
Alghamdi et al. Journal of Inequalities and Applications 2013, 2013:402
http://www.journalofinequalitiesandapplications.com/content/2013/1/402

RESEARCH Open Access

Fixed point and coupled fixed point theorems
on b-metric-like spaces
Mohammed Ali Alghamdi1, Nawab Hussain1* and Peyman Salimi2

*Correspondence:
nhusain@kau.edu.sa
1Department of Mathematics, King
Abdulaziz University, P.O. Box 80203,
Jeddah, 21589, Saudi Arabia
Full list of author information is
available at the end of the article

Abstract
We first introduce the concept of b-metric-like space which generalizes the notions of
partial metric space, metric-like space and b-metric space. Then we establish the
existence and uniqueness of fixed points in a b-metric-like space as well as in a
partially ordered b-metric-like space. As an application, we derive some new fixed
point and coupled fixed point results in partial metric spaces, metric-like spaces and
b-metric spaces. Moreover, some examples and an application to integral equations
are provided to illustrate the usability of the obtained results.
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1 Introduction
There exist many generalizations of the concept of metric spaces in the literature. In par-
ticular, Matthews [] introduced the notion of partial metric space and proved that the
Banach contraction mapping theorem can be generalized to the partial metric context for
applications in program verification. After that, fixed point results in partial metric spaces
have been studied by many authors [, ]. The concept of b-metric space was introduced
and studied by Bakhtin [] andCzerwik []. Since then several papers have dealt with fixed
point theory for single-valued and multi-valued operators in b-metric spaces (see [–]
and references therein). Recently, Amini-Harandi [, ] introduced the notion of metric-
like space, which is an interesting generalization of partial metric space and dislocated
metric space [–]. In this paper, we first introduce a new generalization of metric-like
space and partial metric space which is called a b-metric-like space. Then, we give some
fixed point results in such spaces. Our fixed point theorems, even in the case ofmetric-like
spaces and partial metric spaces, generalize and improve some well-known results in the
literature.Moreover, some examples and an application to integral equations are provided
to illustrate the usability of the obtained results.

2 b-Metric-like spaces
Matthews [] introduced the concept of a partial metric space as follows.

Definition . A mapping p : X × X → R+, where X is a nonempty set, is said to be a
partial metric on X if for any x, y, z ∈ X the following four conditions hold true:
(P) x = y if and only if p(x,x) = p(y, y) = p(x, y);
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(P) p(x,x)≤ p(x, y);
(P) p(x, y) = p(y,x);
(P) p(x, z) ≤ p(x, y) + p(y, z) – p(y, y).

The pair (X,p) is then called a partial metric space.

Definition . [] A mapping σ : X ×X →R+, where X is a nonempty set, is said to be a
metric-like on X if for any x, y, z ∈ X the following three conditions hold true:

(σ ) σ (x, y) =  ⇒ x = y;
(σ) σ (x, y) = σ (y,x);
(σ) σ (x, z)≤ σ (x, y) + σ (y, z).

The pair (X,σ ) is then called a metric-like space. A metric-like on X satisfies all of the
conditions of a metric except that σ (x,x) may be positive for x ∈ X.

Every partial metric space is a metric-like space but not conversely in general (see [,
]).
The concept of b-metric space was introduced by Czerwik in []. Since then, several

papers have been published on the fixed point theory of various classes of single-valued
and multi-valued operators in b-metric spaces (see, e.g., [–]).

Definition . A b-metric on a nonempty set X is a function D : X × X → [, +∞) such
that for all x, y, z ∈ X and a constant K ≥  the following three conditions hold true:

(D) if D(x, y) = ⇔ x = y;
(D) D(x, y) =D(y,x);
(D) D(x, y) ≤ K(D(x, z) +D(z, y)).

The pair (X,D) is called a b-metric space.

Definition . A b-metric-like on a nonempty set X is a function D : X × X → [, +∞)
such that for all x, y, z ∈ X and a constant K ≥  the following three conditions hold true:

(D) if D(x, y) = ⇒ x = y;
(D) D(x, y) =D(y,x);
(D) D(x, y) ≤ K(D(x, z) +D(z, y)).

The pair (X,D) is called a b-metric-like space.

Example . Let X = [,∞). Define the function D : X → [,∞) by D(x, y) = (x + y).
Then (X,D) is a b-metric-like space with constant K = . Clearly, (X,D) is not a b-metric
or metric-like space. Indeed, for all x, y, z ∈ X,

D(x, y) = (x + y) ≤ (x + z + z + y) = (x + z) + (z + y) + (x + z)(z + y)

≤ 
[
(x + z) + (z + y)

]
= 

(
D(x, z) +D(z, y)

)

and so (D) holds. Clearly, (D) and (D) hold.

http://www.journalofinequalitiesandapplications.com/content/2013/1/402


Alghamdi et al. Journal of Inequalities and Applications 2013, 2013:402 Page 3 of 25
http://www.journalofinequalitiesandapplications.com/content/2013/1/402

Similarly, we have the following example.

Example . Let X = [,∞). Define the function D : X → [,∞) by D(x, y) = (max{x,
y}). Then (X,D) is a b-metric-like space with constant K = . Clearly, (X,D) is not a
b-metric or metric-like space.

Example . Let Cb(X) = {f : X →R : supx∈X |f (x)| < +∞}. The functionD : X×X →R+,
defined by

D(f , g) = 

√
sup
x∈X

(∣∣f (x)∣∣ + ∣∣g(x)∣∣) for all f , g ∈ Cb(X),

is a b-metric-like with constant K = √, and so (X,D, √) is a b-metric-like space.

For this, note that if a, b are two nonnegative real numbers, then

(a + b) ≤ 
(
a + b

)
and √a + b≤ √a + √b.

This implies that

D(f , g) ≤ √
(
D(f ,h) +D(h, g)

)
for all f , g,h ∈ Cb(X).

Let (X,D) be a b-metric-like space. Let x ∈ X and r > , then the set

B(x, r) =
{
y ∈ X :

∣∣D(x, y) –D(x,x)
∣∣ < r

}

is called an open ball with center at x and radius r > .
Now we have the following definitions.

Definition . Let (X,D) be a b-metric-like space, and let {xn} be a sequence of points
of X. A point x ∈ X is said to be the limit of the sequence {xn} if limn→+∞ D(x,xn) =D(x,x),
and we say that the sequence {xn} is convergent to x and denote it by xn −→ x as n → ∞.

