative. By Lemma 3.3, we can
assume that G # Py, 1,.0-

Casel. G # ChBh,

Then G contains an induced tree T such that 7" has a proper induced subgraph Py . It
means that p;(G”) > p(Py0) = 2, a contradiction.

Case 2. G = C/2bh,

Then, by Lemma 3.4, we know that /; <4 and /, > 1. Thus, it is not difficult to see that the
possible oriented graphs are (CZ"I)’, (CZ’M)’, (Ci'l’z‘l)’, (Ci'z)’ or their induced oriented
unicyclic subgraphs by Lemma 3.4. Moreover, taking some computations, we know the
skew-spectral radius of each above oriented graph does not exceed 2.

Combining with Lemma 3.3, the result follows. O

3.3 The oriented unicyclic graphs whose skew-spectral radius does not exceed 2
Putting Lemma 3.1 together with Theorem 3.1 and Theorem 3.2, we have the following.

Theorem 3.3 Let G € U and p(G®) < 2. Then G° is one of CJ, 6’%, (Cff’l)‘, (Cz’l’l)‘,
(Ci’1‘2‘1)‘, (Ci’z)‘, (Cé‘o’o’z)‘, (Cé’o’l’o’l)‘, (Cé’o’o’o‘l)‘ and Py, , o or their induced oriented

unicyclic subgraphs, where the orientation of C?, is arbitrary.
Moreover, by calculation, we have the following two corollaries from Theorem 3.3.

Corollary 3.1 Let G € U and ps(G®) = 2. Then G° is one of the following oriented graphs.
(a) C}, where m is even;
(b) P(;lelz’ P5J1Jz,0’ where l;, 1, > 1;
(©) G, (C) (CIM), (CH1), (CM), (C3M), (CF), (C3), (€22,
(CLOLOY)- (CROOON) 4y (Chy,

Corollary 3.2 Let G € U and ps(G°) < 2. Then G° is one of the following oriented graphs
or their induced oriented unicyclic subgraphs.

(a) Cy,, where m is odd, or m is even, and the sign of C7, is negative;

(b) Pl;,lz’ where I}, 1, > 1;

(© T (C3 (CEM), (P, (G220, (™)

4 Ordering the oriented unicyclic graphs whose skew-spectral radius is
bounded by 2

In this section, we discuss the skew-spectral radii of oriented unicyclic graphs in U,,. Let

G € U, and ps(G?) < 2. By Corollary 3.2, we know that G° is C;; (where 7 is odd, or # is

even, and the sign is negative) or P;, , (where [ > 1) if n > 10. This makes it possible to

order the oriented unicyclic graphs whose skew-spectral radius is bounded by 2.

Lemma 4.1 Letl, > [ > 2. Then ,oS(Pl‘blz) < ps(Pl_l—1,12+1)'

Proof By Lemma 2.4, we have

D(Py 1) = Ap(Prtya1) — S(Py1)P(Pry1) = $(Pr1)d(Pry1) + 20(Pry 1) (Pry1);

(P _11y01) = 2A(Prtyi1) — B(Py2)(Pryia) — Py )p(Pry) + 20(Pry2)p(Pyy).
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Thus,

O(Prs) = ¢(Py1sp01)
= [¢(Ph-2)(Piy+2) — d(Py-1)(Piys1)] + [0 (Pr)p(Ps,) — p(Pry11)$(Pry1)]
+ 2[¢(P11—1)¢(P12—1) - ¢(P11—2)¢(P12)]'

Moreover, we have

P (Py-2)p(Pry+2) = (P -1)p(Pry41)
= ¢(Py2)[ AP (Ppys1) — p(Py,)] = $(Prya1) [ (Py—2) — P(Pyy—3)]
= (P _3)p(Ppy11) — ¢(Py—2)p(Pr,)
= @(Po)P(Pr,—1y+4) = P(P1)P(Pry—1y+3)
= O(Pry—ty44) — Mp(Pry_y43)
= =@(Ppy—42)
O (Py)p(P,) — d(Py1)p(Pr,—1)
= ¢(P)[2¢(Pry—1) = p(Pry—2)| — p(Pp,1) [Ap(Py) — p(Pyy-1) ]
= ¢(Py-1)P(Piy-1) — $(Py) (P, -2)
= ¢(Po)d(Pry—1y) — p(P1)P(Pry—ty-1)
=¢(Pp,_p) — APyt 1)
=—¢(Pp,_y-2),

where [, — [; > 2. It is easy to know that
o(Py)op(P,) — p(Py1)p(Pry—1) =1 ifly -6 =0
and
oPp)d(P,) — ¢(Pys1)p(Py—1) =0 ifly —h =1.
Similarly, we have

