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Abstract
In this paper, Hermite-Hadamard type inequalities involving Hadamard fractional
integrals for the functions satisfying monotonicity, convexity and s-e-condition are
studied. Three classes of left-type Hadamard fractional integral identities including
the first-order derivative are firstly established. Some interesting Hermite-Hadamard
type integral inequalities involving Hadamard fractional integrals are also presented
by using the established integral identities. Finally, some applications to special
means of real numbers are given.
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1 Preliminaries
Let f : [a,b] ⊂ R → R be a convex function, then it is integrable in the sense of Riemann
and

f
(
a + b


)
≤ 

b – a

∫ b

a
f (t)dt ≤ f (a) + f (b)


.

The above inequality is the so-called classical Hermite-Hadamard type inequality which
provides lower and upper estimations for the integral average of any convex function de-
fined on a compact interval, involving themidpoint and the endpoints of the domain. This
interesting inequalitywas firstly discovered byHermite in  in the journalMathesis (see
Mitrinović and Lacković []). However, this beautiful result was nowherementioned in the
mathematical literature and was not widely known as Hermite’s result (see Pec̆arić et al.
[]). For more recent results which generalize, improve and extend this classical Hermite-
Hadamard inequality, one can see [–] and references therein.
Meanwhile, fractional integrals and derivatives provide an excellent tool for the descrip-

tion of memory and hereditary properties of various materials and processes. They are
greatly applied in nonlinear oscillations of earthquakes, inmany physical phenomena such
as seepage flow in porous media and in a fluid-dynamic trafficmodel. For more recent de-
velopment on fractional calculus, one can see the monographs [–].
Because of the wide application of Hermite-Hadamard type inequalities and fractional

integrals, many researchers extend their studies to Hermite-Hadamard type inequalities
involving fractional integrals not limited to integer integrals. Recently, more and more
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Hermite-Hadamard inequalities involving fractional integrals have been obtained for dif-
ferent classes of functions; see [, ] for nondecreasing functions and convex functions,
[, ] form-convex functions and (s,m)-convex functions and the references therein.
It is remarkable that Wang et al. [] adopted some idea in [] to derive the following

Hermite-Hadamard type inequalities involving Hadamard fractional integrals.

Theorem. (see Theorem., []) Let f : [a,b]→R be a positive functionwith  < a < b
and f ∈ L[a,b]. If f is a nondecreasing and convex function on [a,b], then the following
inequality for fractional integrals holds:

f (
√
ab) ≤ �(α + )

(lnb – lna)α
[
HJαa+ f (b) + HJαb– f (a)

] ≤ f (b).

We remark that the symbols denoting the left-sided and right-sided Hadamard frac-
tional integrals of order α ∈R

+ of function f (x) are defined by

(
HJαa+ f

)
(x) =


�(α)

∫ x

a

(
ln

x
t

)α–

f (t)
dt
t

( < a < x≤ b),

and

(
HJαb– f

)
(x) =


�(α)

∫ b

x

(
ln

t
x

)α–

f (t)
dt
t

( < a ≤ x < b),

where �(·) is the gamma function.
Moreover, the following important right-type Hadamard fractional integral identities

including the first-order derivative of f are also established.

Lemma . (see Lemma ., []) Let f : [a,b] → R be a differentiable mapping on (a,b)
with  < a < b. If f ′ ∈ L[a,b], then the following equality for fractional integrals holds:

f (a) + f (b)


–
�(α + )

(lnb – lna)α
[
HJαa+ f (b) + HJαb– f (a)

]

=
lnb – lna



∫ 



[
( – t)α – tα

]
et lna+(–t) lnbf ′(et lna+(–t) lnb)dt.

In the sequence, some new Hermite-Hadamard type integral inequalities involving
Hadamard fractional integrals are presented in [].
However, other interesting left-type Hadamard fractional integral identities including

the first-order derivative of f have not been reported. Thus, the first purpose of this pa-
per is to find some possible presentation including the first-order derivative of f for the
following equalities:

�(α + )
(lnb – lna)α

[
HJαa+ f (b) + HJαb– f (a)

]
– f

(
a + b


)
=What?

�(α + )
(lnb – lna)α

[
HJαa+ f (b) + HJαb– f (a)

]
– f (

√
ab) =What?

