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Abstract
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1 Introduction

In this paper, we study the nonhomogeneous 4-harmonic equation
—divA(x, Vu(x)) = f(x),

where 4 : R" x R" — R" is an operator and fis a function satisfying some assump-
tions given in the next section. We give the definition of solutions to the nonhomoge-
neous A-harmonic equation and the obstacle problem. In the mean time, we show
some properties of their solutions. Then, we prove the existence and uniqueness of
solutions to the Dirichlet problem for the nonhomogeneous 4-harmonic equation with
Sobolev boundary values.

Let R” be the real Euclidean space with the dimension n. Throughout this paper, all
the topological notions are taken with respect to R”. E ¥ F means that F is a compact
subset of F. C(Q) is the set of all continuous functions u# : QO — R. sptu is the smal-
lest closed set such that u vanishes outside sptu.

C*"(Q)={¢: 92— R:thekth - derivative of ¢ is continuous},
Ci() = {p € C(Q) : spty € Q)

CcX(Q) = ﬁ ct(Q)

k=1
and
Cy(R2) = {p € C*(R) : spty € Q).

Let I7(Q) = {¢: Q — R: [q |¢]” dx < oo} and LP(Q; R") = {¢: Q — R": [ |9’ dx <
oo}, 1 <p < oo. Denote the norm of L7(Q) and L”(Q; R") by || - ||,
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1/p

llollp = /Id)l”dx ,
Q

where @ € LZ(Q)(or LP(Q; R")).
For ¢ € C7(Q), let

ol = ( / lplPdx)” + ( / IVelPdx)”,
Q Q

where v¢ = (919, ..., 9,,¢) is the gradient of ¢. The Sobolev space H"7(Q) is defined
to be the completion of the set {¢ € C7(Q): ||¢||1,, <o} with respect to the norm || -
[|1,- In other words, u € H"?(Q) if and only if u € L”(Q) and there is a function v €
LP(Q; R™) and a sequence ¢; € C7(Q), such that

/ lg; — ulPdx — 0 and/ Vi —vPdx — 0,i — 0.
Q Q

We call v the gradient of # in HY(Q) and write v = vu.

The space H(l)/p(Q) is the closure of C°(2) in H"#(Q). Obviously, H"?(Q) and
H(l)'p(gz) are Banach space with respect to the norm [|-||; ,. Moreover, |[-||;,, is uni-
formly convex and the Sobolev space HY(Q) and H(l)’p(ﬂ) are reflexive; see [1] for

details.

u € H?(Q)if and only if u € H"?(Q') for each open set @' € Q.

loc

The Dirichlet space L'?(Q) and Lé’p(Q) are defined as follows: u € LYP(Q) if and
only if y € Hlluf(Q) and vu e LP(Q); Lé'p(Q) is the closure of C§°(2) with respect to
the semi-norm p(u) = (Jo|vu|?)"’?. In other words, Lé/p(Q) is the set of all functions u
e L"”(Q), for which there is a sequence ¢j € C3(£2) such that v¢; — vu in LP(Q; R").

Lemma 1.1 [2]Let 1 < p < and f; be a bounded sequence in L*(Q), i.e. f; e LP(Q)

and st;p IIfillp < o0 Iff; > fa.e. in Q, then f; converges to f weakly in L¥(Q).
Lemma 1.2 [3](1) If u € Hy? () with Yu = 0, then u = 0.
2) If u, ve H"P(Q), then min{u, v} and max{u, v} are in H**(Q) with

V max{u, v} = { zz’ Z i Z and V min{u, v} = {

Vv, u>v
Vu,u<v'

(3) If u,ve H(lj’p(Q). then min{u, v} and max{u, v} are in Hé’ﬂ(Q). Moreover, if
ueH(l)'p(Q)is nonnegative, then there is a sequence of nonnegative functions

@i € C3(Q)converging to u in H'P(Q).

