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1 Introduction

In recent years, there are many remarkable results about the solutions of the nonho-
mogeneous A-harmonic equation d*A(x, dw) = B(x, dw) have been made, see [1-7].
For example, in [2], the following Caccioppoli inequality has been established.

I dullpo < CIQI™" I ullpaq, p>1, o> 1. (1.1)
In [3] we can find the general Poincaré inequality
| u —ugllpo < ClQIdiam(Q) |l dullpsq, p>0, o > 1. (1.2)

In [4-6], many inequalities for the classical operators applied to the differential forms
have been studied. These integral inequalities play a crucial role in studying PDE and
the properties of the solutions of PDE. However, most of these inequalities are devel-
oped with the L”-norms. Meanwhile, we know the Orlicz spaces is the important tool
in studying PDE, see [8]. So, in this article, the normalized L-norms are replaced by
large norms in the scale of Orlicz spaces. We first introduce the ¢, condition, which is
a particular class of the Young functions, then using the result that the maximal opera-
tor M, is bounded on L¥(R"), see [9], we establish some integral estimates with Orlicz
norms. In the global case, we also expand the local results to a relative large class of
domains, the L?-averaging domain. Applying our results, we can easily find that many
versions of the existing estimates become the special cases of our new results.

Throughout this article, we assume that Q is a bounded connected open subset of
R”, Q, and 0Q are the cubes with the same center and diam(cQ) = odiam(Q), o > 0.
We use |E| to denote the Lebesgue measure of the set E € R”. Let A’ = A/(R”) be the
set of all I-forms on R”, D(Q, A) be the space of all differential /-forms on Q. A dif-
ferential /-form w(x) is generated by {dx;; A dx;s A ... A dx;}, [ =0, 1, ..., n, that is
w(x) = wri(x)dx; = > wini,...i(X)dxin Adxip A -+ Adxi, where I = (iy, iy, ..., i), 1 < 3

© 2011 Wen; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution

L]
@ Sprlnger License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium,

provided the original work is properly cited.


mailto:wenhy@hit.edu.cn
http://creativecommons.org/licenses/by/2.0

Wen Journal of Inequalities and Applications 2011, 2011:90 Page 2 of 7
http://www.journalofinequalitiesandapplications.com/content/2011/1/90

<iy < ... <ij < n. Let L*(Q, A') be the I-forms w(x) = Y, wi(x)dx; on Q satisfying
fQ lwflP < oo for all ordered I[-tuples I, I = 1, 2, .. n We write

1
llollpa = (fo Icull’dx)l/‘D = (fﬂ o |w1(x)|2)ﬂ/2dx) # we denote the exterior derivative

by d : D(Q, A') » D(Q, A"") for [ =0, 1, ..., n - 1. Its formal adjoint operator d* :
D(Q, A" - D(Q, AY) is given by d* = (-1 % dx on D(Q, A", 1=0,1,2, .., n
- 1, here * is the well known Hodge star operator. A differential /-form u € D'(Q, Al)
is called a closed form if du = 0 in Q. A homotopy operator T : C~(Q, AY) — C(Q,
A" is defined in [10], and the decomposition

u = d(Tu) + T(du) (1.3)

holds for any differential form u. We define the / - form ug € D(Q, Al) by
ug = |Q|’1/ u(y)dy, 1=0 and uqg=dT(u), (1.4)
Q

forall ue IP(Q, AY, 1 < p<oo,thenug=u-Tdu),l=1,2,..,n
In this article, we consider solutions to the non-homogeneous A-harmonic equation

of the form
d*A(x, dw) = B(x, dw), (1.5)

where A : Q x A/(R") > A'(R”) and B: Q x A'(R") — AR satisfy the conditions:
|A(x, O] < aléP™, (A, &), & > | € |7 and |B(x, &)| < b|E|P" for almost every x € Q and
all ¢e A R"™). Here, a, b > 0 are constants and 1 <p < oo is a fixed exponent associated

with (1.5). A solution to (1.5) is an element of the Sobolev space Wllof(sz, A=1) such
that [o (A(x, dw), d¢) + (B(x, dw), ¢) = 0 for all p € Wl};f(Q' A'=1) with compact
support.