�(α + )
[
HJαx– f (a) + HJαx+ f (b)

]
–

[
f (a)(lnx – lna)α + f (b)(lnb – lnx)α

]
=What?
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The second purpose of this paper is to establish some interesting Hermite-Hadamard type
inequalities involving Hadamard fractional integrals for the functions satisfying mono-
tonicity, convexity and s-e-condition by utilizing the left-type Hadamard fractional inte-
gral identities. In [], Wang et al. introduced the concept of s-e-condition to overcome
some essential difficulties from the singular kernels in Hadamard fractional integrals.

Definition . A function f : I ⊂ (,∞)→R is said to satisfy s-e-condition if

f
(
eλx+(–λ)y) ≤ λsf

(
ex

)
+ ( – λ)sf

(
ey

)

for all x, y ∈ I , λ ∈ [, ] and for some fixed s ∈ (, ].

Remark . If f : I ⊂ (,∞)→R is a nondecreasing and convex function, then f satisfies

f
(
eλx+(–λ)y) ≤ f

(
λex + ( – λ)ey

) ≤ λf
(
ex

)
+ ( – λ)f

(
ey

)

for all x, y ∈ I , λ ∈ [, ], which implies the s-e-condition above.

In the following, we recall the following two basic inequalities [].

Lemma . For  < σ ≤  and  ≤ a < b, we have

∣∣aσ – bσ
∣∣ ≤ (b – a)σ .

Lemma . For all λ,υ,ω > , then for any t > , we have

∫ t


(t – s)υ–sλ–e–ωs ds≤ max

{
, –υ

}
�(λ)

(
 +

λ

υ

)
ω–λtυ–.

2 Left-type Hadamard fractional integral identities
In this section, we establish some important left-type Hadamard fractional integral iden-
tities including the first-order derivative of a given function.

Lemma . Let f : [a,b] → R be a differentiable mapping on (a,b) with  < a < b. If f ′ ∈
L[a,b], then the following equality for fractional integrals holds:

�(α + )
(lnb – lna)α

[
HJαa+ f (b) + HJαb– f (a)

]
– f

(
a + b


)

=
b – a


∫ 


kf ′(ta + ( – t)b

)
dt

–
lnb – lna



∫ 



[
( – t)α – tα

]
et lna+(–t) lnbf ′(et lna+(–t) lnb)dt, ()

where

k =

⎧⎨
⎩
, ≤ t < 

 ,

–, 
 ≤ t < .

http://www.journalofinequalitiesandapplications.com/content/2013/1/325


Wang et al. Journal of Inequalities and Applications 2013, 2013:325 Page 4 of 15
http://www.journalofinequalitiesandapplications.com/content/2013/1/325

Proof Denote

I =
b – a


∫ 



f ′(ta + ( – t)b

)
dt –

b – a


∫ 




f ′(ta + ( – t)b
)
dt

–
lnb – lna



∫ 



[
( – t)α – tα

]
et lna+(–t) lnbf ′(et lna+(–t) lnb)dt

:= I + I + I + I, ()

where

I =
b – a


∫ 



f ′(ta + ( – t)b

)
dt,

I = –
b – a


∫ 




f ′(ta + ( – t)b
)
dt,

I = –
lnb – lna



∫ 


( – t)αelnb–t(lnb–lna)f ′(elnb–t(lnb–lna))dt,

I =
lnb – lna



∫ 


tαelnb–t(lnb–lna)f ′(elnb–t(lnb–lna))dt.

Integrating by parts, we have

I =
b – a


∫ 



f ′(ta + ( – t)b

)
dt

= –
f (ta + ( – t)b)



∣∣∣∣




=



[
f (b) – f

(
a + b


)]
, ()

and

I = –
b – a


∫ 




f ′(ta + ( – t)b
)
dt

=
f (ta + ( – t)b)



∣∣∣∣





=



[
f (a) – f

(
a + b


)]
, ()

and

I = –
lnb – lna



∫ 


( – t)αelnb–t(lnb–lna)f ′(elnb–t(lnb–lna))dt

= ( – t)α
f (elnb–t(lnb–lna))



∣∣∣∣



+

α



∫ 


( – t)α–f

(
elnb–t(lnb–lna)

)
dt

= –
f (b)


+
α

(lna – lnb)

∫ a

b

(
lnu – lna
lnb – lna

)α–

f (u)
du
u

= –
f (b)