2 The nonhomogeneous 4-harmonic equation
The following nonlinear elliptic equation
—divA(x, Vu) = f(x) (2.1)

is called the nonhomogeneous A4-harmonic equation, where 4 : R" x R" — R" is an
operator satisfying the following assumptions for some constants 0 < ¢ < 8 <oo:
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the mapping x — A(x, &) is measurable for all £ € R"and
the mapping & +— A(x, £) is continuous for a.e. x € R";
for all £ R” and almost all x € R”,
(1) A(x,§)-§ > alsl,
(I JA(x &)l < BIEI,
V) (A(x, &) — A(x, §2)) - (51 — &) > 0,
whenever &, & € R”, & = &; and
(V) A(x, 2€) = AAP2 A(x, €)
whenever 1 € R, A = 0, and fis a function satisfying fe L#/#D(Q).
If f = 0, the equation (2.1) degenerates into the homogeneous .4-harmonic equation

—divA(x, Vu(x)) = 0. (2.2)

A continuous solution to (2.2) in Q is called 4-harmonic function. Many well-known
results have been developed about (2.2), especially as (2.2) is the corresponding 4-har-
monic equation of differential forms; see [4-10].

Definition 2.1 A function y e Hzlof (Q)is a (weak) solution to the equation (2.1) in Q,
if —divA(x, Vu) = f weakly in Q, ie.

/ (A(x, Vu) - Vo — fe)dx =0
Q

for all ¢ € CP(R).
A function u e Hll(;f(gz)is a supersolution to (2.1) in Q, if —divA(x, Vu) >f in
weakly Q, i.e.

/ (A(x, Vi) - Vg — fg)dx = 0
Q

whenever ¢ € C3°(Q)is nonnegative.
A function y e Hllo’f(Q)is a subsolution to (2.1) in Q, if —divA(x, Vu) < f weakly in
Q, ie.

/ (A(x, Vi) - Vg — f)dx < 0

Q

whenever ¢ € C3°(Q)is nonnegative.

Remark: If « is a solution (a supersolution or a subsolution), then u+7 is also a solu-
tion (a supersolution or a subsolution), but Au + 7, A, 7 € R may not.

Proposition 2.1 A function u is a solution (a supersolution or a subsolution) to (2.1)
in Q if and only if QO can be covered by open sets where u is a solution (a supersolution
or a subsolution).

Proof. We just give the proof in the case that u is a solution and the others are
similar.

(i) Since Q is covered by itself, it is easy to know that () can be covered by open sets
where u is a solution.

(i) Let 2= AUE[ 23 and u be the solution to (2.1) in O, for each A € I, where I is an index

set. For each ¢ € C’(R2), there is a subset {Qi, .., Q,} of {Q;}1c; such that
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spty C U, Qi = D. Choose a partition of unity of D, {gy, .., g}, subordinate to the cover-

m
ing O, such that g € C¥(2), 0 <g; < 1and ) & = 1in D; see Lemma 2.3.1 in [11]. Thus,
i=1

/ (A(x, Vu) - Vo — fo)dx = f (A(x, Vu) - Vo — fe)dx
Q D

= / (A(x, Vi) - VO _gi9) — (O _ &ig))dx
D i=1 i=1

-3 / (Alx, Vu) - V(gi9) — gipf )dx.

i=1

Note that g € C3°(€2;) and ¢ € CJ(R), it is easy to see that gip € CF(£;). Since u is

solution in ;, we have

/ (A, Vi) - V(g0) — giof)dx = / (A, Vi) - V(gi) — gigf)dx = 0.
D Q;

Therefore,

/ (A(x, Vu) - Vo — fp)dx = 0.
Q

It means that u is a solution in Q.
Lemma 2.1 If u € L'?(Q) is a solution (respectively, a supersolution or a subsolution)
to (2.1), then

/ (A(x, Vu) - Vo — fo)dx = 0 (respectively, > 0or <0)
Q

Jor all ¢ € H(l)’p(gz)(respectively, for all nonnegative ¢ H(l)"’(gz)orfor all nonnegative
¢ € HY"(Q)-

Proof. For all ¢ ¢ H(l)"’(gz), there is a sequence ¢; € C°(2), such that ¢; — ¢ in H'”(Q).

