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Abstract

We introduce a mean of a real-valued measurable function f on a probability space
induced by a strictly monotone function ¢. Such a mean is called a ¢-mean of f and
written by My(f). We first give a new interpretation of Jensen’s inequality by ¢-mean.
Next, as an application, we consider some geometric properties of M(f), for example,
refinement, strictly monotone increasing (continuous) ¢-mean path, convexity, etc.
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1. Introduction

We are interested in means of real-valued measurable functions induced by strictly
monotone functions. These means are somewhat different from continuously differen-
tiable means, i.e., C'-means introducing by Fujii et al. [1], but they include many
known numerical means. Here we first give a new interpretation of Jensen’s inequality
by such a mean and we next consider some geometric properties of such means, as an
application of it.

Throughout the paper, we denote by (Q, y), I and f a probability space, an interval of
R and a real-valued measurable function on Q with flw) € I for almost all w € Q,
respectively. Let C(I) be the real linear space of all continuous real-valued functions
defined on I Let C;,,(I) (resp. C, (1)) be the set of all ¢ € C(I) which is strictly mono-
tone increasing (resp. decreasing) on I. Then C}, (I) (resp. C,(I)) is a positive (resp.
negative) cone of C(I). Put Cyn(I) = Cf,(I) U C,,,(I). Then C;,,,(I) denotes the set of all
strictly monotone continuous functions on I.

Let C;,,Al) be the set of all ¢ € C,, (/) with ¢ ° fe L' (Q, p). Let ¢ be an arbitrary
function of Cj,,,A1). Since ¢() is an interval of R and g is a probability measure on €,
it follows that

/ (60 f)dp € o(1).

Then there exists a unique real number M(f) € I such that [ (¢ o f)du = (M, (f)).
Since ¢ is one-to-one, it follows that

Mot =07 ([ wonan).
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We call M(f) a ¢-quasi-arithmetic mean of f with respect to y (or simply, ¢-mean of f).
A ¢-mean of fhas the following invariant property:

M, (f) = Ma<p+b(f)

for each a, b € R with a = 0.

Assume that y(Q\{w, .., »,}) = 0 for some w;, .., w, € Q, fis a positive measurable
function on Q and I = R. Then M,(f) will denote a weighted arithmetic mean, a
weighted geometric mean, a weighted harmonic mean, etc. of {flw), ..., Aw,)} if ¢(x) =
x, p(x) = log x, p(x) = ch, etc., respectively.

In Section 2, we prepare some lemmas which we will need in the proof of our main
results.

In Section 3, we first see that a ¢-mean function: V, - M,(f) is order-preserving as
a new interpretation of Jensen’s inequality (see Theorem 1). We next see that there is
a strictly monotone increasing ¢-mean (continuous) path between two ¢-means (see
Theorem 2). We next see that the ¢-mean function is strictly concave (or convex) on a
suitable convex subset of Cj,,,AI) (see Theorem 3). We also observe a certain bounded-
ness of ¢-means, more precisely,

su10) Ma—s)pssy (f) = My —4(f)
s>

under some conditions (see Theorem 4).

In Section 4, we treat a special ¢-mean in which ¢ is a C>-functions with no station-
ary points.

In Section 5, we will give a new refinement of the geometric-arithmetic mean
inequality as an application of our results.

2. Lemmas
This section is devoted to collecting some lemmas which we will need in the proof of
our main results. The first lemma is to describe geometric properties of convex func-
tion, but this will be standard, so we will omit the proof (cf. [[2], (13.34) Exercise: Con-
vex functions].

Lemma 1. Let ¢ be a real-valued function on I Then the following three assertions
are pairwise equivalent:

(i) ¢ is convex (resp. strictly convex).
(ii) For any c € I, a function A, defined by

p(x) —¢(c)
x—c

Aep(x) = (x e I\{c})

is monotone increasing (resp. strictly monotone increasing) on I\{c}.
(iii) For any c € I', there is a real constant m, € R such that

¢(x) —¢(c) =m(x—c) =0 (resp. > 0)

for all x € Nc}, i.e, the line through (c, ¢(c)) having slope m, is always below or on
(resp. below) the graph of ¢.
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Here I’ denotes the interior of I.
For ¢, y € C,,(I) and c € I, put

¥ (x) — ¥ (o)

o) o) N

Aoy (x) =

This function has the following invariant property:
)\c,go,ljf = )\c,mp+b,m//+b

for each a, b € R with a # 0. In this case, we have the following

Lemma 2. Let ¢, ¢ € C;,,(I). Then, the following three assertions are pairwise equiva-
lent:

(i) For any c € I, A, is monotone increasing (resp. strictly monotone increasing)
on N\{c}.