2 Main results
In this section, we first obtain the local strong-type Orlicz norm inequality for the
homotopy operator applied to the solutions of Equation 1.5, then, under the similar
method, we establish the Caccioppoli and Poincaré inequalities with the Orlicz norms.
We also give the generalized weak reverse Holder-type inequality for the A-harmonic
tensors. Finally, we expand these results to the global case. To prove the main results,
we first introduce the following definitions and lemmas.

Definition 2.1 Given a Young function ¢(¢): [0, ) — [0, ), and a cube Q, define
the normalized Luxemburg norm on Q by

I ullp(q) = inf{r >0: |(12| /Qw(ws\xﬂ)dx <1} (2.1)

1
If ¢(t) = £, 1 < p < oo, then | ully(Q) = (|<12| fQ luPdx)p (see [9]) and the Luxemburg
norm reduce to the L” norm.
Given a Young function ¢, let ¢ denote its associate function: the Young function
with the property that t < ¢~ 1(£)¢~1(t) < 2t, t > 0. If ¢(¢) = #, then @(t) = *; and if

(t) = Plog(e+t)”, then G(t) ~ ¢”'log(e + t)~*¥'I?, where p’ satisfies , + ; = 1.
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Definition 2.2 (see [9]) Given p, 1 <p < =, a Young function ¢ satisfies the ¢, con-
dition if for some ¢ > 0,

/00 o(1) dt < 00. (2.2)

ot
Given a Young function ¢, we define the Orlicz maximal operator associated with ¢
by

Myu(x) = S(‘;I; I ulloQ)- (2.3)

We have the following result taken from [9] that characterizes the boundedness of
these maximal functions on L”(R”). This will play an important role in the proofs of
our main results.

Lemma 2.3 Given p, 1 <p < o, and a Young function ¢, then for any nonnegative
function f, the following result holds.

M, : IP(R") — LP(R"), if andonlyif ¢ € ¢p. (2.4)

Lemma 2.4 If A, B, and C are Young functions such that AYOB ) < CLp), then for
all functions f and g and any cube Q,

I fgllcc@ <2 I fllaQ) Il &lIBQ)- (2.5)

In particular, given any Young function ¢,

1

[ )81 <21 fluio) 1 ghacar 2.6
QI Jo
From [10], we know that, for any differential form u € L{ (Q,A"),1=1,2,.., 1, 1<s

loc

< oo, we have
[1Tulls@ < ClQldiam(Q)Ilullsq (2.7)
and

IV (Tu)llsq < ClQIINullsq- (2.8)

Theorem 2.5. Let ¢(x) be a Young function satisfying ¢, condition, 1 <p < co. Assume
o(lul) € L, (Q)and u is a solution of the nonhomogeneous equation (1.5) in Q, T is the
1

homotopy operator, ¢(|Tul) € L,
such that

I Tullp(q) = ClQIdiam(Q)llullp(oq). (2.9)

(2). Then there exists a constant C, independent of u

where Q is any cube with 6Q € Q, 0 is constant with 1 <O < oo.
Proof. Using Holder inequality with 1 = 1/p + (p - 1)/p and the definition of the
Orlicz maximal operator, we have

1
Il Tullpq) = Ql /QMNTHI)dx

p (r-1)

1
S /Q (M, (1Tul) ') ( fQ 161 dx) » (2.10)
1, 7D 1
QT (/ (M, (1Tl dx)
Q
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Since ¢(x) satisfies the ¢, condition, then using Lemma 2.3, we obtain

