Zabandan and Kiligman Journal of Inequalities and Applications 2012, 0:238 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/0/1/238 a SpringerOpen Journal

RESEARCH Open Access

A new version of Jensen’s inequality and
related results

Gholamreza Zabandan' and Adem Kiligman?”

“Correspondence:

akilicman@putra.upm.edu.my Abstract

’Department of Mathematics and . .. . . .

Institute of Mathematical Research, In this paper we expand Jensen’s inequality to two-variable convex functions and find
Universiti Putra Malaysia (UPM), the lower bound of the Hermite-Hadamard inequality for a convex function on the
Sef‘daﬁg' Selangor 43400 UPM, bounded area from the plane.

Malaysia

Full list of author information is
available at the end of the article

1 Introduction
Let 1 be a positive measure on X such that p(X) = 1. If f is a real-valued function in L! (1),

a<f(x)<bforall x € X and ¢ is convex on (a, b), then

co(/xfdu) s/x(wf)du. @

The inequality (1) is known as Jensen’s inequality [1].
In recent years, there have been many extensions, refinements and similar results of the
inequality (1). Recall that the function F: A = [a,b] X [c,d] — R is convex on A if

F(Ax +(1-ANz,ry+ Q- A)w) < AF(x,y)+ (1= A)F(z,w)

holds for all (x,y),(z,w) € A and A € [0,1]. A function F: A — R is called co-ordinated
convex on A if the partial functions F, : [4,b] — R, Fy(u) = F(u,y) and F; : [c,d] — R,
F.(v) = F(x,v) are convex for all x € [4,b] and y € [c,d]. Note that every convex function
F: A — R is co-ordinated convex, but the converse is not generally true; see [2]. Also
note that if F is a convex function on R? and g, 4 are real-valued functions such that
D, = Dy, =R, then f(¢) = F(g(t), h(¢)) may be not convex on R.

In this paper under suitable conditions, we expand Jensen’s inequality to two-variable
convex functions and deduce some further important inequalities. Finally, we find a lower

bound for the integral

1 b re)
_— F(x,y) dydx,
fj(g(x)_h(x))dxfa /m) ) dy

where F is convex on the convex bounded area by y = g(x), y = h(x) and x = a, x = b.
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2 Main results
Theorem 1 Let p be a non-negative continuous function on [a, b] such that fab px)dx>0.
If g and h are real-valued continuous functions on [a, b] and

my < g(x) < M, my < h(x) < M»

forall x € [a, ), and F is convex on

A= [mler] X [m2rM2];

then
F<fabg(t)l9(t)dt L h(t)P(t)dt> 3 17 F(g(0), h())p(e) dt o
Powd: ' [Ppwde )= [Pe@dr
and
botydt [Pht)d b
F<fabgfle t, fab Etzl t) < bia/ F(g(2), h(2)) dt. 3)

The inequalities hold in reversed order if f is concave on A.

Proof Denote

alx) = M
[ p(t)de
and
P [Z p(t) dt

Then by L'Hospital’s rule, we have lim,_,, a(x) = g(a) and lim,_,, B(x) = h(a). So, « and B
are continuous on [a, b]. Denote

 JTF@@), h@e)p() dt
[Fp@dt ’

H(x) = F(a(x), B(x))

We will show that H(b) < 0. We have

OF (a(x), B(x)) OF (a(x), B(x))

H'(x) = 50 o (x) + o B'(x)
_ Flgx), h(x))p(x) 4 () [T F(g(e), h(2))p(t) dt
Fpod ([Fpyat?

By the convexity of F, we obtain

F(g(x), h(x)) - F(a(x), B(x)) > w (gx) — a(x))
. OF (a(x), B(x))

28 (h(x) - B(x)).
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So, we get
) < LIS ) A Pl
o ap
0 ,
i G R e LU
OF (cr(x), B(x)) [ F(g(6), h(2))p(t) dt
FTp (P (x))] PO
Hence,
, Aax), B[ , (%)
H'(x) < %[a () - f;’; (’; = (g(x)—a(x))]
Aa(x), B[, px)
P [ﬂ 0o dt(h(x)—ﬁ(x))]
_PRF(),p@) Ji F(g(e), h(e)g(r) dt
[ pt)at ([Fpydt?
By easy calculation, we see that
o) = LY (o) —a(w)) = B0) = L (o) = ) = 0
[Fp@)dt [Fp@)dt '
Therefore,
, p) [FE@®,he)p®)dt]  plx)
Hx) < [T p(e)dt [F(a(x)’ﬁ(x)) N [Fpdt } ) el
Thus,

/

(/xp(t) dt)H/(x) +p)HEx) <0 = |:</xp(t) dt)H(x)i| <0.

So,

b
(/ p(t)dt>H(b)50 = H®) <o.

The proof is complete. For the proof of (3), set p(x) = 1.
Note the inequalities (2) and (3) are sharp because F(x,y) = 1.