+
α

(lnb – lna)α

∫ b

a
(lnu – lna)α–f (u)

du
u

= –
f (b)


+
�(α + )

(lnb – lna)α HJαb– f (a), ()
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and

I =
lnb – lna



∫ 


tαelnb–t(lnb–lna)f ′(elnb–t(lnb–lna))dt

= –tα
f (elnb–t(lnb–lna))



∣∣∣∣



+

α



∫ 


tα–f

(
elnb–t(lnb–lna)

)
dt

= –
f (a)


+
α

(lna – lnb)

∫ a

b

(
lnb – lnu
lnb – lna

)α–

f (u)
du
u

= –
f (a)


+
α

(lnb – lna)α

∫ b

a
(lnb – lnu)α–f (u)

du
u

= –
f (a)


+
�(α + )

(lnb – lna)α HJαa+ f (b). ()

Submitting (), (), () and () into (), it follows that

I =
�(α + )

(lnb – lna)α
[
HJαa+ f (b) + HJαb– f (a)

]
– f

(
a + b


)
. ()

This completes the proof. �

Lemma . Let f : [a,b] → R be a differentiable mapping on (a,b) with  < a < b. If f ′ ∈
L[a,b], then the following equality for fractional integrals holds:

�(α + )
(lnb – lna)α

[
HJαa+ f (b) + HJαb– f (a)

]
– f (

√
ab)

=
lnb – lna



[∫ 


ket lna+(–t) lnbf ′(et lna+(–t) lnb)dt

–
∫ 



[
( – t)α – tα

]
et lna+(–t) lnbf ′(et lna+(–t) lnb)dt

]
, ()

where

k =

⎧⎨
⎩
, ≤ t < 

 ,

–, 
 ≤ t < .

Proof It is not difficult to verify that

I =
∫ 




elnb–t(lnb–lna)f ′(elnb–t(lnb–lna))dt –

∫ 




elnb–t(lnb–lna)f ′(elnb–t(lnb–lna))dt

–
∫ 



[
( – t)α – tα

]
et lna+(–t) lnbf ′(et lna+(–t) lnb)dt

=
f (b) – f (

√
ab)

lnb – lna
+
f (a) – f (

√
ab)

lnb – lna
–

f (b)
lnb – lna

+
�(α + )

(lnb – lna)α+ H
Jαb– f (a)

–
f (a)

lnb – lna
+

�(α + )
(lnb – lna)α+ H

Jαa+ f (b)

=
�(α + )

(lnb – lna)α+
[
HJαa+ f (b) + HJαb– f (a)

]
–

f (
√
ab)

lnb – lna
. ()
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Thus, by multiplying both sides by lnb–lna
 in (), we have conclusion () immediately.

�

Lemma . Let f : [a,b] → R be a differentiable mapping on (a,b) with  < a < b. If f ′ ∈
L[a,b], then the following equality for fractional integrals holds:

�(α + )
[
HJαx– f (a) + HJαx+ f (b)

]
–

[
f (a)(lnx – lna)α + f (b)(lnb – lnx)α

]

= (lnb – lnx)α+
∫ 



(
tα – 

)
et lnx+(–t) lnbf ′(et lnx+(–t) lnb)dt

– (lnx – lna)α+
∫ 



(
tα – 

)
et lnx+(–t) lnaf ′(et lnx+(–t) lna)dt. ()

Proof Integrating by parts, we have

∫ 



(
tα – 

)
et lnx+(–t) lnbf ′(et lnx+(–t) lnb)dt

=
(
tα – 

) f (et lnx+(–t) lnb)
lnx – lnb

∣∣∣∣



–

α

lnx – lnb

∫ 


tα–f

(
et lnx+(–t) lnb

)
dt

=
f (b)

lnx – lnb
–

α

(lnb – lnx)α+

∫ x

b
(lnb – lnu)α–f (u)

du
u

= –
f (b)

lnb – lnx
+

�(α + )
(lnb – lnx)α+ H

Jαx+ f (b), ()

and
∫ 



(
tα – 

)
et lnx+(–t) lnaf ′(et lnx+(–t) lna)dt

=
(
tα – 

) f (et lnx+(–t) lna)
lnx – lna

∣∣∣∣



–

α

lnx – lna

∫ 


tα–f

(
et lnx+(–t) lna

)
dt

=
f (a)

lnx – lna
–

α

(lnx – lna)α+

∫ x

a
(lnu – lna)α–f (u)

du
u

=
f (a)

lnx – lna
–

�(α + )
(lnx – lna)α+ H

Jαx– f (a). ()