Definition . Let (X,D) be a b-metric-like space.
(S) A sequence {xn} is called Cauchy if and only if limm,n→∞ D(xn,xm) exists and is

finite.
(S) A b-metric-like space (X,D) is said to be complete if and only if every Cauchy

sequence {xn} in X converges to x ∈ X so that

lim
m,n→∞D(xn,xm) =D(x,x) = lim

n→∞D(xn,x).

Proposition . Let (X,D,K) be a b-metric-like space, and let {xn} be a sequence in X
such that limn→∞ D(xn,x) = . Then
(A) x is unique;
(B) 

KD(x, y) ≤ limn→∞ D(xn, y) ≤ KD(x, y) for all y ∈ X .
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Proof Let us prove (A).
Assume that there exists a y ∈ X such that limn→∞ D(xn, y) = , then

 ≤D(y,x) ≤ K
(
lim
n→∞D(xn, y) + lim

n→∞D(xn,x)
)
= .

Hence, from (D) we have y = x.
(B)
From (D) we have


K
D(x, y) – lim

n→∞D(xn,x) ≤ lim
n→∞D(xn, y) ≤ K

(
D(x, y) + lim

n→∞D(xn,x)
)
,

and so


K
D(x, y) ≤ lim

n→∞D(xn, y) ≤ KD(x, y) for all y ∈ X. �

Definition . Let (X,D) be a b-metric-like space, and let U be a subset of X. We say U
is an open subset of X if for all x ∈ U there exists r >  such that B(x, r) ⊆ U . Also, V ⊆ X
is a closed subset of X if X\V is an open subset of X.

Proposition . Let (X,D,K) be a b-metric-like space, and let V be a subset of X. Then
V is closed if and only if for any sequence {xn} in V , which converges to x, we have x ∈ V .

Proof At first, we suppose that V is closed. Let x /∈ V . By the above definition, X\V is an
open set. Then there is an r >  such that B(x, r)⊆ X\V . On the other hand, since xn → x
as n→ ∞, then

lim
n→∞

∣∣D(xn,x) –D(x,x)
∣∣ = .

Hence, there exists n ∈N such that for all n ≥ n we have

∣∣D(xn,x) –D(x,x)
∣∣ < r.

That is, for all n ≥ n, {xn} ⊆ B(x, r) ⊆ X\V , which is a contradiction. Since for all n ∈ N,
{xn} ⊆ V . Conversely, suppose that for any sequence {xn} in V which converges to x, we
have x ∈ V . Let y /∈ V . Let us prove that there exists r >  such that B(y, r) ∩ V = ∅.
Assume to the contrary that for all r > , we have B(y, r)∩V = ∅. Then, for all n ∈N, chose
xn ∈ B(y, /n) ∩ V = ∅. Therefore, |D(xn, y) –D(y, y)| < /n for all n ∈ N. Hence, xn → y as
n→ ∞. Our assumption on V implies y ∈ V , which is a contradiction. Then, for all y /∈ V ,
there exists r >  such that B(y, r)∩V = ∅. That is, V is closed. �

Lemma . Let (X,D,K) be a b-metric-like space, and let {xk}nk= ⊂ X. Then

D(xn,x) ≤ KD(x,x) + · · · +Kn–D(xn–,xn–) +Kn–D(xn–,xn).

From Lemma ., we deduce the following result.
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Lemma . Let {yn} be a sequence in a b-metric-like space (X,D,K) such that

D(yn, yn+) ≤ λD(yn–, yn)

for some λ,  < λ < /K , and each n ∈N. Then limm,n→∞ D(ym, yn) = .

Let (X,D,K) be a b-metric-like space. Define Ds : X → [,∞) by

Ds(x, y) =
∣∣D(x, y) –D(x,x) –D(y, y)

∣∣.
Clearly, Ds(x,x) =  for all x ∈ X.

3 Fixed point results for expansive mappings
The study of expansive mappings is a very interesting research area in fixed point theory
(see, e.g., [–]). In this section we prove some new fixed point results on expansive
mappings in the setting of a b-metric-like space. Our results generalize and extend some
old and recent fixed point results in the literature.

Theorem . Let (X,D,K) be a complete b-metric-like space. Assume that the mapping
T : X → X is onto and satisfies

D(Tx,Ty) ≥ [
R + Lmin

{
Ds(x,Tx),Ds(y,Ty),Ds(x,Ty),Ds(y,Tx)

}]
D(x, y) (.)

for all x, y ∈ X, where R > K , L ≥ . Then T has a fixed point.

Proof Let x ∈ X, sinceT is onto, then there exists x ∈ X such that x = Tx. By continuing
this process, we get xn = Txn+ for all n ∈ N∪{}. In case xn = xn+ for some n ∈N∪{},
then it is clear that xn is a fixed point of T . Now assume that xn = xn+ for all n. From (.)
with x = xn and y = xn+ we get

D(Txn,Txn+) ≥ [
R + Lmin

{
Ds(xn,Txn),Ds(xn+,Txn+),

Ds(xn,Txn+),Ds(xn+,Txn)
}]
D(xn,xn+),

which implies

D(xn–,xn) ≥ [
R + Lmin

{
Ds(xn,xn–),Ds(xn+,xn),

Ds(xn,xn),Ds(xn+,xn–)
}]
D(xn,xn+) = RD(xn,xn+),

and so

D(xn,xn+) ≤ hD(xn–,xn), where h =

R
<


K
.

Then by Lemma . we have limm,n→∞ D(xn,xm) = . Now, since limm,n→∞ D(xn,xm) = 
exists (and is finite), so {xn} is a Cauchy sequence. Since (X,D,K) is a complete b-metric-
like space, the sequence {xn} in X converges to z ∈ X so that

lim
m,n→∞D(xn, z) =D(z, z) = lim

m,n→∞D(xn,xm) = .

http://www.journalofinequalitiesandapplications.com/content/2013/1/402
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Since T is onto, there exists w ∈ X such that z = Tw. From (.) we have

D(xn, z) = D(Txn+,Tw)

≥ [
R + Lmin

{
Ds(xn+,Txn+),Ds(w,Tw),

Ds(xn+,Tw),Ds(w,Txn+)
}]
D(xn+,w)

=
[
R + Lmin

{
Ds(xn+,xn),Ds(w, z),

Ds(xn+, z),Ds(w,xn)
}]
D(xn+,w).

