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1 Introduction

Recently, many authors have shown the existence of coupled fixed points and common
fixed points for some contractions in cone metric spaces, partially ordered metric spaces,
fuzzy metric spaces, fuzzy normed spaces, intuitionistic fuzzy normed spaces and others
(1-11]).

Especially in [11], Sintunavarat et al. proved some coupled fixed point theorems for
contractive mappings in partially complete intuitionistic fuzzy normed spaces, which ex-
tended and improved coupled coincidence point theorems in Gordji et al. [5]. But the
authors found some mistakes in the proof lines of the main result (Theorem 2.5) of [5]
and the same mistakes in [11].

In Section 2 of this paper, we restate some definitions and the main results in [11]. In
Section 3, we give some comments about the incorrect prooflines of the main results given
in [5] and [11] and explain why the lines of the proofs are wrong. Finally, in Section 4, we
extend and improve some coupled fixed point theorems.

2 Preliminaries

A t-norm (resp., a t-conormy) is a mapping * : [0,1]2 — [0,1] (resp., ¢ : [0,1]> — [0,1]) that
is associative, commutative and non-decreasing in both arguments and has 1 (resp., 0) as
identity.

Definition 2.1 [9] A fuzzy normed space (in brief, ENS) is a triple (X, u, x), where X is a
vector space, * is a continuous ¢-norm and p : X x (0,00) — [0,1] is a fuzzy set such that,
forallx,y € X and £,5 > 0,

(F1) p(x,t) > 0;

(F2) p(x,t) =1forall t >0 if and only if x = 0;

(F3) wmlax, t) = uix, ﬁ) for all o #0;
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(F4) p(x,0) % u(y,s) < pux+y,£+5);
(F5) w(x,-):(0,00) — [0,1] is continuous;
(F6) limy_, o u(x,t) =1 and lim;_, o u(x, ) = 0.

Using the continuous £-norms and ¢-conorms, Saadati and Park [12] introduced the con-

cept of an intuitionistic fuzzy normed space.

Definition 2.2 An intuitionistic fuzzy normed space (in brief, IFNS) is a 5-tuple (X, i, v,
*,0) where X is a vector space, * is a continuous ¢-norm, ¢ is a continuous ¢-conorm and
v :X x (0,00) = [0,1] are fuzzy sets such that, for all x,y € X and ¢,5 > 0,

(TF1) (e, ) +vix, t) <1;

(TF2) wu(x,t) >0 and v(x, 1) < 1;

(IF3) w(x,t)=1forall >0 ifand only if x = 0 if and only if v(x,£) = 0 for all £ > 0;

(IF4) p(oax,t) = u(x, ﬁ) and v(ax, t) = v(x, I«i_\) for all @ # 0;

(IF5) p(x,£) * pu(y,s) < ulx+y,t+s)and v(x, ) o v(y,8) > v(x + ¥, L +5);

(TIF6) 1(x,-), v(x,-): (0,00) — [0,1] are continuous;

(IF7) limy_ o i, 2) =1 =lim;_ o v(x, £) and lim;_o u(x, t) = 0 = lim,_, o, v(x, £).

Obviously, if (X, i, v, *,©) is an IENS, then (X, i, *) is an FNS. We refer to this space as
its support.

Lemma 2.1 u(x,-) is a non-decreasing function on (0,00) and v(x,-) is a non-increasing
function on (0, 00).

Some properties and examples of IFNS and the concepts of convergence and a Cauchy

sequence in IFNS are given in [12].

Definition 2.3 [12] Let (X, u, v, *,©) be an IFNS.
(1) A sequence {x,} C X is called a Cauchy sequence if, for any € > 0 and ¢ > 0, there
exists 1y € N such that wu(x, — x,,,t) >1 —€ and v(x, — %, £) < € for all n, m > ng.
(2) A sequence {x,} C X is said to be convergent to a point x € X denoted by x,, — x or
by lim,,_, 5 %, = x if, for any € > 0 and ¢ > 0, there exists ny € N such that
w(x, —x,t) >1—€ and v(x, —«,t) < € for all n > ng.
(3) AnIENS in which every Cauchy sequence is convergent is said to be complete.

Most of the following definitions were introduced in [8].