(ii) For any ¢ € I, there is a real constant m. € R such that

¥ (x) = ¥ (c) —me(e(x) —¢(c)) = 0 (resp. > 0)

for all x € N\{c}.

(iii) w ° ¢ is convex (resp. strictly convex) on ¢(I).

Proof. (i) = (ii). Fix ¢ € I° arbitrarily. For any x € I\{c}, put u = ¢(x) and then

(¥ o9 )w) = (W o™ )(e(e)

(Aepy 0 ‘/’_1)(”) = I

1)

If A4, is monotone increasing (resp. strictly monotone increasing) on /\{c}, then
Aey © ¢ is also monotone increasing (resp. strictly monotone increasing) on ¢(J)
\{¢(c)} and hence by (1) and Lemma 1, we can find a real constant m, € R which is
independent of x such that

(Voo () = (¥ oo )(@(c)) = me(u—¢(c)) =0 (resp. > 0).
Since u = ¢(x), we have
Y (x) — ¥ (c) — me(p(x) —(c)) =0 (resp. > 0).

(ii) = (iii). Take # € ¢(I) and d € (¢(I))° arbitrarily. Put x = ¢* (1) and ¢ = ¢ (d).
Then x € I and ¢ € I°. If we can find a real constant m, € R which is independent of
u such that

Y(x) = ¥ (c) — me(e(x) —@(c)) =0 (resp. > 0),
then
(Yo ) = (Yo )d)—m(u—d)=0 (resp.>0),

and hence y ° ¢! is convex (resp. strictly convex) on ¢(I) by Lemma 1.
(iii) > (i). Take c € I’ and x € N\{c} arbitrarily. Put u = ¢(x) and d = ¢(c).

Page 3 of 15
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Then u € ¢()\{d} and d € (p(I))", hence

(Vo )W = (Woe ")) )

(Regy 09~ ) (u) = u—d

If y o ¢ is convex (resp. strictly convex) on ¢(J), then by (2) and Lemma 11, 4., °
¢" and hence Acgy is monotone increasing (resp. strictly monotone increasing) on /
\{c}. O

For each ¢ € Cg,(I), te [0, 1] and x, y € I, put

XVipy =9 (1= De(x) + to(y)).

This can be regarded as a ¢-mean of {x, y} with respect to a probability measure
which represents a weighted arithmetic mean (1-£) x + ty.
For each ¢ € Cj,,(I), denote by V,, a three variable real-valued function:

(t,x,y) = xViuy

on (0, 1) x {(x, y) € P*: x = y}. For each ¢, y € C,,, (I), we write V,<V, (resp. V, < V,)
if
xVipy < xViyy (1esp. xVioy < xViyy)

forall te (0, 1) and x, y € I with x = y.
Remark. The continuity of ¢ implies that V, <V, (resp. V, < V,) if and only if

<
xV;‘py < xV;lky (resp. xV;,«)y < xV;Kky)

for all x, y € I with x = y.
These order relations “<” and “<” play an important role in our discussion.
Lemma 3. Let ¢, w| C,, (I). Then

(i) Vy =V, holds if and only if y = a¢ + b for some a, b € R with a = 0.

(ii) If € C,(1), then V, < V,, (resp. Vs < V) holds if and only if y ° ¢ is convex
(resp. strictly convex) on ¢(I).

(ili) If v € Cy,(1), then Vy < V,, (resp. Vs < V,) holds if and only if y ° ¢ is con-
cave (resp. strictly concave) on ¢(I).

Proof. (i) Suppose that V4 = V,, holds. Take u, v e ¢(I) with u # v arbitrarily and put
x = ¢ (u) and y = ¢'(v), hence x = . By hypothesis,

Ve (1 -u+w) = (1 -0y (e™ (W) + ¥ (¢~ (v)

for all £ € (0, 1). This means that y ° ¢ is convex and concave on ¢(I) and hence
we can write w(¢ (1)) = au + b for all u € $(I) and some a, b € R. Therefore, y(x) =
ag(x) + b for all x € I Since y is non-constant, it follows that a = 0.