1
I Tullyq) < CLIQL P || Tullyq. (2.11)

Applying (2.7), (2.11) becomes

1
I Ttllyq) < CalQl™ # |QIdiam(Q) || ullyq. (2.12)

u is the solution of Equation 1.5 satisfying the weak reverse Holder inequality ||u||sq
< Cl|ul|lyo0 0> 1 and 0 <s, £ < o (see [3]), so
1 ] (1-p)
| Tully() < G5IQI?1QIdiam(Q)IQl » Il ulhoq 2.19)
= G31QIdiam(Q)IQI™" [l ull1,¢0-

Using Lemma 2.4, we can easily have

I Tully(q) = CalQldiam(Q)lulllywq) Il L)

2.14
< Gs|Qldiam(Q) || ully(oq)- e

This ends the proof of Theorem 2.5.
Using the similar method and (2.8), under the same condition of Theorem 2.5 we
can also prove the following result

IV(TW)lle(@) = ClQUlIullpeq)- (2.15)

Remark. Using the similar method, we can expand the result to include a variety of
operators-the Green’s operator G, the projection operator H and other composite
operators such as T° G, T° H, T° A ° G, and so on.

Using the similar method and the general Caccioppoli inequality (1.1), we can prove
the following Caccioppoli inequality with the Luxemburg norm.

Theorem 2.6 Let ¢(x) be a Young function satisfying ¢, condition, 1 <p < 0. Assume
o(lul) € L, (Q)and u is a solution of the nonhomogeneous equation (1.5) in Q,

o(ldu|) € L}, (). Then, there exists a constant C, independent of u such that

1
I dullyq) < CIQI™n || ullpoq), (2.16)

where Q is any cube with 6Q C Q, 0 is constant with 1 <0 < co.

If u is a solution of the equation (1.5), du satisfies the weak reverse Holder inequality
||du||,0 < Clldu||400 0 > 1 and 0 <p, g < oo(see [3]). So, applying the general Pion-
caré inequality (1.2), under the similar proceeding of Theorem 2.5, we can easily obtain
the following Pioncaré-type inequality.

Theorem 2.7 Let ¢(x) be a Young function satisfying ¢, condition, 1 <p < oo. Assume
o(lul) € L, (Q)and u is a solution of the nonhomogeneous equation (1.5) in Q,

o(ldu|) € L}, (). Then, there exists a constant C, independent of u such that
I u —uqlly(q) < ClQldiam(Q) || dully(oq), (2.17)

where Q is any cube with 6Q € Q, 0 is constant with 1 <0 < eo.
We can also generalize the weak reverse Holder-type inequality for the A-harmonic
tensors.
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Theorem 2.8 Let ¢1(x) and ¢,(x) be the Young functions with ¢,(x) satisfying ¢, con-
dition, 1 <p < oo. Assume that u is a solution of the nonhomogeneous equation (1.5) in
Q ¢1(Jul) € L, (Qand ¢2(|ul) € L, (). Then, there exists a constant C, independent

of u such that
Il = Cll gy

where Q is any cube with 6Q € Q, 0 is constant with 1 <O < oco.
Proof. Using Holder inequality with 1 = 1/p + (p - 1)/p, we have

1
o) < g /Q My, (jul)dx

o ( /Q (Mwl(lul))”dx> ‘1’ ( /Q l(f’pl)dx)
o (/Q (M¢1(|u|))f’dx>‘l’.

Since ¢;(x) satisfies the ¢, condition, then using Lemma 2.3, we obtain

(-1

1
I ullgi(@ = CLIQI 7 |l ullpe-

Using the weak reverse Holder inequality of #, (2.20) becomes

1 (-p)
| ullp,@ < C21Ql P1QI 7 |l ullr,0q-

Using Lemma 2.4, we can easily have

lullg @ =< C21QI™ ull10q
= C3|||u|||</72(UQ)||1||</32(0Q)
< C4||u||<p2(aQ)~

This ends the proof of Theorem 2.8.

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

In the following L?™-averaging domains, we will extend the local estimates into the

global case.