Definition 2.4 Let F: X x X — X and g: X — X be two mappings.
(1) F and g are said to be commuting if gF(x,y) = F(gx,gy) for all x,y € X.
(2) A point (x,y) € X x X is called a coupled coincidence point of the mappings F and g
if F(x,y) = gx and F(y,x) = gy. If g is the identity, («,y) is called a coupled fixed point
of F.
(3) If (X,E) is a partially ordered set, then F is said to have the mixed g-monotone
property if it verifies the following properties:

x,x€X, griEgxy = F(x,y) EF(x,y), VYyeX,

2 €X, gnEgyn = Fyn)IFxy), VxeX.
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If g is the identity mapping, then F is said to have the mixed monotone property.
(4) If (X,E) is a partially ordered set, then X is said to have the sequential g-monotone
property if it verifies the following properties:
(B1) If {x,} is a non-decreasing sequence and lim,_, « %, = x, then gx,, E gx for all
neN.
(B2) If {x,} is a non-increasing sequence and lim,,_, ¥, = , then gy,, 3 gy for all
neN.
If g is the identity mapping, then X is said to have the sequential monotone property.

Definition 2.5 Let X and Y be two IFNS. A function f : X — Y is said to be continuous
at a point x, € X if, for any sequence {x,} in X converging to x, the sequence {f(x,)} in ¥

converges to f(xg). If f is continuous at each x € X, then f is said to be continuous on X.

Definition 2.6 [5] Let (X, u,v,*,¢) be an IFNS. The pair (i, v) is said to satisfy the #n-
property on X x (0,00) if lim,,_, o0 [t (x, K9] =1 and lim, oo [v(x, k") = 0 whenever
xe€X,k>1landp>0.

The following lemma proved by Haghi et al. [7] is useful for our main results.

Lemma 2.2 Let X be a nonempty set and g : X — X be a mapping. Then there exists a
subset E C X such that g(E) = g(X) and g : E — X is one-to-one.

In order to state our results, we give the main results given in [5] and [11].

Lemma 2.3 [5, Lemma 2.1] Let (X, 4, v,%,9) be an IFNS. Let a x b > ab, a © b < ab for all
a,b € [0,1] and (1, v) satisfy the n-property. Suppose that {x,} is a sequence in X such that

M(xn+1 —Xn» kt) = M(xn —Xn-1, t): V(xn+l _xn:kt) = v(x,, —Xn-1, t)
forallt>0and neN, where 0 < k <1. Then the sequence {x,} is a Cauchy sequence in X.

Theorem 2.4 ([5, Theorem 2.5], [11, Theorem 3.1]) Let (X,C) be a partially ordered set
and suppose thataob < ab <axb forall a,b € [0,1]. Let (X, i, v, *,0) be a complete [FNS
such that (i, v) has the n-property. Let F: X x X — X and g : X — X be two mappings
such that F has the mixed g-monotone property and

W (F(x,y) = F(u,v), kt) > pu(gx — gu, t) * j1(gy — g, t),
v(F(x,y) — F(u,v), kt) < v(gx — gu, t) o v(gy — gv, t),

for which gx T gu and gy 3 gv, where 0 < k <1, F(X x X) C g(X) and g is continuous.
Suppose either

(a) F is continuous or

(b) X has the sequential g-monotone property.
Ifthere exist xo, yo € X such that gxg T F(xo,Y0) and gyo 2 F(yo, %), then there existx,y € X
such that gx = F(x,y) and gy = F(y,x).
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3 Comments and suggestions

In this section, we show that the conditions of the above Lemma 2.3 and Theorem 2.4 in
[5] are inadequate and, furthermore, the proof lines of Theorem 2.4 are not correct. We
also would like to point out that the results in [5] can be corrected under the appropriate
conditions on the ¢£-norm and the FNS.

First of all, in the conditions of Lemma 2.3 and Theorem 2.4, we have a ¢-conorm ¢ such
that a ¢ b < ab for all a,b € [0,1]. If we take b =0, thena=a o0 <0 forall a € [0,1]. It
is obviously impossible. Moreover, it is well known and easy to see that if * is a £-norm
and ¢ is a t-conorm, then a * b < a ¢ b for all a,b € [0,1]. In this sense, Lemma 2.3 and
Theorem 2.4 have to be corrected.

