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Abstract

The notion of p-smooth point of an [P(R")-function f is introduced in terms of some
‘maximal function! Then the connection between the order of p-smoothness of the

function f and the rate of convergence of the Gauss-Weierstrass means to f, when &

tends to 0, is obtained.
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1 Introduction and formulations of main results
Let @ € Co(R") NL'(R") and ®(0) = 1. The ®-means of the integral [, f(x) dx are defined
as [1, p.6]

M o(f) = /I;” P(ex)f(x)dx  (e>0).

If lim,_, o+ M, o(f) = [, then it is said that the (divergent) integral fRn f(x) dx is summable
to [. It is possible to obtain various summability methods by choosing a suitable function
®. For example, by letting ®(x) = e, ®(x) = e™*” or for § > 0, d(x) = {g’ )% m '}, the
classical Abel, Gauss-Weierstrass and Bochner-Riesz means and corresponding summa-
bility methods are obtained. One of the important problems in classical harmonic analysis

is to construct an (unknown) function f by means of its Fourier transform §(f) defined as

5w = [ foe

However, §(f) needs not be integrable for some f € L#(R"), and hence the formula

7= [ s

becomes incorrect. To overcome this difficulty, one may apply suitable summability meth-
ods (see, e.g, [1-3]).
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Whenever a function @ is radial, it is well known that [1, p.8] for the ®-means of the
convergent or divergent integral [, F(f)(t)e* " dt, the following equality holds:

/Rn S(f)(x)ez”i"'tcb(sx) dx = ]Rnf(x)(pg(t —x)dx, (1.1)

where ¢, (x) = (1/¢)" @ (x/€) and ¢(x) = F(P).
In particular, putting the function e instead of ®(x) in (1.1), the following formula
for the Gauss-Weierstrass means of the integral [, F(f)(¢)e*™ " dt

S, e)= | fOp:(x—t)dt (¢>0) (1.2)
RVI
is obtained. Here, the function ¢, is defined as
@e () = W, €) = (4me) Do, (1.3)

and called the Gauss-Weierstrass kernel.
One of the well-known and basic results for the Gauss-Weierstrass means is the follow-
ing ([4, p.5], [5, p.223]).

Proposition 1.1 Let f € L’(R") (1 < p < 00), and let the Gauss-Weierstrass means of f be
defined as in (1.2). Then

(@) limg_ [S(x,€) = fllrr = 0;

(b) limg_ ¢ S(x, &) = f(x) at each x belonging to the Lebesgue set of f;

(c) sup,.q S, &)| < c(Mf)(x), where (Mf)(x) is the Hardy-Littlewood maximal function.

Various aspects of the Gauss-Weierstrass and Abel-Poisson type summability of the
multiple Fourier series and integrals have been studied in Stein and Weiss [1], Golubov
[6, 7] and Gorodetskii [8]; see also Weisz [2] and [9] and references therein.

The aim of the paper is to investigate the error of approximation of f(x) by its Gauss-
Weierstrass means S(x, ¢) as ¢ — 0 at the so-called p-smoothness point of f. Note that
some problems of the Bochner-Riesz summability of Fourier transform of f € L,(R") at the
Dini-like points was studied in [10]. Also, the rate of convergence of the Gauss-Weierstrass
means of relevant Fourier series at some kind of smoothness points was studied in [9].

Definition 1.2 Let u(r) be a positive function on (0, 00), and assume that lim,_, o+ p(r) = 0.
If ¥ (¢, %), defined on R” x R”, is measurable, we define its ©-maximal function by

1
(1,)(5) = sup ——— /| lwtemlar (14)

Definition 1.3 Let, for a constant p < 1, a function u(r) be a continuous and positive

function on the interval (0, p), and assume that lim,_,¢+ () = (0) = 0. We say that a

1
loc

function f € L; (R”") is u-smooth of order u(r) at x € R" if

D, (x) = sup Lf(x -1 —f(x)| dt < 00. (1.5)

O<r<1 }"”M()") |t|<r

The points x € R”, for which (1.5) holds, are called p-smoothness points of f.
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Remark 1.4 Simple characterization of a u-smoothness point is not known. However,
most of the classes of ‘smooth’ functions in a classical sense have the p-smoothness prop-

erty. For example, if the modulus of continuity of f
wm=wﬂw~@<ﬂww

satisfies the inequality wy(r) < cu(r) for r — 0, then every point x € R” is a -smoothness
point of f, as can easily be seen from (1.5). In particular, if f satisfies the local Lipschitz
(Holder) condition

[fe—t) - f@)| <cltl”, O<a<1,
then x is a u-smoothness point of f, provided u(r) = r*.
From now on, we will assume that the function w(r) is continued as a constant from
[0, p] to [p,00), that is, u(r) = u(p), r > p.

Now, we state the main results of the paper.