Taking limit as n→ ∞ in the above inequality, we get

 = lim
n→∞D(xn, z) ≥ R lim

n→∞D(xn+,w),

which implies limn→∞ D(xn+,w) = . By Proposition . (A), we get z = w. That is, z =
Tz. �

If in Theorem . we take L = , then we deduce the following corollary.

Corollary . Let (X,D,K) be a complete b-metric-like space. Assume that the mapping
T : X → X is onto and satisfies

D(Tx,Ty) ≥ RD(x, y)

for all x, y ∈ X, where R > K . Then T has a fixed point.

Example . Let X = [,∞) and let a b-metric-like D : X ×X →R+ be defined by

D(x, y) = (x + y).

Clearly, (X,D, ) is a complete b-metric-like space. Let T : X → X be defined by

Tx =

⎧⎪⎪⎨
⎪⎪⎩
x if x ∈ [, ),

x +  if x ∈ [, ),

x +  if x ∈ [,∞).

Also, clearly, T is an onto mapping. Now, we consider following cases:

� Let x, y ∈ [, ), then

D(Tx,Ty) = (x + y) = (x + y) ≥ (x + y) = D(x, y).

� Let x, y ∈ [, ), then

D(Tx,Ty) = (x + y + ) ≥ (x + y) = (x + y) ≥ (x + y) = D(x, y).

http://www.journalofinequalitiesandapplications.com/content/2013/1/402
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� Let x, y ∈ [,∞), then

D(Tx,Ty) = (x + y + ) ≥ (x + y) = (x + y) ≥ (x + y) = D(x, y).

� Let x ∈ [, ) and y ∈ [, ), then

D(Tx,Ty) = (x + y + ) ≥ (x + y) = (x + y) ≥ (x + y) = D(x, y).

� Let x ∈ [, ) and y ∈ [,∞), then

D(Tx,Ty) = (x + y + ) ≥ (x + y) = (x + y) ≥ (x + y) = D(x, y).

� Let x ∈ [, ) and y ∈ [,∞), then

D(Tx,Ty) = (x + y + ) ≥ (x + y) = (x + y) ≥ (x + y) = D(x, y).

That is,D(Tx,Ty) ≥ RD(x, y) for all x, y ∈ X, where R =  >  = K . The conditions of Corol-
lary . are satisfied and T has a fixed point x = .

Let �L
B denote the class of those functions B : (,∞) → (L,∞) which satisfy the con-

dition B(tn) → (L)+ ⇒ tn → , where L > .

Theorem . Let (X,D,K) be a complete b-metric-like space. Assume that the mapping
T : X → X is onto and satisfies

D(Tx,Ty) ≥ B
(
D(x, y)

)
D(x, y) (.)

for all x, y ∈ X, where B ∈ �K
B . Then T has a fixed point.

Proof Let x ∈ X, since T is onto, so there exists x ∈ X such that x = Tx. By continuing
this process, we get xn = Txn+ for all n ∈ N∪{}. In case xn = xn+ for some n ∈N∪{},
then it is clear that xn is a fixed point of T . Now assume that xn = xn+ for all n. From (.)
with x = xn and y = xn+, we get

D(xn–,xn) = D(Txn,Txn+) ≥ B
(
D(xn,xn+)

)
D(xn,xn+)

≥ KD(xn,xn+) ≥D(xn,xn+). (.)

Then the sequence {D(xn,xn+)} is a decreasing sequence in R+ and so there exists s ≥ 
such that limn→∞ D(xn,xn+) = s. Let us prove that s = . Suppose to the contrary that s > .
By (.) we can deduce

KD(xn–,xn)
D(xn,xn+)

≥ D(xn–,xn)
D(xn,xn+)

≥ B
(
D(xn,xn+)

) ≥ K.

By taking limit as n → ∞ in the above inequality, we have limn→∞ B(D(xn,xn+)) = K.
Hence,

s = lim
n→∞D(xn,xn+) = ,

http://www.journalofinequalitiesandapplications.com/content/2013/1/402
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which is a contradiction. That is, s = . We shall show that lim supm,n→∞ D(xn,xm) = .
Suppose to the contrary that

lim sup
m,n→∞

D(xn,xm) > .

By (.) we have

D(xn,xm) =D(Txn+,Txm+) ≥ B
(
D(xn+,xm+)

)
D(xn+,xm+).

That is,

D(xn,xm)
B(D(xn+,xm+))

≥D(xn+,xm+).

Then by (D) we get

D(xn,xm) ≤ KD(xn,xn+) +KD(xn+,xm+) +KD(xm+,xm)

≤ KD(xn,xn+) +K D(xn,xm)
B(D(xn+,xm+))

+KD(xm+,xm).

Therefore,

D(xn,xm) ≤
(
 –

K

B(D(xn+,xm+))

)–(
KD(xn,xn+) +KD(xm+,xm)

)
.

By taking limit asm,n→ ∞ in the above inequality, since lim supm,n→∞ D(xn,xm) >  and
s = limn→∞ D(xn,xn+) = , then we obtain

lim sup
m,n→∞

(
 –

K

B(D(xn+,xm+))

)–

= ∞,

which implies

lim sup
m,n→∞

B
(
D(xn+,xm+)

)
=

(
K)+,

and so

lim sup
m,n→∞

D(xn+,xm+) = ,

which is a contradiction. Hence, lim supm,n→∞ D(xn,xm) = . Now, since limm,n→∞ D(xn,
xm) =  exists (and is finite), so {xn} is a Cauchy sequence. Since (X,D,K) is a complete
b-metric-like space, the sequence {xn} in X converges to z ∈ X so that

lim
m,n→∞D(xn, z) =D(z, z) = lim

m,n→∞D(xn,xm) = .

As T is onto, so there exists w ∈ X such that z = Tw. Let us prove that w = z. Suppose to
the contrary that z = w. Then by (.) we have

D(xn, z) =D(Txn+,Tw) ≥ B
(
D(xn+,w)

)
D(xn+,w).

http://www.journalofinequalitiesandapplications.com/content/2013/1/402
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By taking limit as n → ∞ in the above inequality and applying Proposition .(B), we
have

 = lim
n→∞D(xn, z) ≥ lim

n→∞B
(
D(xn+,w)

)
lim
n→∞D(xn+,w) ≥ 

K
lim
n→∞B

(
D(xn+, z)

)
D(z,w)

and hence

lim
n→∞B

(
D(xn+, z)

)
= ,

which is a contradiction. Indeed, limn→∞ B(D(xn+, z)) ≥ K. Since B(t) > K for all t ∈
[,∞), therefore z = w. That is, z = Tw = Tz. �

Example . Let X = [,∞) and D : X ×X → R+ be defined by

D(x, y) =
(
max{x, y}).