Secondly, from the property (IF1), it follows that a sequence {x,} C X is a Cauchy se-
quence if, for any € > 0 and ¢ > 0, there exists 1y € N such that u(x, — %, t) > 1 — € for all
n,m > ny. That is, the sequence {x,} C X is a Cauchy sequence on the IENS (X, i, v, *,0)
if it also is on the FNS (X, u, ). A similar comment is valid for the convergence.

Furthermore, the completeness of an IFNS is equivalent to the completeness of its sup-
port FNS and so we can deduce any fixed point theorem for IFNS (when the conditions on
1 and v are splitting) as an immediate consequence of its associated fixed point theorem
for FNS. In particular, it is sufficient to prove Theorem 2.4 just for ENS. Therefore, we
only develop Theorem 4.2 for FNS.

Also, some proof lines of Lemma 2.3 are not correct (see p.1900, lines 9-23):

Wy = Xy t) > [u (xo —x, (- k)k—tn>]

> [u(xo —xl,(l—k)k—i)]n -1,

where g > 0 such that m < n?, and

V(%X — Xy £) < [v (xo —x, (11— k)k—i):|m

b
t

< |:v<x0 -1, (1 —k)—):| — 0,
<

where p > 0 such that m < n”. Hence the sequence {x,} is a Cauchy sequence. This is not
correct since the same g (or p) would not be valid for all positive integers m > n > n,. For
instance, let (X, || - ||) be an ordinary normed space, define p(x, t) = Wt\x\\ for any x € X and

t>0and axb=ab forall a,b €[0,1]. Then (X, u,1 — u,*,*’) is an IFNS. If k =1/2 and
m = 2", we have

t\1” 271 2 2lxg-
xo —x1, (1 —k)— = — —e ¢ <1
[“( 0 )k")} [2"-lt+ ||x0—x1||}

Also, the proof lines of Theorem 2.4 that are not correct are the following ones (see
p-1902, lines 22-32):

(g% — g%y t) * (g% — G, t)

> ...
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) _* [M(gyo—gyl,(l—k)k—i)] _
m t m
I < [for-onnn)

- QP nP
t t
u(gxo —gx, (1- k)—) * [M(gyo -gn, (1- k)k—nﬂ -1,

k"

v
| =~

" (gxo —gx,(1-k)

>~

"w (gxo —gx,(1-k)

v
| =~

>~

v

where g > 0 such that m < n?. In general, we cannot obtain p(x, — x,,,t) — 1 as n,m — oo.
It is not shown that {x,} is a Cauchy sequence. Moreover, a similar conclusion can be
obtained for v(x, — x,,,t) = 0. Thus, from the hypothesis of Theorem 2.4, the conclusion

cannot be guaranteed.

4 The modification in FNS
In this section, by replacing the hypothesis that p satisfies the n-property with the one
that the £-norm is of H-type, we state and prove a coupled fixed point theorem as a mod-

ification.

Definition 4.1 [13] For any a € [0,1], let the sequence {*"a}2°, be defined by *'a = a
and *"a = (" 'a) * a. Then a t-norm x is said to be of H-type if the sequence {*"a}’°; is

equicontinuos at a = 1.

Theorem 4.1 Let (X,C) be a partially ordered set and (X, i, *) be a complete FNS such
that * is of H-type and a * b > ab for all a,b € [0,1]. Let k € (0,1) be a number and F :
X x X — X be a mapping such that F has the mixed monotone property and

,u(F(x,y) — F(u,v), kt) > [u(x - u, t)]l/2 * [,u(y -V, t)]w, (4.1)

for which x © u and y 3 v. Suppose that either

(a) F is continuous or

(b) X has the sequential monotone property.
If there exist xy,yo € X such that xo T F(xo,y0) and yo 2 F(yo,x0), then F has a coupled
fixed point. Furthermore, if xo and yo are comparable, then x =y, that is, x = F(x, x).