Corollary 1 Let g and h be real-valued continuous functions. Then we have

(i)fori+$:1,p,q>1,

b b 5/ b :
/ |g(t)||h(t)| dt < </ |g(t)|p dt) <f |h(t)|th> Holder’s inequality,
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(i) forp =1,

b L p
(/ lg(®) + h(t)|” dt)

b . b Y
> (/ |g(t)|1; dt + / |h(t)|17 dt) reverse Minkowski’s inequality,
a a

(iii) forp>1,

b v b v
( / |g(t)+h(t)y”dt) §< / |g(t)y"dt)

b 1
+ (f |h(t) ’p dt)p Minkowski’s inequality,

(iv)

Proof
(i) The function

11 1 1
Fly) =lxPlyls | —+-=1),
r q
is concave, so by the inequality (3), we have

(/2 1g(e)  de)? <f I t)|dt>q f |g<t)|p|h<t)|qdr
(b-a)r b-a)i b-a

Hence,

b L L b 5/ b :
/|g(t)|1"|h(t)|‘1dt§</ |g(t)|dt> (/ |h(t)|dt> .

Now, set |g(t)| — |g(¢)|P and |h(t)| — |h(£)|?. We obtain

/Ig(t)||h t)|dt<(/ |g(t)|”dt) (/ | ( t)|th) .

(ii) The function F(x,y) = (|x? + |y|p)!l’ is convex for p > 1 and is concave for p < 1. So,
by the inequality (3), we have

[(f;’ gy (o)l dey’ } _ Lg@P + In@wy? de
(b—a) (b—a)y - b-a

SO

[ el + oyt ae [([solae) ([ b|h(t)|dt>p]%.
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Now, set |g(t)| — |g(t)|11_’ and |k(t)| — |h(t)|11_’. We get

[ sl o [(/ (o] ) +<_/ab|h(t)|’l’dt)pr.

So,

(/ab(|g(t)| Ih(e)|)7 d > (/ |g(t)|pdt> +(/ﬂb|h(t)|§dt>p.

The proof of (iii) is similar to that of (ii) and can be omitted. For the proof of (iv), note

f(x,9) = In(e* + &) is convex on R2, Now, apply the inequality (3). O

Remark1 By similar assumptions, we can prove Theorem 1 for an n-variable convex func-

tion F on R” and obtain the inequality

b b b
F(f“ gl(t)dtw”fﬂ gn(t)dt) _ 1 / F(@(),...,g.(8)) dt

b-a b-a “b-al,

In particular, we can obtain a similar inequality for Holder and Minkowski inequalities.

For example, by the concavity of

Et1,ta...,t,) = ]_[ |t; |p, (Z = 1),

i
i=1 zlp

we can get the inequality

/b(l_ll |gi|> dt < 1_1[< /ab |gi|m)"%

3 Hermite-Hadamard inequality
Let f : [a,b] — R be a convex function, then the following inequality is known as the

Hermite-Hadamard inequality [3] and [4]:

a+b <f(ﬂ)+f(b)
(57) =5 [ 1w @

In [5], Dragomir established the following similar inequality (4) for convex functions on

the co-ordinates on a rectangle from the plane R.

Theorem 2 Suppose f : A = [a,b] x [c,d] — R is a convex function on the co-ordinates

on A. Then one has the inequalities

a+b c+d
f( 2 2 )<<b 2(d /ff("’ ) dy dx

_f@0)+f(a,d) +f(5,0) +f(b.d)
< : .
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Also Dragomir investigated the Hermite-Hadamard inequality on the disk [6] and [7].

In [8], Mateji¢ka proved the left-hand side of the Hermite-Hadamard inequality of sev-
eral variables for a convex function on certain convex compact sets. In the following theo-
rem, we prove the left-hand side of the Hermite-Hadamard inequality in another way and

as a result of Theorem 2.

Theorem 3 Let A be a bounded area by a convex function h and a concave function g on
la, b] such that for any x € [a, b], g(x) > h(x). Also, let F be a two-variable convex function
on A. Then one has the inequality

(f x(g(x) ~ hw) dx L g ())dx) LI ’”F(x,ymydx
[Pt —ht)dx” [2(g) - hx) dx J2 ()~ h(x)) dx

Proof Since F is convex on A, hence f is co-ordinated convex on A. So, F, : [h(x),g(x)] —
R, F,(y) = F(x,y) is convex on [h(x),g(x)] for all x € [a,]]. By the left-hand side of the
Hermite-Hadamard inequality (4), we have

(%)
(g —h(x))F(x,‘M> < /‘g F(x,y)dy.
2 h(x)

Integrating this inequality on [, b], we obtain

b b rgl)
/ﬂ (gx) - h(x))F<x, ‘M) dx < /a /hi) F(x,y) dy dx.

So,

S (@)~ h@)F(, ) de / / F(x,y) dydx.
[ (g(x) - h(x)) dx f (gx) h(x)) dx g4

Now, let p(x) = g(x) — h(x). By the inequality (2), we get

F<f x(g(x) — h(x)) dx f (@) - h2(x))dx) . fab(g(x)_h(x))F(x’M)dx

[ ~n@)dx " [ -h()dx )~ e _h) s
_ J2 @@ — h@)FG, “251) dx
B 17 (@) - h(x)) dx

The proof is complete. 0
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