The reverse assertion is straightforward.

(ii) Assume that y is monotone increasing. Take u, v € ¢(I) with u = v arbitrarily
and put x = ¢ () and y = #'(v), hence x = y. If V, <V, holds, then

V(e (1= p) +tp(y)) < (1= v (x) + ty(y)
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and hence
Yo ((1—u+w) < (1 -0y~ (W) + (e (v)

for all £ € (0, 1). This means that y o ¢ is convex.

Conversely, if y » ¢ is convex, we see that V,; < V,, holds by observing the reverse
of the above proof.

Also a similar observation implies that V,, < V,, holds if and only if y o ¢™ is strictly
convex on 1.

(iii) Assume that y is monotone decreasing. Then -y is monotone increasing. Hence,
by (ii), we have that V, < V_,, (resp. V, < V_,) holds if and only if (-y) ° ¢ is convex
(resp. strictly convex) on ¢(J). However, since V,, = V_, holds by (i) and (-y) ° ot is
convex (resp. strictly convex) on ¢(I) iff y o ¢! is concave (resp. strictly concave) on
¢(I), we obtain the desired result. O

Lemma 4. Let ¢, € C}, (I)(or C_,(I) with V, < V,,. For each s € [0, 1], define & =
(1-5) ¢+ sy. Then

(i) Each & belongs to C},(I)(resp. Cg,, (1) when ¢, ¥ € C,, (I)(resp. Cg,(1)).
(ii) For each t € (0, 1) and x, y € I with x = y, a function s — XV,gYis strictly
monotone increasing on [0, 1].

Proof. (i) Straightforward.

(ii) Assume @, ¥ € C}, (I) with V4 < V,,. Take t € (0, 1) and %, y € I with x # y arbi-
trarily. To show that a function s — xV,g is strictly monotone increasing on [0, 1],
let 0 < sy <sp < 1. Take ¢ € I arbitrarily. Since V4 < V,, holds, it follows from Lemmas
2 and 3 that A, is strictly monotone increasing on /\{c}. Moreover, we have

_ 3;:52 (‘x) - 3;:52 (C)
Pl g ) 8,0
_52(¥ (%) =¥ () + (1 = s2)(9(x) — ¢(¢))
s1(¥ (%) =¥ (c)) + (1 —s1)(e(x) — ¢(c))
_ 52)\.5,%1#(36) +1— S
N 51)\.5,(0,1/,(36) +1— S1 '

for each x € I\{c}. Therefore, we have

Aeg, g, (%) = S2hepu(x) + 1 =52 (s1=0) 3)
and
Mg, ()= 2= ] (51 70) 4
/&5y s = - _ 1
&5 ibsy 51 5% )‘C,go,llf(x) _ 51511 (4)

for each x € N\{c}. If 5; = 0, then it is trivial by (3) that Acg, &, is strictly monotone
increasing on N\{c}. If s; # 0, then
s1—1
! <0 < Aepy(x)
S1
for all x € N\{c}. So, by (4), A¢z, &, is also strictly monotone increasing on 1\{c}. Hence
we see that Vg, < Vg holds by (i), Lemmas 2 and 3. This implies that
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s = XV g7. Then a function s — XV, is strictly monotone increasing on [0, 1], as
required.

For the case of ¢, ¥ € C,,(I), since —¢, = € C;, (I), it follows from the above dis-
cussion that a function s — XV _¢y is strictly monotone increasing on [0, 1]. However,
by Lemma 3-(i), xV,—gy = xV, ¢y, where t € (0, 1) and x, y € I with x # y, and then
we obtain the desired result. O

Lemma 5. Let ¢ and w be two functions on I such that v - ¢ is strictly monotone

increasing (resp. decreasing) on I and y is convex (resp. concave) on I Then
(1 =)+t (y) — (1 — )¢ + 1) ((1 — t)x + 1y) > 0 (resp. < 0)

holds for all t € (0, 1) and x, y € I with x <y.

