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1. Introduction

Let Q be a domain in R”, n > 2, B be a ball and 0B be the ball with the same center
and diam(oB) = odiam(B), o > 0. We use |E| to denote the Lebesgue measure of the
set E € R". We say w is a weight if w € L} (R") and w > 0 a.e. In 1972, Muckenhoupt
[1] introduced the following A,(E)-weight in order to study the properties of the
Hardy-Littlewood maximal operator. We say a weight w satisfies the A,(E) -condition

in a subset E € R” , where r > 1, and write w € A,(E) when

1 r—1
sup(l /wdx) ! /(1>r_1dx < 00, (L.1)
B \IBl JB IB] Jp \w

where the supremum is over all balls B € E. Since then, the weight functions have
been well studied and widely used in analysis and PDEs, particularly in areas of the
measures and integrals, see [2-11]. In 1998, the following A,(A, E)-weight class was
introduced in [12]. We say that a weight w belongs to the A,(4, E) class, 1 <r < e and
0 <A < oo, or that w is an A,(A, E)-weight, write w € A, (A, E) , if

1 1,1\ T

supg ( I5 wkdx> I5 < ) dx < oo for all balls B € E. Notice that if
Bl Bl w

we choose 4 = 1, we find that A, (1, E) = A, (E). In 2000, the following class of

A}(E)-weights was introduced in [13]. We say that the weight w(x) > O satisfies the
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A(r—1)
supp <|;| fB wdx) <“13| fB wl/(l—f)dx> < oo-condition in E, r > 1 and A > 0, and

. P 1 1
write w € Ay (E), if supp <|B| [5 wdx) <|B|
c© R”". Also, it is easy to see that A!(E) = A,(E). Both A, (A, E) and A?(E) have widely
been used in the study of the weighted inequalities and integral estimates, see
[4-6,12,13] for example.

A(r—1)
fB wl/(lf)dx> < oo for any ball B € E

2. The A(a, B, ¥; E)-class

In this section, we first introduce the A(e, 3, 7 E)-class which is an extension of the A,
(E)-weight. Then, we study the properties of this class. We will use the following
Holder inequality repeatedly in this article.

Lemma 2.1. Let 0 <0t < 0, 0 <B < o and s' = o' + B'. If fand g are measurable
Sfunctions on R”, then || fg ||se<|| f |lak *|| g ||p£ for any E € R”.

We introduce the following class of functions which is an extension of the several
existing classes of weights, such as A}(E)-weights, A, (A, E)-weights, and A, (E)-
weights.

Definition 2.2. We say that a measurable function g(x) defined on a subset E € R”
satisfies the A(e, f, ¥; E)-condition for some positive constants o, B, ¥, write g(x) € A
(o, B, 7, E) if g(x) > 0 a.e., and

Ul wa) (L [ etax)” 2.1)
“ép(|B|/Bg x)<|B|/Bg x> = '

where the supremum is over all balls B € E.

We should notice that there are three parameters in the definition of the A(e, B, ¥
E)-class. If we choose some special values for these parameters, we may obtain the
existing weights. For example, if @ = A, B = 1/(r - 1) and y = 1 in above definition, the
A(o, B, v, E) -class becomes A,(A, E)-weight, that is A, (A, E) = A, 1/(r - 1),1;E). Simi-
larly, A*(E) = A(1, 1/(r — 1), ;;E). Also, it is easy to see that the A(c, B, ¥ E)-class
reduces to the usual A,(E)-weight if &« = y =1 and § = 1/(r - 1). Moreover, we have
the following theorem which establishes the relationship between the A,(E)-weight and
the A(a, B, v; E)-class.

Theorem 2.3. Let r > 1 be any constant and E € R" . Then, (i) There exists a con-
stant oty > 1 such that A(E) < A(0o,1/(r-1),00; E). (ii) For any o with 0 <o < 1, A(E)
< A(o,1/(r-1), o; E).