Clearly, (X,D, ) is a complete b-metric-like space. Let T : X → X be defined by

Tx = x
√
 + x.

Also define B : (,∞)→ (,∞) by B(t) = ( + t). At first we show that T is an onto map-
ping. For a given a ∈ X, we choose x = 



√√
 + a – . Then

Tx =
(√√

 + a – 
)(√√

 + a + 
)
= a.

So, T is an onto mapping. Without loss of generality, we assume that x ≤ y. Now, since

Ty≥ y
√
 + y,

so

(Ty) ≥ 
(
 + y

)
y;

equivalently,

(
max{Tx,Ty}) ≥ 

(
 +

(
max{x, y}))(max{x, y})

and hence

D(Tx,Ty) ≥ 
(
 +D(x, y)

)
D(x, y).

That is,

D(Tx,Ty) ≥ B
(
D(x, y)

)
D(x, y).

The conditions of Theorem . hold and T has a fixed point (here, x =  is a fixed point
of T ).

http://www.journalofinequalitiesandapplications.com/content/2013/1/402
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Note that b-metric-like spaces are a proper extension of partial metric, metric-like and
b-metric spaces. Hence, we can deduce the following corollaries in the settings of partial
metric, metric-like and b-metric spaces, respectively.

Corollary . Let (X,p) be a complete partial metric space. Assume that the mapping
T : X → X is onto and satisfies

p(Tx,Ty) ≥ B
(
p(x, y)

)
p(x, y)

for all x, y ∈ X, where B ∈ �
B . Then T has a fixed point.

Corollary . Let (X,σ ) be a complete metric-like space. Assume that the mapping T :
X → X is onto and satisfies

σ (Tx,Ty)≥ B
(
σ (x, y)

)
σ (x, y)

for all x, y ∈ X, where B ∈ �
B . Then T has a fixed point.

Corollary . Let (X,d,K) be a complete b-metric space. Assume that the mapping T :
X → X is onto and satisfies

d(Tx,Ty) ≥ B
(
d(x, y)

)
d(x, y) (.)

for all x, y ∈ X, where B ∈ �K
B . Then T has a fixed point.

4 Fixed point results in partially ordered b-metric-like spaces
In this section we prove certain new fixed point theorems in partially ordered b-metric-
like spaces which generalize and extend corresponding results of Amini-Harandi [, ]
and many others (see []).
Let �L

L denote the class of those functions L : (,∞) → (, 
L ) which satisfy the condi-

tion L(tn) → ( 
L )

+ ⇒ tn → , where L > .

Theorem . Let (X,D,K ,�) be a partially ordered complete b-metric-like space, and let
T : X → X be a non-decreasing mapping such that

D(Tx,Ty) ≤L
(
M(x, y)

)
M(x, y) +J

(
N(x, y)

)
N(x, y) (.)

for all x, y ∈ X with x� y, where L ∈ �K
L , J : [,∞) → [,∞) is a bounded function and

M(x, y) =max

{
D(x, y),D(x,Tx),D(y,Ty),

D(x,Ty) +D(y,Tx)
K

}

and

N(x, y) =min
{
Ds(x,Tx),Ds(y,Ty),Ds(x,Ty),Ds(y,Tx)

}
.

Also, suppose that the following assertions hold:
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(i) there exists x ∈ X such that x � Tx;
(ii) for an increasing sequence {xn} ⊂ X converging to x ∈ X , we have xn � x for all n ∈N;

then T has a fixed point.

Proof Let x � Tx. If x = Tx, then the result is proved. Hence we suppose that x ≺ fx.
Define a sequence {xn} by xn = Tnx = Txn– for all n ∈ N. Since T is non-decreasing and
x ≺ Tx, then

x ≺ x � x � · · · , (.)

and hence {xn} is a non-decreasing sequence. If xn = xn+ = Txn for some n ∈ N, then the
result is proved as xn is a fixed point of T . In what follows we will suppose that xn = xn+
for all n ∈N. From (.) and (.) we have

D(xn,xn+) =D(Txn–,Txn)

≤L
(
M(xn–,xn)

)
M(xn–,xn) +J

(
N(xn–,xn)

)
N(xn–,xn),

where

N(xn–,xn) = min
{
Ds(xn–,Txn–),Ds(xn,Txn),Ds(xn–,Txn),Ds(xn,Txn–)

}
= min

{
Ds(xn–,xn),Ds(xn,xn+),Ds(xn–,xn+),Ds(xn,xn)

}
= .

Then

D(xn,xn+) ≤L
(
M(xn–,xn)

)
M(xn–,xn). (.)

On the other hand, from (D) we have

D(xn–,xn+) ≤ K
(
D(xn,xn–) +D(xn,xn+)

)

and

D(xn,xn) ≤ KD(xn,xn+) ≤ K
(
D(xn,xn–) +D(xn,xn+)

)
.

Then

D(xn–,xn+) +D(xn,xn)
K

≤ 

(
D(xn,xn–) +D(xn,xn+)

)

and hence

M(xn–,xn)

=max

{
D(xn–,xn),D(xn–,Txn–),D(xn,Txn),

D(xn–,Txn) +D(xn,Txn–)
K

}

=max

{
D(xn–,xn),D(xn,xn+),

D(xn–,xn+) +D(xn,xn)
K

}

http://www.journalofinequalitiesandapplications.com/content/2013/1/402
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≤ max

{
D(xn–,xn),D(xn,xn+),



(
D(xn,xn–) +D(xn,xn+)

)}

=max
{
D(xn–,xn),D(xn,xn+)

} ≤ M(xn–,xn).

That is,

M(xn–,xn) =max
{
D(xn–,xn),D(xn,xn+)

}
.

Now by (.) we get

D(xn,xn+) ≤L
(
max

{
D(xn–,xn),D(xn,xn+)

})
max

{
D(xn–,xn),D(xn,xn+)

}
.

If max{D(xn–,xn),D(xn,xn+)} =D(xn,xn+), then

D(xn,xn+) ≤L
(
D(xn,xn+)

)
D(xn,xn+) <


KD(xn,xn+) ≤D(xn,xn+),

which is a contradiction. Hence,

D(xn,xn+) ≤L
(
D(xn–,xn)

)
D(xn–,xn) ≤D(xn–,xn), (.)

and so the sequence {D(xn,xn+)} is a decreasing sequence in R+. Then there exists s ≥ 
such that limn→∞ D(xn,xn+) = s. By (.) we can write

D(xn,xn+)
KD(xn–,xn)

≤ D(xn,xn+)
D(xn–,xn)

≤L
(
D(xn–,xn)

) ≤ 
K .