Since A satisfies the assumption (III), fe L*?V(Q) and u € Q L'?(Q), it follows
that

[ At - vo - fore- [ (At v - v, —fwi)dx‘

Q Q

f (A, Va) - (Vo — Vi) — (g - wi))dx|
Q
< / A, Vi)V — Vgilds f il — gildx
Q Q
<B [ IVuP' Ve — Veildx+ | Iflle — gildx
/ /
1 1 1 1
<p([ 1vuranr ([ 199 = Vairanr « ([ 10 Va0 ([ 1o - oo
Q Q Q Q

1 1
SM{(/IW*W{I"dx)" +(/ lo — gil’dx)?)
@ Q

=Mllp — ¢ill1p — O,

Page 4 of 13



Li et al. Journal of Inequalities and Applications 2011, 2011:80 Page 5 of 13
http://www.journalofinequalitiesandapplications.com/content/2011/1/80

1 1
where M = max{8( [ [VulPdx) "7, (fIfI/C~Ddx)' P} < cc.
Q Q

Since u is a solution,

/ (A(x, Vu) - Vo — fo)dx = }E&/ (A(x, Vu) - Vo — foi)dx = 0.
Q Q

If u e L"(Q) is a supersolution or a subsolution, by Lemma 1.2, there is a sequence
of nonnegative functions ¢; € C3°(R2) converging to the nonnegative function ¢ in H”
(Q). By the same discussion, the lemma follows.

Remark: Using the similar method as above, it is easy to prove that, if « is a solution
(a supersolution or a subsolution),

J (A(x, Vu) - Vo — fg)dx =0 (= 0 or < 0)
Q

for all (nonegative) ¢ H(l)”’(Q) with compact support.

Proposition 2.2 A function u is a solution to (2.1) if and only if u is a supersolution
and a subsolution.

Proof. Obviously, « is both a supersolution and a subsolution if « is a solution.

To establish the converse, for each ¢ € C3°(R2), let ¢* be the positive part and ¢~ be
the negative part of ¢. Then, both ¢* and ¢ are in Hé‘p(Q) and have compact support.
Since u is both a supersolution and a subsolution and ¢* > 0, -¢~ > 0, the following
inequalities hold,

[ A w09~ rez o

Q
[ A v Vo) —fe ez
Q
/ (A(x, Vi) - Vo' — fo*)dx < 0
Q
and

/ (A, Vi) - V(—¢~) = f(—¢~))dx < 0.

By the above inequalities,

/ (A(x, Vu) - Vo' — fo")dx =0 and/ (A(x, Vu) - Vo~ — fp7)dx = 0.

Then,

/ (A(x, Vu) - Vo — fo)dx = / (A(x, Vu) - Vo* —f(p*)dx+/ (A(x, Vu) - Vo~ —fp7)dx =0
Q Q Q

This proves that u is a solution to (2.1).
Lemma 2.2 (Comparison Lemma) Let u € H"(Q) be a supersolution and v e H“?

(Q) be a subsolution to (2.1). If n = min{u — v, 0} € H(l)'p(Q), then u > v a.e. in Q.
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Vu—Vv,u<v

Proof. By 1 = min {u - v, 0} and Lemma 1.2, 1 < 0 and Vp = {O Uy

Since u € H"”(Q) is a supersolution and v € H"”(Q) is a subsolution, the following
inequalities hold,

~ [ (At V) 90 = ) = [ (AGs V0) V() = F(-m)dr = 0
Q Q
and
/(.A(x, Vv) - Vi — fn)dx > 0.
Q
Then, by the assumption (IV),

0< f (AQ, Vv) - Vi — f)dx — / (A(x, Vu) - Vi — fn)dr
Q

Q

f(A(x, Vv) — (A(x, Vu)) - Vi dx

Q
= / (A(x, Vv) — (A(x, Vu)) - V(u — v)dx
{u<v}
=— / (A(x, Vv) — (A(x, Vu)) - V(v — u)dx
{u<v}

=— f (A(x, Vv) — (A(x, Vu)) - Vv —u)dx < 0

{u<vin{VuzVv}

Therefore, the Lebesgue measure of the set {u < v} N {Vu = vv} is zero. That is vn] =

Oae inQBype Hé’p(ﬂ) and Lemma 1.2, n = 0 a.e. in Q. Thus, # > v a.e. in Q.