Multiplying both sides of () and () by (lnb – lnx)α+ and –(lnx – lna)α+, respectively,
we have

(lnb – lnx)α+
∫ 



(
tα – 

)
et lnx+(–t) lnbf ′(et lnx+(–t) lnb)dt

= –f (b)(lnb – lnx)α + �(α + )HJαx+ f (b), ()

and

–(lnx – lna)α+
∫ 



(
tα – 

)
et lnx+(–t) lnaf ′(et lnx+(–t) lna)dt

= –f (a)(lnx – lna)α + �(α + )HJαx– f (a). ()

From equalities () and (), we obtain inequality (). �
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3 Hermite-Hadamard type inequalities involving Hadamard fractional
integrals

In this section, we use the important Hadamard fractional integral identities including the
first-order derivative of f in Section  to establish many interesting Hermite-Hadamard
type inequalities involving Hadamard fractional integrals of the order α ∈R

+ for the func-
tions satisfying monotonicity, convexity and s-e-condition.

3.1 Using monotonicity
Theorem . Let f : [a,b] → R be a differentiable mapping on (a,b) with  < a < b. If α ∈
(, ], f ′ ∈ L[a,b] and is nondecreasing, then the following inequality for fractional integrals
holds:

∣∣∣∣ �(α + )
(lnb – lna)α

[
HJαa+ f (b) + HJαb– f (a)

]
– f

(
a + b


)∣∣∣∣
≤ 



[
b – a +

b(α + )
α + 

+
√
ab(lnb – lna)
(α + )

]∣∣f ′(b)
∣∣. ()

Proof Using Lemma . and the nondecreasing property of f ′, we find
∣∣∣∣ �(α + )
(lnb – lna)α

[
HJαa+ f (b) + HJαb– f (a)

]
– f

(
a + b


)∣∣∣∣
≤ b – a



∫ 



∣∣f ′(b – t(b – a)
)∣∣dt

+
lnb – lna



∫ 



∣∣( – t)α – tα
∣∣elnb–t(lnb–lna)∣∣f ′(elnb–t(lnb–lna))∣∣dt

≤ b – a


∣∣f ′(b)
∣∣ + lnb – lna



∫ 




[
( – t)α – tα

]
elnb–t(lnb–lna)

∣∣f ′(b)
∣∣dt

+
lnb – lna



∫ 




[
tα – ( – t)α

]
elnb–t(lnb–lna)

∣∣f ′(b)
∣∣dt

=
b – a


∣∣f ′(b)
∣∣ + b(lnb – lna)


∣∣f ′(b)

∣∣(K +K), ()

where

K =
∫ 





[
( – t)α – tα

]
e–t(lnb–lna) dt,

K =
∫ 




[
tα – ( – t)α

]
e–t(lnb–lna) dt.

Calculating K and K, we have

K =
∫ 





[
( – t)α – tα

]
e–t(lnb–lna) dt

≤
∫ 




( – t)αe–t(lnb–lna) dt

=



∫ 


( – s)(α+)–e–


 (lnb–lna)s ds

http://www.journalofinequalitiesandapplications.com/content/2013/1/325
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≤ 

max

{
, –α

}(
 +


α + 

)(
lnb – lna



)–

≤ α + 
(α + )(lnb – lna)

, ()

and

K =
∫ 




[
tα – ( – t)α

]
e–t(lnb–lna) dt

≤
∫ 




(t – )αe–t(lnb–lna) dt

=



∫ 


(s – )αe–

lnb–lna
 s dt

=


e–(lnb–lna)

∫ 


( – τ )αe

lnb–lna
 τ dτ

≤ 

e–

lnb–lna


∫ 


( – τ )α dτ

=

√
a
b

(α + )
, ()

where Lemmas . and . are used.
Thus, if we use () and () in (), we obtain the inequality of (). This completes the

proof. �

Theorem . Let f : [a,b]→R be a differentiable mapping on (a,b) with  < a < b. If α ∈
(, ], f ′ ∈ L[a,b] and is nondecreasing, then the following inequality for fractional integrals
holds:

∣∣∣∣ �(α + )
(lnb – lna)α

[
HJαa+ f (b) + HJαb– f (a)

]
– f

(
a + b


)∣∣∣∣
≤

[
b – a


+
b(lnb – lna)

α + 

(
 –


α

)]∣∣f ′(b)
∣∣.