Taking limit as n→ ∞ in the above inequality, we get

lim
n→∞L

(
D(xn–,xn)

)
=


K ,

and so s = limn→∞ D(xn–,xn) = . Now we want to show that lim supm,n→∞ D(xn,xm) = .
Suppose to the contrary that

lim sup
m,n→∞

D(xn,xm) > .

At first,

lim sup
m,n→∞

N(xn,xm) = lim sup
m,n→∞

min
{
Ds(xn,xn+),Ds(xm,xm+),

Ds(xn,xm+),Ds(xm,xn+)
}
=  (.)

and

lim sup
m,n→∞

M(xn,xm)

= lim sup
m,n→∞

max

{
D(xn,xm),D(xn,xn+),D(xm,xm+),

D(xn,xm+) +D(xm,xn+)
K

}

http://www.journalofinequalitiesandapplications.com/content/2013/1/402
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≤ lim sup
m,n→∞

max

{
D(xn,xm),D(xn,xn+),D(xm,xm+),

K(D(xn,xm) +D(xm,xm+)) +K(D(xm,xn) +D(xn,xn+))
K

}

= lim sup
m,n→∞

D(xn,xm) ≤ lim sup
m,n→∞

M(xn,xm).

That is,

lim sup
m,n→∞

M(xn,xm) = lim sup
m,n→∞

D(xn,xm). (.)

Now, by (.) we have

lim sup
m,n→∞

D(xn+,xm+) = lim sup
m,n→∞

D(Txn,Txm)

≤ lim sup
m,n→∞

L
(
M(xn,xm)

)
lim sup
m,n→∞

M(xn,xm)

+ lim sup
m,n→∞

J
(
N(xn,xm)

)
lim sup
m,n→∞

N(xn,xm),

and so from (.) and (.) we get

lim sup
m,n→∞

D(xn+,xm+)≤ lim sup
m,n→∞

L
(
M(xn,xm)

)
lim sup
m,n→∞

D(xn,xm). (.)

By (D) we have

D(xn,xm) ≤ KD(xn,xn+) +KD(xn+,xm+) +KD(xm+,xm).

Taking limitsup as n→ ∞ in the above inequality, we have


K lim sup

m,n→∞
D(xn,xm) ≤ lim sup

m,n→∞
D(xn+,xm+).

Then by (.) we deduce


K lim sup

m,n→∞
D(xn,xm) ≤ lim sup

m,n→∞
L

(
M(xn,xm)

)
lim sup
m,n→∞

D(xn,xm).

Now, since lim supm,n→∞ D(xn,xm) > , then


K ≤ lim sup

m,n→∞
L

(
M(xn,xm)

)
.

On the other hand, since lim supm,n→∞ L(M(xn,xm))≤ 
K , hence

lim sup
m,n→∞

L
(
M(xn,xm)

)
=


K .

This implies that

lim sup
m,n→∞

D(xn,xm) = lim sup
m,n→∞

M(xn,xm) = ,
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which is contradiction. Thus, lim supm,n→∞ D(xn,xm) = . Now, since limm,n→∞ D(xn,
xm) =  exists (and is finite), so {xn} is a Cauchy sequence. As (X,D,K) is a complete b-
metric-like space, the sequence {xn} in X converges to z ∈ X so that

lim
m,n→∞D(xn, z) =D(z, z) = lim

m,n→∞D(xn,xm) = .

From (ii) and (.), with x = xn and y = z, we obtain

D(xn+,Tz) =D(Txn,Tz) ≤L
(
M(xn, z)

)
M(xn, z) +J

(
N(xn, z)

)
N(xn, z). (.)

On the other hand,

lim
n→∞N(xn, z) = lim

n→∞min
{
Ds(xn,xn+),Ds(z,Tz),Ds(xn,Tz),Ds(z,xn+)

}
= 

and

lim
n→∞M(xn, z) = lim

n→∞max

{
D(xn, z),D(xn,xn+),D(z,Tz),

D(xn,Tz) +D(z,xn+)
K

}

≤D(z,Tz) (by applying Proposition .(B)).

Then limn→∞ M(xn, z) =D(z,Tz). Again, by using Proposition .(B) and (.), we have


KD(z,Tz) ≤ 

K
D(z,Tz) ≤ lim

n→∞D(xn+,Tz) ≤ lim
n→∞L

(
M(xn, z)

)
D(z,Tz).

Now, if D(z,Tz) > , then limn→∞ L(M(xn, z)) = 
K . This implies

D(z,Tz) = lim
n→∞M(xn, z) = ,

which is a contradiction. Hence, D(z,Tz) = . That is, z = Tz. �

Example . Let X = [,∞) and D : X ×X →R+ be defined by

D(x, y) =
(
max{x, y}).

Clearly, (X,D, ) is a complete b-metric-like space. Let T : X → X be defined by

Tx =

⎧⎪⎨
⎪⎩

x

√
+x

if x ∈ [, ),
√x


√

+
√
x

if x ∈ (,∞).

Also, define L : (,∞) → (,  ) by L(t) =


(+t) . Let x � y ⇔ x ≤ y. At first we assume that
x ≤ y. Let y ∈ [, ), then Ty ≤ y


√

+y
. Also, let y ∈ [,∞), then Ty ≤ y


√

+y
. That is, for

all y ∈ X, we have

Ty≤ y

√
 + y

,

http://www.journalofinequalitiesandapplications.com/content/2013/1/402


Alghamdi et al. Journal of Inequalities and Applications 2013, 2013:402 Page 15 of 25
http://www.journalofinequalitiesandapplications.com/content/2013/1/402

which implies

(Ty) ≤ y

( + y)
;

equivalently,

(
max{Tx,Ty}) ≤ (max{x, y})

( + (max{x, y})) ,

and so

D(Tx,Ty) ≤ D(x, y)
( +D(x, y))

≤ M(x, y)
( +M(x, y))

=L
(
M(x, y)

)
M(x, y).

Then the conditions of Theorem . hold and T has a fixed point.

Also we have the following corollaries.