3 The obstacle problem
Suppose that Q is bounded in R”, y : Q — [-o0,00] is a function and 9 € H"?(Q)). Let

Kyo=Kys(Q)={ve H?(Q):v> ¢ a.e. inQandv—v € H"(Q)}.

If w = 9, write ICy () = Ky ().
The problem is to find a function u in K|, such that

/(.A(x, Vu) - (Vv —Vu) —f(v—u))dx >0 (3.1)
Q

whenever v € Ky 5. We call the function w an obstacle.

Definition 3.1 If a function u € Ky, (2) satisfies (3.1) for all v e Ky,5(2), we say
that u is a solution to the obstacle problem with obstacle w and boundary vales 9 or a
solution to the obstacle problem in Ky (2).

If u is a solution to the obstacle problem in Ky, (), we say that u is a solution to
the obstacle problem with obstacle .

Proposition 3.1 (1) A solution u to the obstacle problem is always a supersolution to
2.1) in Q.
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(2) If u is a supersolution to (2.1) in Q, u is a solution to the obstacle problem in
Kuu(D)for each open sets D ® Q. Moreover, if Q is bounded, u is a solution to the
obstacle problem in IC,,,,(2).

(3) A solution u to the obstacle problem in K_o,(Q)is a solution to (2.1) in Q.

(4) If u is a solution to (2.1) in Q, u is a solution to the obstacle problem in
K_ou(D)for each open set D R Q. Moreover, if Q is bounded, u is a solution to the
obstacle problem in K_q,(S2).

Theorem 3.1 Suppose u is a solution to the obstacle problem in Ky 9(RQ). If ve HY
(Q) is a supersolution to (2.1) in Q, such that min{u, v} € Ky 5 (), then v > u a.e. in
Q.

The proof is similar to Lemma 2.2.

4 The existence of solutions

In this section, we introduce the main work of this paper, to prove the existence and
the uniqueness of solutions to the nonhomogeneous 4- harmonic equation. We can
see this work for the 4-harmonic equation (2.2) in [3, Chapter 3 and Appendix I] for
details. We use the similar method to prove our results.

First, we introduce the following proposition as the theoretical basis for our work,
which is a general result in the theory of monotone operators; see [12]. Let X be a
reflexive Banach space and denote its dual by X’. Let || - || be the norm of X and ¢, -)
be a pairing between X” and X. K is a closed convex subset of X.

Definition 4.1 A mapping ¥ : K — X' is called monotone, if

(Lu—Lvu—v)>0 (4.1)

for all u, v in K.
s called coercive on K, if there exists ¢ € K such that

(Luj — Lo, u; — @)

— 00 (4.2)
[lu; — ¢l

Jor each sequence u; in K with ||u; || — .

Zis called weakly continuous on K; if Lu;j converges to ¥y weakly in X, ie.

(ZLuj, v) - (Lu,v) for eachv e X, (4.3)

whenever u; € K converges to u € K in X.

Proposition 4.1 Let K be a nonempty closed convex subset of X and let &: K — X
be monotone, coercive and weakly continuous on K. Then there exists an element u in
K such that

(Luv—u)>0 (4.4)

whenever v € K.

Lemma 4.1 Let x; be a sequence of X. For any subsequence Xi; of x;, there is a subse-
quence Xi, of, Xisuch that Xi,converges to xy weakly in X and the weak limit x, is inde-
pendent of the choice of the subsequence of x;. Then x; converges to xo weakly in X.

Proof. Suppose that x; does not converge to x, weakly in X. Then, there exist ¢y >0,
9o € X and a subsequence ¥j of x;, such that
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(Yo, xi, — x0) = &9
]

for each j € N.

Obviously, for any subsequence %ij, of i Xi;, cannot converge to xo weakly in X. This
contradicts the condition of the lemma.

Therefore, x; converges to x, weakly in X.

Now let X = L(Q) x L(Q; R"). Then, X is a reflexive Banach space and its dual X’ =
170 D(Q) x [P V(Q; R”™). The norm of X is

gl = 118111y + 11821lp

for all g = (g1, g2) € X. (-, ) is the usual pairing between X’ and X,

hg) = / (gt + s - g2)dx,
Q

where ¢ = (g1, &) is in X and & = (hy, hy) in X
Let Q be a bounded open set in R”, 9 € H"(Q) and y: Q — [-c0,00] be any function.
Construct the obstacle set

Kyo=Kys(Q)={ve H?(Q):v>y a.e. inQandv—» € H’(Q))

and suppose that Ky » is not empty.