Proof Using Lemma . and the nondecreasing property of f ′, one can obtain

∣∣∣∣ �(α + )
(lnb – lna)α

[
HJαa+ f (b) + HJαb– f (a)

]
– f

(
a + b


)∣∣∣∣

≤ b – a


∣∣f ′(b)
∣∣ + b(lnb – lna)


∣∣f ′(b)

∣∣[∫ 




[
( – t)α – tα

]
dt +

∫ 




[
tα – ( – t)α

]
dt

]

=
[
b – a


+
b(lnb – lna)

α + 

(
 –


α

)]∣∣f ′(b)
∣∣.

The proof is completed. �

Theorem . Let f : [a,b]→R be a differentiable mapping on (a,b) with  < a < b. If α ∈
(, ], f ′ ∈ L[a,b] and is nondecreasing, then the following inequality for fractional integrals

http://www.journalofinequalitiesandapplications.com/content/2013/1/325
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holds:
∣∣∣∣ �(α + )
(lnb – lna)α

[
HJαa+ f (b) + HJαb– f (a)

]
– f (

√
ab)

∣∣∣∣

≤ b(lnb – lna)


[
 +

α + 
(α + )(lnb – lna)

+

√
a
b

(α + )

]∣∣f ′(b)
∣∣.

Proof Using Lemma . and the nondecreasing property of f ′, we find

∣∣∣∣ �(α + )
(lnb – lna)α

[
HJαa+ f (b) + HJαb– f (a)

]
– f (

√
ab)

∣∣∣∣
≤ lnb – lna



[∫ 


b
∣∣f ′(b)

∣∣dt +
∫ 



∣∣( – t)α – tα
∣∣et lna+(–t) lnbf ′(et lna+(–t) lnb)dt

]

≤ b(lnb – lna)


[
 +

α + 
(α + )(lnb – lna)

+

√
a
b

(α + )

]∣∣f ′(b)
∣∣.

This completes the proof. �

Theorem . Let f : [a,b]→ R be a differentiable mapping on (a,b) with  < a < b. If α ∈
(, ], f ′ ∈ L[a,b] and is nondecreasing, then the following inequality for fractional integrals
holds:

∣∣∣∣ �(α + )
(lnb – lna)α

[
HJαa+ f (b) + HJαb– f (a)

]
– f (

√
ab)

∣∣∣∣
≤ b(lnb – lna)



[
 +


α + 

(
 –


α

)]∣∣f ′(b)
∣∣.

Proof Using Lemma . and the nondecreasing property of f ′, we find

∣∣∣∣ �(α + )
(lnb – lna)α

[
HJαa+ f (b) + HJαb– f (a)

]
– f (

√
ab)

∣∣∣∣
≤ lnb – lna



[∫ 


b
∣∣f ′(b)

∣∣dt +
∫ 



∣∣( – t)α – tα
∣∣b∣∣f ′(b)

∣∣dt
]

≤ b(lnb – lna)


[
 +


α + 

(
 –


α

)]∣∣f ′(b)
∣∣.

This completes the proof. �

3.2 Using s-e-condition
Theorem . Let f : [a,b]⊂ (,∞)→R be a differentiable mapping on (a,b) with  < a <
b such that f ′ ∈ L(a,b). If |f ′| satisfies s-e-condition on [a,b] for some fixed s ∈ (, ] and
|f ′(x)| ≤ M, x ∈ [a,b], then the following inequality for fractional integrals with α >  holds:

∣∣�(α + )
[
HJαx– f (a) + HJαx+ f (b)

]
–

[
f (a)(lnx – lna)α + f (b)(lnb – lnx)α

]∣∣
≤ Mb

[
 +

α
s + 

–
�(α + )�(s + )

�(α + s + )

]
(lnx – lna)α+ + (lnb – lnx)α+

α + s + 
.
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Proof From Lemma . and since |f ′| satisfies s-e-condition on [a,b], we have

∣∣�(α + )
[
HJαx– f (a) + HJαx+ f (b)