Corollary . Let (X,p,�) be a partially ordered complete partial metric space, and let
T : X → X be a non-decreasing mapping such that

p(Tx,Ty) ≤L
(
M(x, y)

)
M(x, y) +J

(
N(x, y)

)
N(x, y)

for all x, y ∈ X with x� y, where L ∈ �
L, J : [,∞) → [,∞) is a bounded function and

M(x, y) =max

{
p(x, y),p(x,Tx),p(y,Ty),

p(x,Ty) + p(y,Tx)


}

and

N(x, y) =min
{
ps(x,Tx),ps(y,Ty),ps(x,Ty),ps(y,Tx)

}
.

Also suppose that the following assertions hold:
(i) there exists x ∈ X such that x � Tx;
(ii) for an increasing sequence {xn} ⊂ X converging to x ∈ X , we have xn � x for all n ∈N;

then T has a fixed point.

Corollary . Let (X,d,K ,�) be a partially ordered complete b-metric space, and let T :
X → X be a non-decreasing mapping such that

d(Tx,Ty) ≤L
(
M(x, y)

)
M(x, y) +J

(
N(x, y)

)
N(x, y) (.)

for all x, y ∈ X with x� y, where L ∈ �K
L , J : [,∞) → [,∞) is a bounded function and

M(x, y) =max

{
d(x, y),d(x,Tx),d(y,Ty),

d(x,Ty) + d(y,Tx)
K

}

and

N(x, y) = min
{
d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)

}
.
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Also suppose that the following assertions hold:
(i) there exists x ∈ X such that x � Tx;
(ii) for an increasing sequence {xn} ⊂ X converging to x ∈ X , we have xn � x for all n ∈N;

then T has a fixed point.

Remark . By utilizing the technique of Amini-Harandi [] and Samet et al. [], we
can obtain corresponding coupled fixed point results from our Theorem . and Corol-
laries . and . on the basis of the following simple lemma. For more detailed literature
on coupled fixed theory, we refer to [–].

Lemma . [] (A coupled fixed point is a fixed point) Let F : X × X → X be a given
mapping. Define the mapping T : X ×X → X ×X by

T(x, y) =
(
F(x, y),F(y,x)

)

for all (x, y) ∈ X × X. Then (x, y) is a coupled fixed point of F if and only if (x, y) is a fixed
point of T .

5 Fixed point results for cyclic Edelstein-Suzuki contraction
In , Edelstein [] proved an important version of the Banach contraction principle.
In , Suzuki [] improved the results of Banach and Edelstein (see also [, ]). In re-
cent years, cyclic contraction and cyclic contractive typemapping have appeared in several
works (see [–]). In this section we first prove the following result, which generalizes
corresponding results of Edelstein [], Suzuki [] and Kirk et al. [] to the setting of
b-metric-like spaces.

Theorem . Let (X,D,K) be a complete b-metric-like space, and let {Aj}mj= be a family of
nonempty closed subsets of X with Y =

⋃m
j=Aj. Let T : Y → Y be a map satisfying

T(Aj) ⊆ Aj+, j = , , . . . ,m, where Am+ = A. (.)

Assume that


K

D(x,Tx)≤D(x, y)

⇒ D(Tx,Ty) ≤ α(K + )
K

D(x, y) + β
[
D(x,Tx) +D(y,Ty)

]

+ γ

[D(x,Ty) +D(y,Tx)
K

]
+ δ

[D(x,x) +D(y, y)
K

]
(.)

for all x ∈ Ai and y ∈ Ai+, where α,β ,γ , δ ≥  and α + β + γ + δ < 
K+ . Then T has a fixed

point in
⋂m

j=Aj.

Proof Let x ∈ A and define a sequence {xn} in the following way:

xn = Txn–, n = , , , . . . . (.)
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We have x ∈ A, x = Tx ∈ A, x = Tx ∈ A, . . . . If xn+ = xn for some n ∈ N, then,
clearly, the fixed point of the map T is xn . Hence, we assume that xn = xn+ for all n ∈ N.
Clearly, 

KD(xn–,Txn–) ≤D(xn–,xn). Now, from (.) we have

D(Txn–,Txn)≤ α(K + )
K

D(xn–,xn) + β
(
D(xn–,Txn–) +D(xn,Txn)

)

+ γ

(D(xn–,Txn) +D(xn,Txn–)
K

)
+ δ

(D(xn–,xn–) +D(xn,xn)
K

)
,

which implies

D(xn,xn+) ≤ α(K + )
K

D(xn–,xn) + β
(
D(xn–,xn) +D(xn,xn+)

)

+ γ

(D(xn–,xn+) +D(xn,xn)
K

)
+ δ

(D(xn–,xn–) +D(xn,xn)
K

)
. (.)

From (D) we have

D(xn–,xn+) ≤ K
(
D(xn,xn–) +D(xn,xn+)

)

and

D(xn,xn) ≤ KD(xn,xn+) ≤ K
(
D(xn,xn–) +D(xn,xn+)

)
;

and so

D(xn–,xn+) +D(xn,xn)
K

≤D(xn,xn–) +D(xn,xn+). (.)

Also,

D(xn–,xn–)≤ KD(xn,xn–) ≤ K
(
D(xn,xn–) +D(xn,xn+)

)
.

Then

D(xn–,xn–) +D(xn,xn)
K

≤D(xn,xn–) +D(xn,xn+). (.)

Hence, by (.), (.) and (.) we get

D(xn,xn+) ≤ α(K + )
K

D(xn–,xn) + (β + γ + δ)
(
D(xn,xn–) +D(xn,xn+)

)
,

and then

D(xn,xn+) ≤ hD(xn,xn–),

where

h =
[ α(K+)

K + β + γ + δ]
 – (β + γ + δ)

.
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Now since (K + )(α + β + γ + δ) < , then

α
K + 
K

+ β + γ + δ +

K
(β + γ + δ) <


K
,

which implies

α
K + 
K

+ β + γ + δ+ <

K

[
 – (β + γ + δ)

]
.

Then by Lemma . we have limm,n→∞ D(xn,xm) = . Now, since limm,n→∞ D(xn,xm) = 
exists (and is finite), so {xn} is a Cauchy sequence. Since (X,D,K) is a complete b-metric-
like space, the sequence {xn} in X converges to z ∈ X so that

lim
m,n→∞D(xn, z) =D(z, z) = lim

m,n→∞D(xn,xm) = .