Let K ={(v, Vv) : v € Ky »}. Then, K is also not empty.

Lemma 4.2 K is a nonempty closed convex subset of X.

Proof. (i) Suppose that (v, vv) € K. Because v € Ky 5, v is in HY(Q). Then, v e L
(Q) and vv e LP(Q). That means (v, vv) € X. Therefore, K € X.

(ii) If (v;, vv;) € K is a sequence which converges to (v, ¢) in X, where ¢ = (¢4, ..., ¢,,)
e LP(Q; R”), it follows that

/|(vi—z9)—(v—ﬁ)lpdx=/|vi—v|pdx—> 0,
Q Q

and

/|(Vvl-—Vz?)—((p—Vl?)|pdx=/|Vvi—<p|pdx—> 0.
Q Q

Since v; — ¥ € Hy?(Q)v — 9 € Hy?(Q) and vv = ¢.

Since v; — v in LP(Q), there exists a subsequence Vi, such that Vi = vV a.e. in Q. By v;
>y ae. in Q,v > yae in Q.

By the argumentation above, we have v € Iy 9 and vv = ¢. So (v, ¢) = (v, Vv) € K.
This means K is closed in X.

(iii) Let (4, vu) € K, (v, vv) € Kand A € [0, 1].

M+ (1=A=>=Ap+(1—-2)Y =y a.e. in Q,
A+ (1—=Av—20=Au—0)+(1—1)(v—10) e H(Q).

It means that Au + (1 - A)v € K,,,9. Then,

Au, Vu) + (1 = A)(v, Vv) = (Au+ (1 — Ay, V(Au + (1 — A)v)) € K.
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Therefore, K is convex in X.
Define a mapping ¥ : K — X by Z(v, Vv) = (—f, A(x, Vv)) for each (v, vv) € K.
For convenience, we denote .Z (v, Vv) simply by Zv. For any element /1 = (3, hy) € X,

(ZLv, h) = /((—f)h1 +A(x, Vv) - hy)dx = /(A(x, Vv) - hy — fhy)dx.
Q Q

Since fe L”?(Q), by the assumption (III) and the Hélder inequality, we have

| | (A(x, Vv) - hy — fhy)dx]|

/

< f A, Vo) [y dx + f Il dx
Q Q

5ﬂ/IWI"‘llthdm/lfllhﬂdx
Q Q

1_1 1 1 p 1_1 1 1 (4’5)
<B([ 1VulPdx) P (| 1halPdx)P + (| 1IP—Tdx) P(f |ha|P dx)P
[reearrif / /
1 1 1 1

<M[([ 1h2|Pdx)P + ([ |h1|Pdx)P]
[rar ]

- MlIhl,
1 1 p 1 1
where i _ max(g(f |Velrdx) P, (fIfIP ~ldx) P)<oc
Q Q

By the inequality (4.5), Zv e X’ for each (v, vv) € K. The mapping & is well
defined.

The following three lemmas show that & is monotone, coercive and weakly continu-
ous on K.

Lemma 4.3 Zis monotone on K, i.e. (Lu— Lv,u—v) >0 for all (u, vu), (v, Vv) in
K.

Proof. For all (&, vu), (v, vv) in K, Lu = (—f, A(x, Vu)) and ZLv = (—f, A(x, Vv)).

Then, Lu — Lv = (—f, A(x, Vu)) — (—f, A(x, Vv)) = (0, A(x, Vu) — A(x, Vv)).

Since (u - v, Vu - vv) € X, by the assumption (IV), we have

(Lu—ZLvu—v = /(A(x, vu) — A(x, Vv)) - (Vu — Vr)dx > 0.
Q

This proves the lemma.
Lemma 4.4 Zis coercive on K, i.e. there exists ¢ € K such that
(.,E/ﬂu]‘ —f(p,uj —(p>
lluj — ol

Jor each sequence u; in K with ||u;|| — .
Proof. Fix (¢, v¢) € K. For each (u, vu) € K, by assumptions (II), (III) and the
Holder inequality,

Page 9 of 13
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(Lu—ZLou—g)= /(.A(x, Vu) — A(x, Vo)) - (Vu — Ve)dx
Q (4.6)
> a(IVullh + [IVellh) — BUIVull  IVell, + [Vull,Vellh ).