]
–

[
f (a)(lnx – lna)α + f (b)(lnb – lnx)α

]∣∣
≤ (lnb – lnx)α+

∫ 



(
 – tα

)
et lnx+(–t) lnb

∣∣f ′(et lnx+(–t) lnb)∣∣dt

+ (lnx – lna)α+
∫ 



(
 – tα

)
et lnx+(–t) lna

∣∣f ′(et lnx+(–t) lna)∣∣dt

≤ (lnb – lnx)α+
∫ 



(
 – tα

)
xtb–t

(
ts
∣∣f ′(x)

∣∣ + ( – t)s
∣∣f ′(b)

∣∣)dt

+ (lnx – lna)α+
∫ 



(
 – tα

)
xta–t

(
ts
∣∣f ′(x)

∣∣ + ( – t)s
∣∣f ′(a)

∣∣)dt

≤ (lnb – lnx)α+Mb
∫ 



[
ts
(
 – tα

)
+

(
 – tα

)
( – t)s

]
dt

+ (lnx – lna)α+Mb
∫ 



[
ts
(
 – tα

)
+

(
 – tα

)
( – t)s

]
dt

=Mb
[
(lnx – lna)α+ + (lnb – lnx)α+

] ∫ 



[
ts
(
 – tα

)
+ ( – t)s – tα( – t)s

]
dt

=Mb
[


s + 

–


s + α + 
–

�(α + )�(s + )
�(α + s + )

][
(lnx – lna)α+ + (lnb – lnx)α+

]

=Mb
[
 +

α
s + 

–
�(α + )�(s + )

�(α + s + )

]
(lnx – lna)α+ + (lnb – lnx)α+

α + s + 
,

where we use the fact that xta–t ≤ x ≤ b and xtb–t ≤ b via

∫ 


ts
(
 – tα

)
dt =


s + 

–


s + α + 
,

and
∫ 



[
( – t)s – tα( – t)s

]
dt =


s + 

–B(α + , s + ) =


s + 
–

�(α + )�(s + )
�(α + s + )

.

So, using the reduction formula �(n+) = n�(n) (n > ) for the Euler gamma function, the
proof is completed. �

Theorem . Let f : [a,b]⊂ (,∞)→R be a differentiable mapping on (a,b) with  < a <
b such that f ′ ∈ L(a,b). If |f ′|q satisfies s-e-condition on [a,b] for some fixed s ∈ (, ] and
|f ′(x)| ≤ M, x ∈ [a,b], then the following inequality for fractional integrals with α >  holds:

∣∣�(α + )
[
HJαx– f (a) + HJαx+ f (b)

]
–

[
f (a)(lnx – lna)α + f (b)(lnb – lnx)α

]∣∣

≤ Mb
(
 –


α + 

) 
p
[
 +

α
s + 

–
�(α + )�(s + )

�(α + s + )

] 
q

× (lnx – lna)α+ + (lnb – lnx)α+

(α + s + )

q

,

where 
p +


q = .
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Proof Using Lemma . and the well-known Hölder inequality, and since |f ′|q satisfies
s-e-condition on [a,b], we have

∣∣�(α + )
[
HJαx– f (a) + HJαx+ f (b)

]
–

[
f (a)(lnx – lna)α + f (b)(lnb – lnx)α

]∣∣
≤ (lnb – lnx)α+

∫ 



(
 – tα

)
et lnx+(–t) lnb

∣∣f ′(et lnx+(–t) lnb)∣∣dt

+ (lnx – lna)α+
∫ 



(
 – tα

)
et lnx+(–t) lna

∣∣f ′(et lnx+(–t) lna)∣∣dt

≤ (lnb – lnx)α+b
∫ 



(
 – tα

)∣∣f ′(et lnx+(–t) lnb)∣∣dt

+ (lnx – lna)α+b
∫ 



(
 – tα

)∣∣f ′(et lnx+(–t) lna)∣∣dt

≤ (lnb – lnx)α+b
(∫ 



(
 – tα

)
dt

) 
p
(∫ 



(
 – tα

)∣∣f ′(et lnx+(–t) lnb)∣∣q dt
) 

q

+ (lnx – lna)α+b
(∫ 



(
 – tα

)
dt

) 
p
(∫ 



(
 – tα

)∣∣f ′(et lnx+(–t) lna)∣∣q dt
) 

q

≤ (lnb – lnx)α+b
(
 –


α + 

) 
p
(∫ 



(
 – tα

)[
ts
∣∣f ′(x)