Theorem 1.5 Let f € LP(R"), 1 < p < 00, be w-smooth at x € R". Then the following esti-
mate holds:

|S(x,6) —f(x)| < clf P 4 (er) dr + cye 27V (e—>0%), (1.6)
0

where ¢, and ¢, are constants independent of ¢.
Corollary1.6 Letf € LIP(R"),1 < p < 00, have the p.-smoothness property at x, and let p(r)

be a modulus of continuity (see [11, p.40]) on [0, p] and continued as a constant to [p, 00),

i.e., u(r) = u(p), r= p (0 < p <1). Then, under the conditions of Theorem 1.5, we have
|S(x,8) = f(x)| <cule) (e — 0). (1.7)

Corollary 1.7 Let o > 0 and u(r) = (h%l)“, then

’S(x,s) —f(x)’ SC(#) (e = 0). (1.8)

&

Corollary 1.8 Let a > 0 and —oo < 8 < 00 be fixed parameters. If we take ju(r) = r*|Inr|P
for0<r<p<land n(r)=u(p)for p <r< oo, then under the conditions of Theorem 1.5,

|S(x, ) —f(%)| < ce“|Inel’ (e — 0). (1.9)
In particular, for B = 0 in (1.9), we obtain |S(x, €) — f(x)| < ce* as e — 0.

The following lemma plays a crucial role in the proof of the main results.
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Lemma A (¢f [9, Lemma A]) Suppose that ¢ is differentiable on (0, 00), and that the fol-
lowing limits exist:

lim " u(r)e(r)=0 and lirgl u(r)e(r) =0. (1.10)
r—00 r—0+

Let Y (t,x) be measurable on R" x R" and (M, )(x) < 0o, then

fR ) [ (& x)e(1t])| dt < (M) (x) /0 ()¢’ (r)| dr, (1.11)

where (M, ) (x) is a pu-maximal function defined by (1.4) and ¢’ is a derivative of ¢.

We need also the following lemmas on the well-known properties of the Gauss-

Weierstrass kernel and the upper incomplete gamma function.

Lemma1.9 [1,p.9] The Gauss-Weierstrass kernel, W(t, ¢) = (4 e)~ "Dt/ g the fol-
lowing property:

W(t,e)dt=1 (foralle>0). (1.12)
Rn

Lemma 1.10 [12, p.948] The upper incomplete gamma function, defined as
oo
I'(s,7) = / wledu (s>0,7>0),
T
has the following asymptotic property:
I'(s,7)=01)t" e ast— oo. (1.13)

2 Proof of the main results

Proof of Lemma A Changing variables to polar coordinates ¢t — (r,6), 0 < r < 00, 6 € §"!
(8”71 is the unite sphere of R"), the left side of (1.11) becomes

1) = An|w(t,x)¢(|t|)|dt

:/”"rn_l[/ W(rg,x)<p(r)|do(9)] dr

0 sn-1

:/ r"-1|<p(r)|[/ |1/f(r9,x)|d0(9)i| dr.
0 sn-1

Now, denoting

() =/ |y (t0,%)|do(0), 0<t<oo, (2.1)
Sn—l

A(r) = / rx(t)t*H dt, 0<r<oo, (2.2)
0
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we get
I(x) = " Ar)dr = ” dA
(x) fo o)1) dr fo ()| dA ()
= |¢(r)|A(r)|8° —/ A(r)sgno(r)e'(r)dr.
0

Using (1.10) and considering the inequality

A = [ Mot = f (60| dx < P () (M9 ), (23)
0 [tl<r
we have
e AMIF =0.
Thus,
1) = - / AG)sen () () dr
0
< / A0 dr Z () / P ()00 dr.
0 0
That completes the proof. O

Proof of Theorem 1.5 Let us fix x, a u-smoothness point of f, and consider the difference

[Stx,€) = f ()] = ‘fw[f(x—t) —f(x)]W(t,S)dt‘

< V(x -t)—f(x) | W(t,e)dt + V(x -t)—f(x) | W(t,e)dt

[t]<1 [t]>1

=Ai(e) + Ay(e). (2.4)

In order to estimate A;(¢g), we let

fr-0-fx), [tI<L
t,x) =
V) io, > 1,
and then
Ai(e) = / Wt e)|y(t0)|d, — Wi(te) = (dme) el /%, (2.5)
RVI
Now, by Lemma A, taking ¢(|¢|) = (47‘[8)_"/26—|t|2/45’ we have

Ai(e) < (M) (x) /0 Oorm(r)|<p/(r)|dr, where (r) = (4 e)" W24, (2.6)
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Since f is ;-smooth at the point x € R”, we have (M,,v/)(x) = D, (x) < 0o (see (1.5)). So we
get

Aﬂﬂsa/mWMMWWﬂWSC/mW“”“Mwwr (2.7)
0 0

To estimate A,(g), we first apply Holder’s inequality for p > 1 and observe that

As(e) < [f(x)| W (t,e)dt

1£]>1

1/p 1/q 1 1
-nlfd Wit e)|ld —+-=1). .
* < m»[f(x t)| t) (/|t>1| ¢ 8)| t) <P ’ q 1) (28)