Proof Letxy,yo € X be such that xg T F(xo, yo) and yo = F(y9,%0). Since F(X x X) C X, we
can choose x1, y1 € X such that x; = F(xo,%0) and y1 = F(y9,%0). Again, from F(X x X) C X,
we can choose xy,y, € X such that x, = F(x1, 1) and y, = F(y1, ;). Continuing this process,

we can construct two sequences {x,} and {y,} in X such that, for each n > 0,

Xn+l = F(xnryn): Ynel = F@n’xn)' (42)
The proof is divided into two steps.

Step 1. Prove that {x,} and {y,} are Cauchy sequences. Firstly, we show by induction that,

for each n > 0,

Xn E Xn+ls Yn g YVn+1- (43)
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For n = 0, (4.3) holds trivially. Suppose that, for some fixed n > 0, (4.3) holds. Since
%n C %y.1 and x, 3 x,,,1 and F has the mixed monotone property, it follows from (4.2) that

Xn+l = F(xnryn) c F(xn+1:yn)7 Yn+l = F(ynrxn) .| F(ynﬂrxn)- (44)

Similarly, we have

Xp+2 = F(xn+1:yn+1) .| F(xn+1ryn): Yn+2 = F(yn+1: xn+1) C F(yn+1:xn)' (4'5)

Thus, combining (4.4) and (4.5), (4.3) holds.
Let 8,(2) = [ty = %s1, )12 * [0 (Y = Y1, £)]Y? for all m > 0. Then it follows from (4.1),
(4.3) and (F3) that

% = %na1, kt) = 1 (F(n-1, Y1) = F (X, yu), kt)
> [M(xn—l —Xn» t)]l/z * [//L(yn—l —Yn> t)]llz

= 8,-1(8) (4.6)
and

M(Yn = Yn+ls kt) = /’L(F(ymxn) - F()’n—lrxn—l);kt)
> [0 = Y1 0] 5 [14Gn = 201,0)]
= 8-1(2). (4.7)

1/2

Then it follows from the t-norm and a * b > ab that §,,(kt) > 8,_1(¢) for all » > 1. This
implies that

1>4,(2) 28,11(%) Z5n2(k—t2) > zso<k—tn>. (4.8)

Since lim,,_, » So(kiﬂ) =1 for all £ > 0, we have lim,,_, o, 8,(¢) = 1 for all £ > 0.
Now, we claim that, for any p > 1,

w(x, —Xn+ps t) = 8,4 (t - kt), K n — Ynip» t) = 8,4t —kt), Vn=>1. (4.9)

In fact, it is obvious for p = 1 by (4.6), (4.7) and Lemma 2.1 since t/k > ¢ — kt and 8;_1 is
non-decreasing. Assume that (4.9) holds for some p > 1. By (4.7), we have

I'L(xn —Xn+l» t) Z M(xn —Xn+l» kt) Z Sn—l(t)
and so
M(xn —Xps1s L — kt) > (Sn—l(t - kt)

Thus, from (4.1), (4.9) and a * b > ab, we have

/ /
M(xn+1 _xn+p+1; kt) = [/‘L(xn - xn+p’t)]l g * [//«(yn _yn+p) t)]l 2 > *pfsn—l(t - kt)
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Hence, by the monotonicity of the z-norm *, we have

M(xn — Xnip+ls t) = //L(xn — Xn+p+ls t—kt+ kt)
= M(xn — Xn+l» t— kt) * M(xrwl - xn+p+1) kt)

> 81 (t — kt) * (+8,1(t — kb)) = +*18,,1 (¢ — ke).
Similarly, we have
/'L(Ynﬂ — Vn+p+ls kt) > *p+15n—1(t — kt).

Therefore, by induction, (4.9) holds for all p > 1. Suppose that ¢ > 0 and € € (0,1] are given.
By hypothesis, since * is a t-norm of H-type, there exists 0 < n < 1 such that «”(a) > 1—¢ for
alla € 1-n,1] and p > 1. Since lim,,_, « 8,(£) = 1, there exists ng such that §,(¢ —kt) >1-n

for all n > ny. Hence, from (4.9), we get
Wy = Xpap, 1) > 1 — €, WO = Yneprt) >1—€, VYn>no.

Therefore, {x,} and {y,} are Cauchy sequences.
Step 2. We prove that F has a coupled fixed point. Since X is complete, there existx,y € X
such that lim,,_, » %, = x and lim,_, o ¥, = . Suppose that the assumption (a) holds. By the

continuity of F, we get
x = lim x,,; = lim F(x,,y,) = F( lim x,, lim yn> = F(x,y).