∣∣q + ( – t)s
∣∣f ′(b)

∣∣q]dt
) 

q

+ (lnx – lna)α+b
(
 –


α + 

) 
p
(∫ 



(
 – tα

)[
ts
∣∣f ′(x)

∣∣q + ( – t)s
∣∣f ′(a)

∣∣q]dt
) 

q

≤ (lnb – lnx)α+Mb
(
 –


α + 

) 
p
(∫ 



(
 – tα

)[
ts + ( – t)s

]
dt

) 
q

+ (lnx – lna)α+Mb
(
 –


α + 

) 
p
(∫ 



(
 – tα

)[
ts + ( – t)s

]
dt

) 
q

=Mb
(
 –


α + 

) 
p
[
 +

α
s + 

–
�(α + )�(s + )

�(α + s + )

] 
q

× (lnx – lna)α+ + (lnb – lnx)α+

(α + s + )

q

.

This completes the proof. �

3.3 Using monotonicity and convexity
Noting Remark . and repeating the same procedures in Theorem . and Theorem .,
we can derive the following results immediately.

Theorem . Let f : [a,b] ⊂ (,∞) → R be a differentiable mapping on (a,b) with  <
a < b such that f ′ ∈ L(a,b). If |f ′| is convex and nondecreasing on [a,b] and |f ′(x)| ≤ M,
x ∈ [a,b], then the following inequality for fractional integrals with α >  holds:

∣∣�(α + )
[
HJαx– f (a) + HJαx+ f (b)

]
–

[
f (a)(lnx – lna)α + f (b)(lnb – lnx)α

]∣∣
≤ αMb

(lnx – lna)α+ + (lnb – lnx)α+

α + 
.

http://www.journalofinequalitiesandapplications.com/content/2013/1/325


Wang et al. Journal of Inequalities and Applications 2013, 2013:325 Page 12 of 15
http://www.journalofinequalitiesandapplications.com/content/2013/1/325

Theorem . Let f : [a,b] ⊂ (,∞) → R be a differentiable mapping on (a,b) with  <
a < b such that f ′ ∈ L(a,b). If |f ′|q is convex and nondecreasing on [a,b] and |f ′(x)| ≤ M,
x ∈ [a,b], then the following inequality for fractional integrals with α >  holds:

∣∣�(α + )
[
HJαx– f (a) + HJαx+ f (b)

]
–

[
f (a)(lnx – lna)α + f (b)(lnb – lnx)α

]∣∣

≤ α

qMb

(
 –


α + 

) 
p (lnx – lna)α+ + (lnb – lnx)α+

(α + )

q

,

where 
p +


q = .

4 Applications to special means
Consider the following special means (see Pearce and Pec̆arić []) for arbitrary real num-
bers α, β , α 	= β as follows:

(i) H(α,β) = 

α + 

β

, α,β ∈ R \ {},
(ii) A(α,β) = α+β

 , α,β ∈ R,
(iii) L(α,β) = β–α

ln |β|–ln |α| , |α| 	= |β|, αβ 	= ,

(iv) Ln(α,β) = [ βn+–αn+

(n+)(β–α) ]

n , n ∈ Z \ {–, }, α,β ∈R, α 	= β .

Now, using the results obtained in Section , we give some applications to special means
of real numbers.

Proposition . Let a,b ∈R
+ \ {}, a < b. Then

∣∣L(a,b) –A(a,b)
∣∣ ≤ 



[
b


– a +
√
ab(lnb – lna)



]
, ()

∣∣L(a,b) –A(a,b)
∣∣ ≤ 



[
b – a +

b(lnb – lna)


]
, ()

∣∣L(a,b) – [
A(a,b)H(a,b)

] 

∣∣ ≤ b(lnb – lna)



(
 +


lnb – lna

+
√
a
b

)
, ()

and

∣∣L(a,b) – [
A(a,b)H(a,b)

] 

∣∣ ≤ b(lnb – lna)


. ()

Proof Applying Theorems ., ., . and . for f (x) = x and α = , one can obtain the
results immediately. �

Proposition . Let a,b ∈R
+ \ {}, a < b. Then

∣∣L(
an,bn

)
–An(a,b)

∣∣ ≤ nbn–



[
b


– a +
√
ab(lnb – lna)