Proof. For w(x) € A,(E), by the reverse Holder inequality for the A,(E)-weight, there
are constants ¢ > 1 and C; > 0 such that

1 e
( / w"‘de) < / wdx (2.2)
Bl JB [B| /B

for all balls B € E, i.e.,

1 1 o
Yo C d. . 2.3
|B|/B“’ *= 2(|B|f3“) 2:3)
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From (2.3) and (1.1), we obtain

1 ap(r—1)
1 1 -
sup( /w""dx) /w r—lax
B \IB| Jg |B| Jg
1 ap(r—1)
1 of oo
<Cysu /wdx) /w r— ldx 2.4
2 B”(|B| p 1Bl Jy 24)
1 r—1\ %o
1 1 1 _
<G, sup( /wdx) /( )r 1dx < 00,
B \IBl JB |B| Jp \w

where the supremum is over all balls B € E. Thus, w € A(a, 1/(r - 1), 0;E). Hence,
AJE) © A(ag, 1/(r -1), a; E). We have completed the proof of the first part of Theo-
rem 2.3. Next, we prove the second part of the theorem. Let o € (0,1) be any real
number. Using the Holder inequality with 1/oc = 1 + (1 - a)/ct, we have

Va o (1-a)/e
(/w"‘dx) < (/wdx) /ll—adx , (2.5)
B B B

that is

1 1/a
( /w"‘dx) < ! /wdx
|B| Jg IB| Js

which can be written as

1 1 ¢
o _ 6
|B|/dex§(|B|wadx> (26

Similar to inequality (2.4), using (2.6) and the definitions of the A,(E)-weight and the
A(a, B,y; E)-class, we obtain that A,(E) € A(e, 1/(r-1), o; E) for any o with 0 <o < 1.
The proof of Theorem 2.3 has been completed.

Example 2.4. Let QO € R” be a bounded domain containing the origin and g(x) = ||
7, x e Q. We all know that g(x) = |x|” € A(Q) for some r > 1 if and only if -n <p <n
(r - 1). Now, we consider an example in R? that is # = 2. Assume that D € R? is a
bounded domain containing the origin and g(x) = || is a function in D. Since p = -3
< -2 = -n, then g(x) = |;vc|’3 ¢ A,(D) for any r > 1. However, it is easy to check that g(x)
= |x|? € A(o, B, 35 D) for any positive numbers «, B, ¥ with 0 <a < 2/3.

Combining Theorem 2.3 and Example 2.4, we find that A,(E) is a proper subset of A
(o, B, 7; E) for any positive constants ¢, 3, y and r with 0 <o < 2/3 and r > 1.

Theorem 2.5. If g(x), g2(x) € Ao, B, ¥, E) for some . > 1, B, v > 0 and a subset E C
R", then gi1(x) + g»(x) € A, B, ¥ E).

Proof. Let g,(x), g&2(x) € A(e, B, ¥ E). By Minkowski inequality, we find that

1 1 1
( /B &1 +3z\adx)°‘ = ( fB \gll“dx)“ + ( fB \gzy“dx)a. (2.7)
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Since |a + b|* < 2°(|a|® + |b|°) for any constants a, b, s with s > 0, from (2.7) , we
have

o

1 1
s (frs) ey
<2 (/B|g1| dx+/3|82| dx)

Note that g;(x), g&2(x) € A(e, B, 7 E). Using (2.8) , we obtain

1 1 B vIB

su +g,)%dx + dx
BP(IBI /B(gl %) )<|B| B(gl %) )

1 1 1 vib
< sup2“ “dx / adx) ( / de)

g (|B|/B|g1| “ et Jy BT iy ), 8029

1 1 v/B 1 1 v/B
< sup2® o Pax /“dx( /‘ﬁdx)
= (|B|/Bg1 (lBl/Bg1 ) MDA A

< OQ.

Thus, g1(x) + g&(x) € A(er, B, ¥; E). The proof of Theorem 2.5 has been completed.
Theorem 2.6. Let g,(x) € A(oy, B1, ouy: E) and g,(x) € A(0, Bo, ) E) for some y >
1 1 1 1 1

1
0 and any subset E € R" , where o, B; >0, i = 1,2, and = + , = + .
a a1 a B B1 B

Then, g(x)g:(x) € Ao, B, oy, E).