It is easy to see that z ∈ ⋂m
j=Aj. Since x ∈ A, so the subsequence {xm(n–)}∞n= ∈

A, the subsequence {xm(n–)+}∞n= ∈ A and, continuing in this way, the subsequence
{xmn–}∞n= ∈ Am. All the m subsequences are convergent in the closed sets Aj, and hence
they all converge to the same limit z ∈ ⋂m

j=Aj. Suppose that there exists n ∈ N such that
the following inequalities hold:


K

D(xn ,xn+) >D(xn , z) and

K

D(xn+,xn+) >D(xn+, z).

Then

D(xn ,xn+) ≤ K
(
D(xn , z) +D(Txn , z)

)

<


D(xn ,xn+) +



D(xn+,xn+)

<


D(xn ,xn+) +



D(xn ,xn+) =D(xn ,xn+),

which is a contradiction. Hence, for every n ∈N, we have


K

D(xn,xn+) ≤D(xn, z) or

K

D(xn+,xn+) ≤D(xn+, z),

and so by (.) we have

D(xn+,Tz) ≤ α(K + )
K

D(xn, z) + β
(
D(xn,xn+) +D(z,Tz)

)

+ γ

(D(xn,Tz) +D(z,xn+)
K

)
+ δ

(D(xn,xn) +D(z, z)
K

)
(.)

or

D(xn+,Tz) ≤ α(K + )
K

D(xn+, z) + β
(
D(xn+,xn+) +D(z,Tz)

)

+ γ

(D(xn+,Tz) +D(z,xn+)
K

)
+ δ

(D(xn+,xn+) +D(z, z)
K

)
. (.)
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Assume that (.) holds. Then, by taking limit as n → ∞ in (.), we get

lim
n→∞D(xn+,Tz) ≤ βD(z,Tz) +

γ

K
lim
n→∞D(xn,Tz),

and hence by Proposition .(B) we have


K
D(z,Tz) ≤ βD(z,Tz) +

γ


D(z,Tz).

Therefore,

(

K

– β –
γ



)
D(z,Tz) ≤ .

On the other hand, α,β ,γ , δ ≥  and α + β + γ + δ < 
K+ <


K . Then β + γ

 ≤ β + γ < 
K .

That is, 
K – β – γ

 > . Hence, D(z,Tz) = , i.e., z = Tz. If (.) holds, then by a similar
method, we can deduce that z = Tz. �

If in the above theorem we take Ai = X for allm, then we deduce the following corollary.

Corollary . Let (X,D,K) be a complete b-metric-like space, and let T be a self-mapping
on X. Assume that


K

D(x,Tx)≤D(x, y)

⇒ D(Tx,Ty) ≤ α(K + )
K

D(x, y) + β
(
D(x,Tx) +D(y,Ty)

)

+ γ

(D(x,Ty) +D(y,Tx)
K

)
+ δ

(D(x,x) +D(y, y)
K

)

for all x, y ∈ X, where α,β ,γ , δ ≥  and α + β + γ + δ < 
K+ . Then T has a fixed point.

If in Theorem . we take α(K+)
K = β = γ

K = δ
K = R, then we deduce the following corol-

lary.

Corollary . Let (X,D,K) be a complete b-metric-like space, and let {Aj}mj= be a family
of nonempty closed subsets of X with Y =

⋃m
j=Aj. Let T : Y → Y be a map satisfying

T(Aj) ⊆ Aj+, j = , , . . . ,m, where Am+ = A.

Assume that


K

D(x,Tx)≤D(x, y)

⇒ D(Tx,Ty) ≤ R
[
D(x, y) +D(x,Tx) +D(y,Ty) +D(x,Ty)

+D(y,Tx) +D(x,x) +D(y, y)
]

for all x ∈ Ai and y ∈ Ai+, where ≤ R < 
(K+)(K+)+K . Then T has a fixed point in

⋂m
j=Aj.
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If in Corollary . we take α(K+)
K = β = γ

K = δ
K = R, then we deduce the following corol-

lary.

Corollary . Let (X,D,K) be a complete b-metric-like space, and let T be a self-mapping
on X. Assume that


K

D(x,Tx)≤D(x, y)

⇒ D(Tx,Ty) ≤ R
[
D(x, y) +D(x,Tx) +D(y,Ty) +D(x,Ty)

+D(y,Tx) +D(x,x) +D(y, y)
]

for all x, y ∈ X, where  ≤ R < 
(K+)(K+)+K . Then T has a fixed point.

Corollary . Let (X,σ ) be a complete metric-like space, m ∈ N, let A,A, . . . ,Am be
nonempty closed subsets of X and Y =

⋃m
i=Ai. Suppose that T : Y → Y is an operator

such that
(i) Y =

⋃m
i=Ai is a cyclic representation of X with respect to T ;

(ii) Assume that there exists  ≤ R < 
 such that




∫ σ (x,Tx)


ρ(t)dt ≤

∫ σ (x,y)


ρ(t)dt �⇒

∫ σ (Tx,Ty)


ρ(t)dt ≤ R

∫ M(x,y)


ρ(t)dt,

where

M(x, y) = σ (x, y) + σ (x,Tx) + σ (y,Ty) + σ (x,Ty) + σ (y,Tx) + σ (x,x) + σ (y, y)

for any x ∈ Ai, y ∈ Ai+, i = , , . . . ,m, where Am+ = A, and ρ : [,∞)→ [,∞) is a
Lebesgue-integrable mapping satisfying

∫ ε

 ρ(t)dt >  for ε > . Then T has a fixed
point.

Corollary . Let (X,σ ) be a complete metric-like space, and let T : X → X be a mapping
such that for any x, y ∈ X there exists  ≤ R < 

 such that




∫ σ (x,Tx)


ρ(t)dt ≤

∫ σ (x,y)


ρ(t)dt �⇒

∫ σ (Tx,Ty)


ρ(t)dt ≤ R

∫ M(x,y)


ρ(t)dt,

where

M(x, y) = σ (x, y) + σ (x,Tx) + σ (y,Ty) + σ (x,Ty) + σ (y,Tx) + σ (x,x) + σ (y, y)

and ρ : [,∞) → [,∞) is a Lebesgue-integrable mapping satisfying
∫ ε

 ρ(t)dt for ε > .
Then T has fixed point.

6 Application to the existence of solutions of integral equations
Motivated by the work in [–], we study the existence of solutions for nonlinear inte-
gral equations using the results proved in the previous section.
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Consider the integral equation

u(t) =
∫ T


G(t, s)f

(
s,u(s)

)
ds for all t ∈ [,T], (.)

where T > , f : [,T]×R→R andG : [,T]× [,T]→ [,∞) are continuous functions.
Let X = C([,T]) be the set of real continuous functions on [,T]. We endow X with the

b-metric-like

D∞(u, v) = sup
t∈[,T]

(∣∣u(t)∣∣ + ∣∣v(t)∣∣) for all u, v ∈ X.