Similarly, we can show that F(y,x) = y.

Suppose now that (b) holds. Since {x,} is a non-decreasing sequence with x, — x and
{yx} is a non-increasing sequence with x, — y, from (B1) and (B2), we have x, C x and
y, 2y for all n > 1. Then, by (4.1), we obtain

]1/2 ]1/2'

M(xnﬂ _F(x)y)’kt) > /L(F(xmyn) _F(xuy)’kt) > [/'L(xn —X,t) * [M(yn ) t)

Letting n — oo, we have lim,,_, » x, = F(x,y). Hence F(x,y) = x.

Similarly, we can show that F(y,x) = y.

Suppose that xy C y. By induction and the mixed monotone property of F, it follows
that x,, = F(x,,_1,Y4-1) © F(¥4-1,%,-1) = ¥,,. From (4.1), it follows that

I'L(xnﬂ _yn+1;kt) = M(F(xmyn) _F()/mxmkt)
> (16 = 0] [0 - 20 0)]

= M(xn —Yn» t)'

By the iterative procedure, we have

t t
W = Y kE) = 1(Hp1 = Y1, 8) = | X2 = Y2, 1)z z | Fo-yo o )
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Taking n — o0, since lim,,, oo (t(x0 — Yo, kn%l) =1forall £ > 0, we conclude that u(x — y,t)

>
1forallt> 0, ie.,x=y. This completes the proof. O

Next, we prove the existence of a coupled coincidence point theorem, where we do not

require that F and g are commuting.

Theorem 4.2 Let (X,C) be a partially ordered set and let (X, u,*) be a complete FNS
such that « is of H-type and a x b > ab for all a,b € [0,1]. Let k € (0,1) be a number and
F:XxX— Xandg:X — X be two mappings such that F has the mixed g-monotone
property and

W(FG9) = Fu,v), kt) = [nge - gu, )]+ [nlgy - g )], (4.10)

for which gx T gu and gy 3 gv. Suppose that F(X x X) C g(X), g is continuous and either
(a) F is continuous or
(b) X has the sequential g-monotone property.
Ifthere exist xo, yo € X such that gxy T F(xo,Y0) and gyo 2 F(yo, %), then there existx,y € X
such that gx = F(x,y) and gy = F(y,x), that is, F and g have a coupled coincidence point.

Proof Using Lemma 2.2, there exists E C X such that g(E) = g(X) and g : E — X is one-to-
one. We define a mapping A : g(E) x g(E) — X by A(gx, gy) = F(x,y). Since g is one-to-one
on g(E), A is well defined. Thus it follows from (4.10) that

1(Algx, gy) - Algu,gv), kt) > [1n(gx — gu, )] * [nlgy - gv, 0], (4.11)

for which gx C gu and gy 3 gv. Since F has the mixed g-monotone property, we have

gx1, g% €8(X),  gxi Egxo

= Algr,8y) = F(x1,9) C F(xa,y) = A(gxa,gy),  Vgy € g(X),
L2 €g4X), g1 Egn

= Algx,gn) = F(x,y1) 3 F(x,5) = A(gx,gy), Vgx € g(X),

which implies that A has the mixed monotone property.

Suppose that the assumption (a) or (b) holds. Using Theorem 4.1 with the mapping A4, it
follows that A has a coupled fixed point (1, v) € g(X) x g(X), i.e., u = A(u,v) and v = A(v, u).
Since (u,v) € g(X) x g(X), there exists (&,7) € X x X such that gzt = u and gv = v. Thus
gt =u=A(u,v) = Algir,gv). Similarly, gv = A(gV,gir). This completes the proof. O

Now, we show the existence and uniqueness of coupled coincidence points. Note that if
(S,C) is a partially ordered set, then we endow the product S x S with the following partial
order:

®y) C(u,v) <= xCuydv, Vxyuves.