1 1 1 1 1 1
Proof. Using Lemma 2.1 with = + and A = + X respectively, we have
o 2

ap o B B

1/e 1/ay 1/o
( /B (glgz)“dx> < ( /B g‘;‘ldx> ( /B ggde> ) (2.9)
-p \V/P 181 /B>
(/ (8182) dx) < (/ gl_ﬂdx>y (/g;ﬂzdx>y . (2.10)
B B B

Combining (2.9) and (2.10) yields

([ ergorax) " (/ (glgz)ﬂdx)y/ﬂ

1/an v/B1 1/ery v/B2 (2.11)
<(feras) (fora) ([eras) ([ee)
B B B B
which is equivalent to
ay/B 1/«
[ @ ( [ i) ")

B B

(2.12)

1/ay

s ay/pr\ Ve ay/Ba
< (fran(faran) ) ( fora( o)
B B B B
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Noticing that g;(x) € A(ay, B1, o1 ¥ E) and g»(x) € A(0y, B, 02y E), we obtain

Sl;p(lllﬂ _B/(glgz)adx) <|113| _/B(glgz)ﬂsdﬁc)am6

o

o
) ) avy g ) ) @Y\ 4, (2.13)
a - B 17 —B2 B2
= ”é"(usl /Bgl dx) <|B| /Bgl d") “é"(wl /Bg? dx) <|B| /332 dx)

< Q.

Thus, g1(x)g2(x) € A(e, B, oy, E). The proof of Theorem 2.6 has been completed.
Proposition 2.7. Let 0 <p < 1 and g(x) € Ao, Bp, v, E). Then, &(x) € A, B, ¥ E).

1 1-
Proof. Using Lemma 2.1 with =+ P yields
ap o ap
1/ap 1/a
()=o)
B B

that is

! Py dx < ( 1 "‘dx)p 2.14
|B|/B(g) t= |B|/Bg ' (219

Since g(x) € A(a, Bp, ¥; E), using (2.14) , we find that

s';P(ul;I /B(g”)"‘dx> (|;| /B(gp)ﬂdxy/ﬁ
a3 ) (o )

o <('; | /Bgadx) (ulsi /Bg*‘“’dx)wﬂp>p (2.15)
e o) i) )

< 00.
Therefore, g°(x) € A(e, B, ¥, E). The proof of Proposition 2.7 has been completed.

Let o, B, ¥ > 0 be any constants. It is easy to prove that (i) € A(e, B, y; E) if and

1
8(x)
only if gx) € A(B, o, aff/y; E). (ii) ¢’(x) € A(e, B, v E) if and only if g(x) € A(op, Bp,
y; E) for any constant p > 0. Also, using the Holder inequality and the definition of
the A(e, B, ¥, E)-class, we can prove the following monotone properties of the A(x, 3,
¥, E)-class.

Proposition 2.8. If o <0, then A(0w, B, ¥ E) € A(ay, B, v E) for any By > 0. If B,
<P, then A, By, v: E) © A, By, % E) for any o, v > 0.

From Theorem 2.3 and Proposition 2.8, we know that for every r > 1, there exists a
constant &g > 1 such that A(E) € A(e, 1/(r - 1), E) for any a with 0 <o <a.

3. Local Poincaré inequalities
As applications of the A(a, B, ¥, E)-class, we prove the local Poincaré inequalities with
the Radon measure for the differential forms satisfying the non-homogeneous A-har-

monic equation. Differential forms are extensions of functions in R”. For example, the
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function u(xq, Xo,....x,) is called a O-form. The 1-form u(x) in R” can be written as
u(x) = Z?:l ui(x1, %2, ..., X, )dx;. If the coefficient functions u;(x1, x5,...,%,), i = 1,2,...,1,
are differentiable, then u(x) is called a differential 1-form. Similarly, a differential k-
form u(x) 1is generated by {dxl-1 Adxig A A dxl-k} ,k=1,2,..,n, that is,
u(x) = Zl w(x)dxy = Y yiyenq (X)dxi, Adoiy, Ao A diy, where = (i, igpenip), 1< i
<iy < ... <ix < n. Let Al = A’ (R”) be the set of all I-forms in R” and L?(Q, A" be the /-
forms u(x) = Z; u; (x) dx; in Q satisfying [ |u|” < o for all ordered /-tuples I, [ =
1,2,...,n. We denote the exterior derivative by d and the Hodge star operator by *. The
Hodge codifferential operator d* is given by d* = (-1 #d* [ = 0,1,.., n - 1. We con-
sider here the solutions to the nonlinear partial differential equation