Using the inequality (a + b)" < 2"(a” + ") for all a > 0, b > 0 and r >0, the following
inequalities hold.
IVu+ Vollh < (IIVull + IVell,)’ < 2°(11Vully + [IVell)),
—1 _ _ —1 —1
VUl < (1IVullp + Ve = Vullp)P "1 < 2271 (1Vully ' + 1IVu — Vel b )

and

IVully < [[Vullp + [[Ve = Vullp.
Putting the above inequalities into (4.6), we get

— — —1 —1
(Lu—Lou—g)n>a2?||Vu—Voll, — B2 |Voll,(IIVell, " +|IVu— Ve[, )

-1
= BlIVell, (IIVell +[1Vu = Vell,)

_ _ —1
= a27?||Vu — Vol — B2" |Vl Vu — Voll,
—1 _
= BlIVelly NIVu—Vell, — B2~ + 1)||Vell,.

Then, we have

(Lu— Lo, u— )

>a27P||Vu — Vl|lh ' = B2P1|[Vol|,||Vu — Vel )
IVu — Voll, g p p

(4.7)

1 . 5 1
—BlIVellh ™ — B2 +1)IVgl| :
P PlIVu— Voll,

Since (u,vu), (¢, v¢) € K, both u and ¢ are in Ky Thus,
u—g=u—10—(p—9)eH"(Q)
By the Poincaré inequality,

llu—¢ll, = CdiamQ||Vu — Vol (4.8)

where C is a constant independent of z and ¢.
By the definition of the norm of X and the inequality (4.8), we obtain

[IVu—=Voll, < llu=ollp+[IVu—Voll, = |lu—¢l| <(CdiamQ+1))[[Vu—Vel,. (4.9)
Combining the inequality ||u; - ¢|| = ||u]| - ||¢]| and (4.9), we have
(CdiamQ + 1)|[Vy;j — Vollp = [luj — ¢l = llujll — llell.

For each sequence (u;, Vu;) € K with ||u;|| — oo, ||Vu; - V||, = oo.
Thus,

_ —1 _ —2
a27P||Vu; — Vol — 2P|Vl Vi — Vol

_ 1
= ||[Vu; — Vol P (a27F — g2P~ 1|V - 00,
198 = Volly @27 = 21Vl o o) (4.10)

_ 1
B2V + 1)||V<p||§||w e, 0

Page 10 of 13
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Combining (4.10) with (4.7), we obtain

(Lu—ZLo,u—o)
9
[IVu — Voll,

Using (4.9), we conclude

(Lu—Zou—9) _ (Lu—Lo,u—9g) N
[IVu — Vol| ~ (CdiamQ + 1)||[Vu — Voll,

It follows that ¢ is coercive on K.
Lemma 4.5 ¥is weakly continuous on K, that means L ujconverges to Luweakly in
X ie.
(Luj,v) — (ZLu,v) forallv=(v,1n)ekX (4.11)

whenever (u;, Yu;) € K converges to (u, Vu) € Kin X.
Proof. Let (u;, Yu;) € K be any sequence that converges to an element («, vu) € K in
X. It suffices to prove that Zuj converges to %y weakly in X, i.e.

(Luj— ZLu,v) - Oforallv=(v1,1n) € X.

By the definition of &,

(Luj — ZLu,v) = f(A(x, Vu;) — A(x, Vu)) - vodx.
Q

By the definition of X and (u;, vu;) > (4, Vu) in X, vu; — vu in L”(Q; R"). There
exists a subsequence j, such that Vi, — Vi ae. in Q.

Since A satisfies the assumption (1), A(x, Vu;,(x)) = A(x, Vu(x)) a.e. in Q.