We say that (x,y) and (u, v) are comparable if (x,y) C (u4,v) or (x,y) 2 (u,v).
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Theorem 4.3 In addition to the hypotheses of Theorem 4.2, suppose that, for any pair of
coupled coincidence points (x,y), (x*,y*) € X x X, there exists a point (u,v) € X x X such
that (gu,gv) is comparable to (gx,gy) and (gx*,gy*). Then F and g have a unique coupled
coincidence point, that is, there exists a unique (x,y) € X x X such that x = gx = F(x,y) and

y=gy=FQx).

Proof From Theorem 4.2, the set of coupled coincidences is nonempty. Now, we show
that if (x,y) and (x,y") are coupled coincidence points, that is, gx = F(x, y), gy = F(y,x) and
g =F(x,y),gy =F(y,x), then

gr=gx, Q=g (4.12)

Put uo = u and vy = v and choose u;,v; € X such that giy = F(uo,vo) and gv; = F(vo, uo)-
Then, as in the proof of Theorem 4.2, we can inductively define the sequences {u,} and
{v,} such that

gUpi1 = F(ty, vy), 8Vni1 = F(vy, thy). (4.13)
Since (F(x,), F(y,x)) = (gx, gy) and (F(u, v), F(v, u)) = (gu1,gv1) are comparable, we can sup-

pose that gx C gu; and gy 3 gv;. It is easy to show, by induction and g-monotonicity, that
gx C gu,, and gy 3 gv, for all n > 1. From (4.1), we obtain

M(gx _gumkt) = M(F(x’y) — F(ttp_1,Vp1)s kt)
[14(gx - g1, 0] # [y - gvu-1,0)]" (4.14)

%

and

w(gVn — gy, kt) = (F (Vo1 1) — F(y, %), k)

1/ 1/2

> [10(gvnr -0 )] * [10(gutn1 — gn )] (4.15)

Now, let B,(¢) = [1(gx — gutn, £)]V? % [u(gy — gv,, £)]V2. By (4.14) and (4.15), we have

Bu(t) > ﬁn_1<£) > > ﬁo(k—tn)

and
t t
IU“(gx_guVl’kt) = ﬁO(ﬁ); M(gy_gVn,kt) > ﬁ()(ﬁ).

Since lim,,_, ,Bo(kin) =1, we conclude that lim,,_, », gu, = gx and lim,,_, o0 gV, = gy.
Similarly, lim,,_, oo g, = gx and lim,_, ~ gv, = gy". Hence gx = gx" and gy = gy" and so
(4.12) is proved.
Since gx = F(x,y) and gy = F(y,x), if z = gx and w = gy, by the commutativity of F and g,
we have

8z = ggx = gF(x,y) = F(gx,gy) = F(z,w)
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and

gw = ggy = gF(y,x) = F(gy,gx) = F(w, 2),

i.e., (z,w) is a coupled coincidence point. In particular, from (4.12), we have z = gx = gz and
w = gy = gw. Therefore, (z, w) is a coupled common fixed point of F and g.

To prove the uniqueness of the coupled common fixed point of F and g, assume that
(p,q) is another coupled common fixed point. Then, by (4.12), we have p = gp = gz = z and
q = gq = gw = w. This completes the proof. O

Finally, we present an intuitionistic version of Theorem 4.2 with the dual conditions on

t-conorms. The proof is just reduced to apply Theorem 4.2 to the support FNS.

Corollary 4.4 Let (X,C) be a partially ordered set and suppose that a x b > ab and (1 —
a)o(1-b)<1-abforalla,b e [0,1]. Let (X, u, v, *,0) be a complete IFNS such that x and
o are of H-type. Let F: X x X — X and g : X — X be two mappings such that F has the

mixed g-monotone property,

W(FGy) = Fu,v), kt) = [nlgr - gu )]+ [uiey - g )]
and

v(F(x,y) — F(u,v), kt)

< (1 - [1 - v(gx — gu, t)]m) o (1 - [1 —v(gy —gv, t)]m), (4.16)

for which g(x) C g(u) and g(y) 2 g(v), where 0 < k <1, F(X x X) € g(X) and g is continuous.
Suppose that either

(a) F is continuous or

(b) X has the sequential g-monotone property.
If there exist xo,Y0 € X such that g(xo) T F(xo,Yo) and g(yo) 2 F(yo,x0), then there exist
x,y € X such that g(x) = F(x,y) and g(y) = F(y, ), that is, F and g have a coupled coincidence
point.
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