d*A(x, du) = B(x, du) (3.1)

which is called non-homogeneous A -harmonic equation, where A : Q x ANR" - A
(R™) and B : Q x AR — AR satisfy the conditions: |A(x, &)| < a|é]P™, Ax, &) - &
> |¢]” and |B(x, &)| < b|&[P! for almost every x € Q and all & e AYR”). Here a, b > 0
are constants and 1 <p < « is a fixed exponent associated with (3.1). A solution to
(3.1) is an element of the Sobolev space le’cp(Q, /\1_1) such that [o A(x, du) - d¢ + B
(%, du) - ¢ = 0 for all ¢ € Wl})’f(Q, A1) with compact support. If  is a function (0-

form) in R”, the equation (3.1) reduces to
divA(x, Vu) = B(x, Vu). (3.2)

If the operator B = 0, Equation (3.1) becomes d*A(x, du) = 0, which is called the
(homogeneous) A -harmonic equation. Let A : Q x AR = A(R™) be defined by A(x,
&) = E|EP with p > 1. Then, A satisfies the required conditions and d*A(x, du) = 0
becomes the p-harmonic equation d*(du|du|??) = 0 for differential forms. See
[5,6,9-16] for recent results on the solutions to the different versions of the A-harmo-
nic equation. The operator K, with the case y = 0 was first introduced by Cartan [17].
Then, it was extended to the following version in [18]. Let D be a convex and bounded

domain. To each y € D there corresponds a linear operator K,: C”(D, A) » C(D, A"
") defined by (Kyu)(x; &1, ... §-1) = [ ¢ u(tx+y — ty;x — y, &1, ..., &-1)dt. A homotopy
operator T : C*(D, Ay > C=(D, A"Y) is defined by averaging K, over all points y € D:
Tu = [pd(y)K, udy, where ¢ € C3°(D) is normalized so that [p¢(y)dy = 1. The [-form
is defined by wp = |D|™ [pw(y) dy, I = 0, and wp = d(T ), [ = 1,2,...,n for all w € I?
(D, Al), 1 < p < . For any differential form u € L (D, /\’),l =1,2,..,n1 <s < oo, we

have

ITullsp < CID| diam(D)|lullsp. (3.3)

Lemma 3.1. [14]Let u be a differential form satisfying the non-homogeneous A-har-
monic equation (3.1) in Q, 6 > 1 and 0 <s, t < «. Then, there exists a constant C, inde-
pendent of u, such that ||dul|, g < C|B|"“**||dul||,cs for all balls or cubes B with 6B
c Q.

Theorem 3.2. Let u € L;

loc

equation (3.1) in a domain Q,du € L (<2, /\l”), 1=0,1,....,n — land 1 <s < oo. Then,

loc

(22, Abbe a solution of the non-homogeneous A-harmonic

there exists a constant C, independent of u, such that
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1/s 1/s
(/ lu — uglsdu) < C|B| diam(B)(/ |du|‘du) (3.4)
B oB

for all balls B with 6B < Q, where the Radon measure p is defined by du = g(x)dx
and ge Ao, B, o5 Q), > 1, 3> 0.

Proof. By the decomposition theorem of differential forms, we have u = d(Tu) + T
(du) = ug + T(du), where d is the exterior differential operator and T is the homotopy
operator.