Let us estimate the first term on the right of (2.8). Changing variables to polar coordinates

yields

W(t, e)dt = lq/ |:/ g2 e da(@)] dr
lt]>1 1 sn-1

° 2
/(2/ 7= -1 —n/2 e’ l4e
1

o0
k3 / rle " dr (we set u = 12, du = 2rdr)
1/2/%)

%)

— / n/2 1 e du
(1/4€)

ks ,

s <2 49)

where I'(s, ) is the upper incomplete gamma function. Now, using asymptotic formula
(1.13), we get

W(t, e)dt = O(sl’%e’”“) ass — 0%, (2.9)

[t]>1

The same is true for the second term of (2.8):

1/q oo ) 1/q
( / |W(t,s)|th) = kq ( / ! [ / 1(8*"/2(;’ /48)‘%10(9)} dr)
|t]>1 1 Sn—
n_n o0 l/q
= kg2 2 (/ rn—1e_,2 dr)

(Va/24/%)

1/q
w2l du) .

Now, using formula (1.13), we get

1/q "
(/ |W(t,£)|th) = O(S%_fe’l/‘“) ase — 0. (2.10)
|t]>1
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Collecting estimates (2.9) and (2.10), and taking into account that

1/p
(] o) <

we have
Ay(e) = O(e_”/ze_lm) ass — 0%, (2.11)
By (2.7) and (2.11) we have shown that inequality (1.6) holds, as desired.
To complete the proof, we have to show that the conditions of Lemma A are satisfied;
that is, for (r) = (4me)™/2e /%,
lim r"u(r)e(r)=0 and lir})l+ ru(r)e(r) =0.
But this is obvious. a
Proof of Corollary 1.6 Let u(r), r € [0,00) be a modulus of continuity, i.e., (a) u(r) — 0 as
r— 0%; (b) n(r) is non-negative and non-decreasing on (0, 00); (c) u(r) is continuous and
subadditive (0, 00).
It follows from the subadditivity of w(r) that
uler) <@ +r)u(e) foralle,r>0.
By employing this in (1.6), we get
o0 2
|S(x,£) —f(x)| < clu(a)/ L+ )" te™ dr + cpe2e7V4e
0

< cau(e) + cpe™2e714%, (2.12)

Now, since the function u(r) is a modulus of continuity, it cannot tend to zero too rapidly

as ¢ — 0, that is, for instance, if @ — 0 as & — 0, then u(e) = 0. Therefore
eV < cuu(e), €—0
for some constant ¢,. Taking into account this in (2.12), we obtain
|S(x,€) = f(x)| < cule), &—0,
where the constant ¢ does not depend on ¢ > 0. d
Proof of Corollary 1.7 Let us show that for some 0 < p < 1 the function
0, r=0

ur) =1 @/Inl/r)%, O<r<p<l (0<a <o)
(1/In1/p)*, p<r<oo

Page 7 of 9
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is a modulus of continuity, i.e., it is continuous, non-decreasing, subadditive on [0, c0)
and tends to zero as r — 0*. The continuity and lim,_,¢ i(r) = 0 are obvious. To prove the
other properties, it suffices to show that (see [11], p.41)

uw'(r)>0 and (u(r)/r), <0 (0<r<p).
Simple calculations show that the above inequalities are fulfilled if one takes p =e™. [
Proof of Corollary 1.8 Let us substitute the function

0, r=0
w(r)=1rInrf, 0<r<p
P nplf, r>p

in (1.6), where @ > 0 and 8 € (—00, 00) are given numbers and 0 < p < 1.
If B > 0, we have, for sufficiently small € > 0,

|Inr|

wler) <e*|Inelfr*(1+
[Ineg|

B
) < 8"‘|ln8|ﬁr"‘(1 + |lnr|)ﬂ.
By making use of this estimate in (1.6), we have for ¢ < 1 that

o 2
’S(x,s) —f(x)’ < cs%| ln£|ﬁ/ e 1+ Inr)P dr + O(s’”/2e’1/48)
0
< e’ Inel? + cpe2e V4 < ¢3¢ Ingl®, & — 0.
Let now 8 < 0. By setting § = - > 0, we have for ¢ < 1

s
Ing

Iner|?
w(er) = €% Ine|Pr® l—‘ =¢%|Ing|fr®
ne

Inr |’ Inr| \°
=% InglPr® l—l—r‘ 55“|1ng|f‘r0‘<1+u> .
ner

[Iner|

Since &r < p < 1, it follows that

Inr|\°
u(sr)§8“|lns|ﬂr°‘<1+ | |> .
[1np

Using this in (1.6), we get

8
) e dr+ 628—;1/26—1/48

o0
|S(x,s) —f(x)| <ce|Inel? / et/ (1 +
0 [Inp]

< ce%Inel?,

which is the desired result. g
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