Clearly, (X,D∞, ) is a complete b-metric-like space.
Let (α,β) ∈ X, (α,β) ∈R

 be such that

α ≤ α(t)≤ β(t)≤ β for all t ∈ [,T]. (.)

Assume that for all t ∈ [,T], we have

α(t)≤
∫ T


G(t, s)f

(
s,β(s)

)
ds (.)

and

β(t)≥
∫ T


G(t, s)f

(
s,α(s)

)
ds. (.)

Let, for all s ∈ [,T], f (s, ·) be a decreasing function, that is,

x, y ∈R, x≥ y �⇒ f (s,x)≤ f (s, y). (.)

Assume that

sup
t∈[,T]

∫ T


G(t, s)ds≤ . (.)

Also, suppose that for all s ∈ [,T], for all x, y ∈R with (x≤ β and y ≥ α) or (x≥ α and
y≤ β),

∣∣f (s,x)∣∣ + ∣∣f (s, y)∣∣ ≤
(
α

(x + y) + β

(
(x + Tx) + (y + Ty)

)
+ γ

(
(x + Ty) + (y + Tx)



)

+ δ

(
(x) + (y)



)) 

, (.)

where α,β ,γ , δ ≥  and α + β + γ + δ < 
 .

Theorem. Under assumptions (.)-(.), integral equation (.) has a solution in {u ∈
C([,T]) : α ≤ u(t) ≤ β for all t ∈ [,T]}.
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Proof Define the closed subsets of X, A and A by

A = {u ∈ X : u≤ β}

and

A = {u ∈ X : u ≥ α}.

Also define the mapping T : X → X by

Tu(t) =
∫ T


G(t, s)f

(
s,u(s)

)
ds for all t ∈ [,T].

Let us prove that

T(A) ⊆ A and T(A) ⊆ A. (.)

Suppose that u ∈ A, that is,

u(s) ≤ β(s) for all s ∈ [,T].

Applying condition (.), since G(t, s) ≥  for all t, s ∈ [,T], we obtain that

G(t, s)f
(
s,u(s)

) ≥ G(t, s)f
(
s,β(s)

)
for all t, s ∈ [,T].

The above inequality with condition (.) imply that

∫ T


G(t, s)f

(
s,u(s)

)
ds≥

∫ T


G(t, s)f

(
s,β(s)

)
ds≥ α(t)

for all t ∈ [,T]. Then we have Tu ∈ A.
Similarly, let u ∈ A, that is,

u(s) ≥ α(s) for all s ∈ [,T].

Using condition (.), since G(t, s)≥  for all t, s ∈ [,T], we obtain that

G(t, s)f
(
s,u(s)

) ≤ G(t, s)f
(
s,α(s)

)
for all t, s ∈ [,T].

The above inequality with condition (.) imply that

∫ T


G(t, s)f

(
s,u(s)

)
ds≤

∫ T


G(t, s)f

(
s,α(s)

)
ds≤ β(t)

for all t ∈ [,T]. Then we have Tu ∈ A. Also, we deduce that (.) holds.
Now, let (u, v) ∈ A ×A, that is, for all t ∈ [,T],

u(t) ≤ β(t), v(t)≥ α(t).

http://www.journalofinequalitiesandapplications.com/content/2013/1/402


Alghamdi et al. Journal of Inequalities and Applications 2013, 2013:402 Page 23 of 25
http://www.journalofinequalitiesandapplications.com/content/2013/1/402

This implies from condition (.) that for all t ∈ [,T],

u(t) ≤ β, v(t) ≥ α.

Now, by conditions (.) and (.), we have, for all t ∈ [,T],

(|Tx| + |Ty|) =
(∣∣∣∣

∫ T


G(t, s)f

(
s,x(s)

)
ds

∣∣∣∣ +
∣∣∣∣
∫ T


G(t, s)f

(
s, y(s)

)
ds

∣∣∣∣
)

≤
(∫ T


G(t, s)

∣∣f (s,x(s))∣∣ds +
∫ T


G(t, s)

∣∣f (s, y(s))∣∣ds
)

=
(∫ T


G(t, s)

(∣∣f (s,x(s))∣∣ + ∣∣f (s, y(s))∣∣)ds
)

≤
(∫ T


G(t, s)

(
α

(x + y) + β

(
(x + Tx) + (y + Ty)

)

+ γ

(
(x + Ty) + (y + Tx)



)
+ δ

(
(x) + (y)



)) 

ds

)

≤
(∫ T


G(t, s)

(
α


(|x| + |y|) + β
((|x| + |Tx|) + (|y| + |Ty|))

+ γ

(
(|x| + |Ty|) + (|y| + |Tx|)



)
+ δ

(
(|x|) + (|y|)



)) 

ds

)

≤
(∫ T


G(t, s)

(
α

D∞(x, y) + β

(
D∞(x,Tx) +D∞(y,Ty)

)

+ γ

(D∞(x,Ty) +D∞(y,Tx)


)
+ δ

(D∞(x,x) +D∞(y, y)


)) 

ds

)

=
α

D∞(x, y) + β

(
D∞(x,Tx) +D∞(y,Ty)

)

+ γ

(D∞(x,Ty) +D∞(y,Tx)


)
+ δ

(D∞(x,x) +D∞(y, y)


)

×
(∫ T


G(t, s)ds

)

≤ α

D∞(x, y) + β

(
D∞(x,Tx) +D∞(y,Ty)

)

+ γ

(D∞(x,Ty) +D∞(y,Tx)


)
+ δ

(D∞(x,x) +D∞(y, y)


)
,

which implies

D∞(Tx,Ty) ≤ α

D∞(x, y) + β

(
D∞(x,Tx) +D∞(y,Ty)

)

+ γ

(D∞(x,Ty) +D∞(y,Tx)


)
+ δ

(D∞(x,x) +D∞(y, y)


)
.

By a similar method, we can show that the above inequality holds if (u, v) ∈ A ×A.
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Now, all the conditions of Theorem . hold and T has a fixed point z∗ in

A ∩A =
{
u ∈ C

(
[,T]

)
: α ≤ u(t) ≤ β for all t ∈ [,T]

}
.

That is, z∗ ∈ A ∩A is the solution to (.). �
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