¢ (Py1)9(Pry1) — ¢(Py—2)p(Pry)
= ¢(Pr1) [ A (Py—2) — p(Py_3) ] — (P 2)[Ap(P1,—1) — (P12 ]
= ¢(Py-2)p(Pr,—2) — ¢(Pyy-3)(Prp1)
= ¢(P1)p(Pry—py+1) — P(Po) P (Pry—y+2)
=Ap(Py—yy) — ¢(Ppy—y11)
= ¢(P,-py).

Hence,

D(Pr 1) = (P _1se1) = —DPiy-ti2) — ¢ (Pry—ty2) + 20 (P
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Let [, — [; = k. Then for k > 2, we have

D(Pr ) = (P _1pps1) = —¢(Prsz) = $(Pra) + 26(Pr)
= —[¢(P2)p(Pr) — $(P1)p(Pr1) ] — ¢ (Pra) + 2¢(Pr)
= (3-2)p(Px) + d(P)p(Pi1) — $(Pr2)
= (4-2%)$(Py).

Obviously, the above equality also holds for k = 0,1. It means that ¢(P1_1,12’ Ds (Pl_l—l,lz+1)) >
0, since ,os(Pl‘ruﬁl) <2. Thus, ps(P;, ;) < ,os(Pl‘rleH).

By Lemma 4.1, we know that

pS(PE"T'ZJ,r"%w) <+ < 0s(Pya) < ps(Pps)-

Now, we need only to compare the skew-spectral radii of P , and Cj. In fact, we have
the following.

Lemma 4.2 Let n > 4. Then we have
@ ps(Pr,_3) < ps(C) if n is odd;
() ps(Pysy us) = ps(Cy) if nis even.

272

Proof Note that by paper [11]

. 2cos 3=, ifmis odd;
)Os(Cn) — 2n

2cos %, if mis even and the sign of the cycle is negative.

Moreover, we have py(Pg ,_2) = 2 cos 2:—_2 Thus, ps(én) > ps(Po y—2) if m is odd.
On the other hand, we have

¢(Pr,3) = 2 (Py-1) — $(Pyz) — P(P2)(Pr-s) + 26(Py-s);

¢(P0,n—2) = A¢(Pn—1) - )L¢(Pn—3)~
Thus,

D (Pr,_3) — P(Poyn—2) = —P(P2)p(Py-s) + 2¢(Py_s)
= (4= 2%)$(Py-a)-

It means that ps(P],,_3) < ps(Po,»-2)- Then the result (a) follows.
If n is even, then let [ = % We have

¢ (P;;) = Ap(Pp1) — 20 (Pi1)p(Pria) + 20(Pr1)p(Prr);
¢(C;) = Ap(Py1) = 2¢(Py2) +2

= Ap(Py-1) = 20(Pr1)@(Pria) + 20(Pr2)p(Pr) + 2.
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Thus,

o (P;) - d(C;) = —2¢(P12)p(P1) + 2¢(Pr_1)p(Pr1) — 2
2[¢(Pr2)(Prs) — $(Pr3)(Pr) | - 2
= 2[¢(P))$(P1) — $(Po)p(P,)] - 2

=0.

Then the result (b) holds. ]
By Lemmas 4.1 and 4.2, we obtain the following interesting result.

Theorem 4.1 Let G° be an oriented unicyclic graph on order n (n > 10). G° # Pl;,lz’ Cy,
wheren =0+l +2and C, = C,, if nis even. Then
(a) :Os(P;%B n—]) <--0< ps(Pl_,n_3) < ps(Cn) <2< ,Os(GG) éfl’l is odd;

2

(b) £(Cy) = pu(Prs ya) < < Pu(Pryis) <2 < pulG7) if m s even,

22

Combining with Corollary 3.1, we have ordered all the oriented unicyclic graphs with #
vertices whose skew-spectral radius is bounded by 2.
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