From (3.3), we obtain

lu—ugll,p = ||T(du) ||t,B < C |Bldiam(B)||dull, (3.5)

for any ¢ > 1. Now, choose ¢ = as/(a - 1), then, ¢ >s. Using the Holder inequality and
(3.5), we obtain

([ir-ws)

1/s
= ) g(x)dx)

-(,
( ju — u3|g1/5(x))sdx) "
<(/
<G

Jt (t—s)/st (3.6)
lu — up| dx) (/ g/ (x)dx)
B
1/as
Bl diam(B) 1o [ ()
B
Let m = Bs/(1 + B), then 0 <m <s. From Lemma 3.1, we have
ldull, g < Cs |B| ||dU|| m, 01B, 3.7)
where o] > 1 is a constant. Using the Holder inequality again, we find that
m 1/m
= ( [ (1 50 (50) ) ")
o1B
s—m
ms
1/s ms
< (/ Idulsg(x)dx> / (&7 ())s —max
o1B 0B
s—m (3.8)

< ([ autsas) v ( [ G dx) "
() (L)
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Since g€ A(a, B, o; Q), it follows that

( s (x)dx) " ( / K (x)dx) "
< ((/GIBga(x)dx) (/GIBgﬂ(x)dx)a/ﬂ> " (3.9)

o 1/as
1+ﬂ ( 1 / d)( 1 /‘ /3( )d )a/ﬁ
= | |o1B “(x)dx “P(x)dx
R T R AT

< C4|B|1/a5+1/ﬂ5.

Combining (3.6), (3.7), and (3.8) and using (3.9), we have

(/B lu — uB|5du)l/S

m—t s s ”
< Cs |B| diam(B)|B| mt (/013 |du|5d,u) (/Bga(x)dx) (/{TlBgfﬂ(x)dx)
ccsman ([ o) (( o) [ 7))

1/s
< Cg |B| diam(B) (/ |du|5du) ,

1B

that is

1/s 1/s
(/ lu — UB|de> < Cg |B| diam(B) (/ (du)sd,u,> )
B o1 B

We have completed the proof of Theorem 3.2.
1 n
Let g(x) = | lA, where xp be the center of the bal B€ Q and 0 <A < ,a > 1
X — XB o
Then, g(x) € A (o, B, o; Q). From Theorem 3.2, we have the following corollary.

Corollary 3.3. Let u € L, (S, Al)be a solution of the non-homogeneous A-harmonic

equation (3.1) in a domain Q,du € L; (2, /\l"l), 1=0,1,...,n— land 1 <s < . Then,

there exists a constant C, independent of u, such that

1/s 1/s
(/ lu — uBISdM> < C|B| diam(B)(/ Idulsdpc> (3.10)
B oB

for all balls B with B < Q, where the Radon measure p is defined by
1

du =
lx — xp|*

dx, xp is the center of the ball B C 2,0 < A < Zand o > 1 is a constant.

4. Global Poincaré inequalities

In this section, we will prove the global Poincaré inequalities with the Radon measure

for solutions of the nonhomogeneous A-harmonic equation in L°® (u)-averaging

domains. In 1989, Staples [19] introduced the following L*-averaging domains.
Definition 4.1. A proper subdomain Q € R” is called an L’-averaging domain, s > 1,

if there exists a constant C such that

Page 8 of 11
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1 1/s 1 1/s
lu—u |‘dx> <Csu ( /Iu—u Isdx)
Qmé @ sep 1B Sy T

for all u € Lj (2).

Also, in [19], the L*-averaging domain is characterized in terms of the quasi-hyper-
bolic metric. Particularly, Staples proved that any John domain is L*-averaging domain,
see [20] for more results on the averaging domains. In [15], the L*-averaging domains
were extended to the following L* (x)-averaging domains.

Definition 4.2. We call a proper subdomain QQ € R” an L* (¢)-averaging domain, s >

1, if there exists a constant C such that

1 1/5 1 1/5
( / lu—ug |5du> < Csup ( / lu — uBIde>
wn(2) Jo ’ = Bca \1HB) Jp

for some ball By € Q and all u € L}, (2; ), where the Radon measure p(x) is defined
by du = w(x)dx and w(x) is a weight. Here, the supremum is over all balls B with B
Q.