By the assumption (III), we obtain

/|A(x, Vuj)|p/(p71)dx < /(,B|Vuj|p71)p/(p71)dx - IBP/(P*U/ |Vuj|pdx. (4.12)
Q Q Q

Since vu; - vu in LP(Q; R”), (4.12) shows LP'®D(Q; R - norms of A(x, Vu;) are
uniformly bounded. By Lemma 1.1, A(x, Vu;,) converges to .A(x, Vu) weakly in L7/®V
(€; RM).

By the same discussion, we know that, for any subsequence Vu;, of Vu;, there exists a
subsequence Vi, of Vu;, such that A(x, Vi, ) converges to A(x, Vu) weakly in L/ &b
(& R").

Since the weak limit A(x, Vu) is independent of the choice of the subsequence and
by Lemma 4.1, it follows that A(x, Vu;) converges to A(x, Vu) weakly in L7/®D(Q; R™).

Consequently, for all v = (vy, v») € X,

(Luj— Lu,v) = f(.A(x, Vuj) — A(x, Vu)) - v,dx — 0.
Q

Then, (ZLuj, v) - (Lu,v)for allv e X. Hence, & is weakly continuous on K.

Based on the above lemmas, we can prove our main results.

Theorem 4.1 Let Q € R"is a bounded open set, 9 € H"(Q) and y: Q — [-oo, o] be
any function. If Ky 9 # 0, then there is a unique function u in Ky, such that
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/(A(x, Vu) - (Vv—Vu) —f(v—u))dx >0

whenever v € Ky 5. That is, if Ky,9 # 9, there is a unique solution u to the obstacle
problem in Ky .

Proof. (i) Construct X, K and . as Lemmas 4.2, 4.3, 4.4 and 4.5. By the proposition
(4.1) and Lemmas 4.2, 4.3, 4.4 and 4.5, there exists an element u in K such that

(Lu,v—u) >0

whenever v e K.

This means that there is a function u in Ky 9, such that

/(A(x, Vu) - (Vv—Vu) —f(v—u))dx >0
Q

Whenever v € Ky ».

(ii) Suppose that u; and u, are two solutions to the obstacle problem in Ky ». Then
min{u;, u} € Ky,» and both u; and u, are supersolutions to (2.1) in Q. By Lemma
3.1, uy > uy ae. in Q and uy > uy; ae. in Q. Thus, u; = u, ae. in Q and the uniqueness
is proved.

Theorem 4.2 Let Q. € R” be a bounded open set and 9 € H"P(Q). There is a unique
Sfunction u H"P(Q) withy — 9 € Hé’p(Q)such that

/ (A@x, Vi) - (V9) — fo)dx = 0
Q

whenever ¢ € H(l)/p(sz). That is u is the unique solution to (2.1) with y — ¢ ¢ Hé’ﬂ(Q).
Proof. (i) Choose yy = -eo. Since 9 = -c = yand ¥ — 9 =0 € H(l)'p(gz), v elyy #0.
By Theorem 4.1, there is a function u in KCy,» such that

/(A(x, Vu) - (Vv —Vu) —f(v—u))dx >0
Q

whenever v € Ky 9.

For each ¢ eH(l)'p(Q),
u+@ > —00=1,
U—gp=-o00=y,
u+<p—z9=(u—19)+<peHé’p(Q),
u—<p—z9=(u—19)—(peHé'p(Q).

Therefore, both # + ¢ and u - 9 are in Ky » for all ¢ € H(l)"’(gz) Then,

/(A(x, Vu) - Vo — fe)dx > 0
Q
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and

/ (AQx, Vi) - V(—¢) — f(—))dx = 0.
Q

Thus,

/(A(x, Vu) - V¢ — fg)dx = 0.
Q

(ii) Let #; and u, are two solutions to (2.1) with y; — 9 € Hé’p(Q), i=1,2. Since 9 e
H"(Q), uy, uy € H"P(Q) and wy —uy = (ug — 9) — (us — ) € Hy”(Q) Then,
71 = min{u; —uy, 0} € H(l)'p(Q). Since u; and u, are two solutions and by Proposition

2.2, u; is a supersolution and u, is a subsolution. By Lemma 2.2, u#; > u, a.e in Q.
Similarly, u, > u; a.e in Q. Thus, u; = u, a.e. in Q and the uniqueness is proved.
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