]
, ()

∣∣L(
an,bn

)
–An(a,b)

∣∣ ≤ nbn–



[
b – a +

b(lnb – lna)


]
, ()

∣∣L(
an,bn

)
–

[
A(a,b)H(a,b)

] n

∣∣ ≤ nbn(lnb – lna)



(
 +


lnb – lna

+
√
a
b

)
, ()
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and

∣∣L(
an,bn

)
–

[
A(a,b)H(a,b)

] n

∣∣ ≤ nbn(lnb – lna)


. ()

Proof Applying Theorems ., ., . and . for f (x) = xn and α = , one can obtain the
results immediately. �

Proposition . Let a,b ∈R
+ \ {}, a < b and n ∈ Z, |n| ≥ . Then

∣∣L(a,b)Lnn(a,b) –An+(a,b)
∣∣ ≤ (n + )bn



[
b


– a +
√
ab(lnb – lna)



]
, ()

∣∣L(a,b)Lnn(a,b) –An+(a,b)
∣∣ ≤ (n + )bn



[
b – a +

b(lnb – lna)


]
, ()

∣∣L(a,b)Lnn(a,b) – [
A(a,b)H(a,b)

] n+


∣∣
≤ (n + )bn+(lnb – lna)



(
 +


lnb – lna

+
√
a
b

)
, ()

and

∣∣L(a,b)Lnn(a,b) – [
A(a,b)H(a,b)

] n+


∣∣ ≤ (n + )bn+(lnb – lna)


. ()

Proof Applying Theorems ., ., . and . for f (x) = xn+ and α = , x ∈R, z ∈ Z, |n| ≥
, one can obtain the result immediately. �

Proposition . Let a,b ∈R
+ \ {} (a < b), a– > b–. Then we have, for n ∈ Z, |n| ≥ 

(c)

∣∣L(
b–,a–

)
–H–(b,a)

∣∣ ≤ 


(

a

–

b
+
lnb – lna

√
ab

)
,

(c)

∣∣L(
b–,a–

)
–H–(b,a)

∣∣ ≤ 
a

(
b – a
b

+
lnb – lna



)
,

(c)

∣∣L(
b–,a–

)
–

[
A(a,b)H(a,b)

]– 

∣∣ ≤ lnb – lna

a

(
 +


lnb – lna

+
√
a
b

)
,

(c)

∣∣L(
b–,a–

)
–

[
A(a,b)H(a,b)

]– 

∣∣ ≤ (lnb – lna)

a
,

(c)

∣∣L(
b–n,a–n

)
–H–n(b,a)

∣∣ ≤ n
an–

(

a

–

b
+
lnb – lna

√
ab

)
,
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(c)

∣∣L(
b–n,a–n

)
–H–n(b,a)

∣∣ ≤ n
an

(
b – a
b

+
lnb – lna



)
,

(c)

∣∣L(
b–n,a–n

)
–

[
A(a,b)H(a,b)

]– n

∣∣ ≤ n(lnb – lna)

an

(
 +


lnb – lna

+
√
a
b

)
,

(c)

∣∣L(
b–n,a–n

)
–

[
A(a,b)H(a,b)

]– n

∣∣ ≤ n(lnb – lna)

an
,

(c)

∣∣L(
b–,a–

)
Lnn

(
b–,a–

)
–H–n–(b,a)

∣∣ ≤ n + 
an

(

a

–

b
+
lnb – lna

√
ab

)
,

(c)

∣∣L(
b–,a–

)
Lnn

(
b–,a–

)
–H–n–(b,a)

∣∣ ≤ n + 
an+

(
b – a
b

+
lnb – lna



)
,

(c)

∣∣L(
b–,a–

)
Lnn

(
b–,a–

)
–

[
A(a,b)H(a,b)

]– n+


∣∣
≤ (n + )(lnb – lna)

an+

(
 +


lnb – lna

+
√
a
b

)
,

(c)

∣∣L(
b–,a–

)
Lnn

(
b–,a–

)
–

[
A(a,b)H(a,b)

]– n+


∣∣ ≤ (n + )(lnb – lna)
an+

.

Proof Making the substitutions a → b–, b → a– in ()-(), one can obtain desired
inequalities respectively, where A–(a–,b–) =H(a,b) = 


a+


b
, b– < a–. �
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