Theorem 4.3. Let u € L(Q, A°) be a solution of the non-homogeneous A -harmonic
equation (3.2) in a domain Q, du € L(Q, A"), 1 <s < o. Then, there exists a constant

G, independent of u, such that

1/s 1/s
(/W—wﬁ@) sqwmf”T/mww) (4.1)
Q Q

for any L*(u)-averaging domain Q € R” with u (Q) <o, where By is some ball
appearing in Definition 4.2 and the Radon measure p is defined by du = g(x)dx, g(x) €
Ale, B, o Q), o >1, B > 0.

Proof. We may assume g(x) > 1 a.e. in Q. Otherwise, let Q; = Q n{xe Q:0 <g(x)
<1ljand Oy, = Q n{xe Q:glx) > 1}. Then, Q = Q; U Q,. We define G(x) by

1, erl

Gx) = {g(x), X € Q).

Then, G(x) > g(x) and it is easy to check that g(x) € A(a, B, o5 Q) if and only if G(x)

e Ao, B, o; Q).
Thus,

(/Q |u— uBU‘SdM) " = </Q lu— u30|sg(x)dx) "
< </;2 |u— u30|SG(x)dx> "

with G(x) > 1. Hence, we may suppose that g(x) > 1 a.e. in Q. Thus, for any D € Q,

(4.2)

we have

utD) = [ d= [ gy [ ax= 101, (@3)
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Note that diam(B) = C1|B|1/ ”. From Theorem 3.2, we obtain

1 1/s 1/s
(|B| / Iu—uslsdu) sc2|B|“l/“/f( / Idulsdu) . (4.4)
B oB

By definition of the L® (4) -averaging domain, (4.3) , (4.4) and noticing that 1 + 1/n -
1/s > 0, we find that

1 Sd 1/s 1 " 1/s
u—u < Cs su u—u
(u(m/sz' | “) = 3BC€<M(B)/B' vl “)

1 1/s
< Cs sup ( / |lu — uBISdpL>
Bca \IBl Jp

1/s
<G, sup |B|1+1/n—1/5(/ IduISd,u>
oB

BcQ

1/s
< C4|Q|1+1/n71/5 sup (f Idulsdu)
oB

BcQ

1/s
< C4|Q|1+1/n—1/s (f IduISdu)
Q
s 1/s
< c4(u(9))1+1/"—1/5( f |dul du) ,
Q

that is

( fﬂ Iu—usolsdu)l/ssc(u(m)““"( /Q |du|5du)”s.

The proof of Theorem 4.3 has been completed.

In [15], it has been proved that any John domain is an L°(u)-averaging domain.
Hence, we have the following corollary.

Corollary 4.4. Let u € L*(Q, A°) be a solution of the non-homogeneous A-harmonic
equation (3.2) in a John domain Q with u(Q) < o, du € L(Q, A'), 1 <s < o. Then,
there exists a constant C, independent of u, such that

1/s 1/s
( / |u—u30|sdu) §C( / |du|sdu) , (4.5)
Q Q

where By is some ball appearing in Definition 4.2 and the Radon measure y is defined
by du = glx)dx and g(x) € Ao, B, o Q), ¢ > 1, B > 0.

Example 4.5. Since the usual p-harmonic equation div (Vu|Vu|’?) = 0 and the A-
harmonic equation div A (x, Vi) = 0 for functions are the special cases of the non-
homogeneous A-harmonic equation, all results proved in Sections 3 and 4 are still true
for p-harmonic functions and A-harmonic functions.

Remark. (i) Since an L°-averaging domain is a special L* (4)-averaging domain, then
the inequality (4.1) still holds in any L*-averaging domain. (ii) Since u(Q) < oo, the
inequality (4.1) can be written as

1/s 1/s
([t <e{ o)
Q Q
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where Q is an L (u)-averaging domain Q € R” with #(Q) < e and By is some ball
appearing in Definition 4.2, and the Radon measure y is defined by dyu = g(x)dx and g
(x) € Al(a, B, oz Q), o > 1, B > 0. (iii) The inequalities obtained in this article are
extensions of the usual A,(E)-weighted inequalities since the A,(E) is a proper subset of
the A(o, B, o; E)-class which can be used to extend many results with the A,(E)-weight
into the A(a, B, o E)-weight.
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