Definition 2.9 (see [11]). Let ¢(x) be an increasing convex function on [0, ) with

P(x)

¢(0) = 0. we call a proper subdomain Q € R” an L
and there exists a constant C such that

[ ot = oy ix < Csup [ oot~ uglas
Q QceJQ

-averaging domain, if |[Q] < oo

(2.23)

for some cube Q, € Q and all u such that ¢(Ju|) € L} (), where 7, ¢ are constants

loc

with 0 <7 < e, 0 <0 < . More properties and applications of the L?*-averaging

domain can be founded in [11,12].

Theorem 2.10 Let ¢(x) be a Young function satisfying ¢,, condition, 1 <p < oo, and let

Q be any bounded L*®-averaging domain. Assume that o(ldu|) € L}, .(Q)and u is a

solution of the nonhomogeneous equation (1.5) in Q, T is the homotopy operator,

o(|Tu)) € L} (). Then there exists a constant C, independent of u such that

loc

[1Tu — (Tu)q,llp(@) < CIQIdiam(Q)[ully(x),

(2.24)
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where Qg € Q is some fixed cube.

Proof. In L”®)-averaging domain, since ¢(|Tu|) € L} (), Tu satisfies (2.23), so

loc

[1Tu — (Tu)q,llp(e) < Ci sup ||Tu — (Tu)qllp(q)- (2.25)
Qce

For any differential form u, we know that
Il uqllso < Ca Il ullsq- (2.26)
Using (2.7) and (2.26), we have

I Tu — (Tu)qllsq =Il Td(Tu)lls.q
= G|QIdiam(Q) || dTuulls.q

. (2.27)
= C|Qldiam(Q) || uqlls
< G|Q[diam(Q) || ulls.q-
Using the similar method of Theorem 2.5, for o > 1, we can prove
[1Tu — (Tu)qllp(q) < C4lQldiam(Q) || ully(oq)- (2.28)
Substituting (2.28) in (2.25), we obtain
I Tu — (Tu)q, le(e) < Cs sup |Q|diam(Q) || ullysq)
QcQ
< Ce sup |Q|diam(2) || ully(e) (2.29)
QcQ

< G7|Q|diam(2) || ully(a)-

This ends the proof of Theorem 2.10.
Similarly, we can extend Theorem 2.7 into the global case. Under the conditions of
Theorem 2.7, we have

| u — gy ly() < ClQIdiam(€) || dully(a). (2.30)

1
Remark. If ¢(¢) = ¢, then Il ) = (|S12| fQ |ulP) P and the Luxemburg norm reduce

to the L” norm. Note that a typical Young function that belongs to the class ¢, is ¢(z)
= ¢/ with 1 < s < p. We can easily increase s — o as p —> oo, then for p > 1, our results
can be held with L” -norms. So some existing inequalities in [2-5] become the special
cases of our results.

3 Examples
Example 1 We consider the Young function ¢(t) given by
tP

p1(t) = log"* (¢ + 1) (3.1)

with 6 > 0, which satisfies the ¢, condition. We defines the Luxemburg norm
Il ullg, (@) = inf{x > 0: |g12| Jo <p1(‘"(kx)|)dx < 1} in the Orlicz space L¥'(R2). There is an

advantage in using the following integral expression instead of [|ully, ()
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lu(x))”

1
Iol /g logh* (o + 1 )d"

lullp.e

[u] = (3.2)

This is not a norm, but compares well with the Luxemburg norm. Using the elemen-
tary inequality

| At
min{1,2) < 082 _ ), (3.3)
log(e + t)
we prove
Ci lullg, o) < [ula < Co |l ullg,(2)- (3.4)

Under the same conditions of Theorem 2.10, we have
[Tu — (Tu)q,le < CIQ|diam(2)[u]q. (3.5)

Example 2
we can consider another particular example given by

tP

@2(t) = (3.6)

e(1+)0 7

with 1 <0 < 2p, which is continuous, convex and increasing satisfying ¢,(0) = 0 and
¢o(t) > o as t = oo, s0 it is a Young function. It also satisfies the ¢, condition.
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