Proof. Let x, ye I withx <y and te (0, 1). Put z = (1 - t)x + ty. Then, we must show
that (1 - £) ¢(x) + tw(y) - (1 - )P + ty)(z) > O (resp. < 0). Since x <z <y and - ¢ is
strictly monotone increasing (resp. decreasing) on 7, it follows that

¥ (2) = ¥ (x) — ¢(2) + ¢(x) > 0 (resp. < 0).

Also since y is convex (resp. concave) on I, it follows from Lemma 1 that A, is
monotone increasing (resp. decreasing). Therefore, we have

(1= () + 00 () — (1 — g + ) (2)
— (W) — ¥ (@) — (1 - (6() — 9(x))
= (1) — V(@) — (1~ D () — ¥ ()
(resp. <)
Y -vE  vE - v
- =009 ({00 -0 Y)
YO —vE v - ()
-1 - (VO VE P
“ (1= O — ) (1) — e ()
>0

(resp. < 0),

so that (1 - £) ¢(x) + ty(y) - (1 - £)¢ + ty)(z) > 0 (resp. < 0), as required. O

The following lemma gives an equality condition of Jensen’s inequality. For the sake
of completeness, we will give a proof.

Lemma 6. Let 6 be a strictly convex or strictly concave function on I. Suppose that g
is a real-valued integrable function on Q such that g(w) € I for almost all w € Q and
dege L' (Q, u). Then §( [ gdw) = [ (8 o g)dw if and only if g is a constant function.

Proof. We first consider the strictly convex case. Put ¢ = [gdu. If c = inf ], then c < g
(w) for almost all ® € Q and so g(w) = ¢ must hold for almost all ® € Q. Similarly, if
¢ = max [, then g(w) = ¢ for almost all ® € Q. Therefore, we can without loss of gen-
erality assume that ¢ belongs to I'. Since 4 is strictly convex, we can from Lemma 1

find a real constant m, € R such that
8(x) > me(x —¢) + 8(c) (5)
for all x € I\{c}. Replacing x by g(w) in (5), we obtain

8(8(@)) = me(g(w) —c) +8(c)
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for almost all w € Q. Integrating both sides of this equation, we have
J@ogdn= [nls -+ = 5(0) = o [ gdn)

Now assume that §( [ gdu) = [ (8 0 g)du. Then (6) implies that
8(8(w)) = me(g(w) — ) +8(c)

(6)

for almost all w € Q. If u({g = ¢}) > 0, then we can find w. € Q such that d(g(w,)) =
m, (g(w,) - ¢) + 6(c) and g(w,) # c. This contradicts (5) and hence g(w) = ¢ for almost

all w e Q.

Conversely, assume that g is a constant function on Q. Then it is trivial that

([ &du) = [ (8 0g)dp.

For the strictly concave case, since -d is strictly convex on I, it follows from the

above discussion that —§(f gdu) = [(—8 o g)du iff ¢ is a constant function on Q.
However, since —§( [ gdu) = [(—8 o g)dw iff ([ gdu) = [ (8 0 g)du, we obtain the

desired result. O
Lemma 7. Suppose that f is non-constant and ¢, y € Cgy, s (I). Then

+

(i) If either y o ¢ is convex (resp. strictly convex) on ¢(I) and ¥ € C?,,

is concave (resp. strictly concave) on ¢(I) and ¥ € C,(I), then

My (f) =My (f)  (resp-My(f) < My (f))
holds.

(Dor y o ¢

(ii) If either w ° ¢™" is convex (resp. strictly convex) on ¢(I) and ¥ € C,,(Dor y o ¢

is concave (resp. strictly concave) on ¢(I) and ¥ € C,,(1), then

My (f) = My (f)  (resp. My (f) > My (f))

holds.

Proof. (i) Put § = y © ¢* and g = ¢ ° f. Assume that g is convex on ¢(/) and

Y € C;,(I). Since g and J ° g are integrable functions on Q, we have

([ san) = [ 6o

(7)

by Jensen’s inequality. This means M, (f) < M,, (f) because y is monotone increasing

on L
Next assume that g is concave on ¢(I) and ¥ € C,, (I). Then

8 (/ng) > /(SOg)du

8)

by Jensen’s inequality. This also means M, (f) < M, (f) because y is monotone

decreasing on 1.

For the strict case, since g is a non-constant function on ), we obtain the desired

results from (7), (8), Lemma 6 and the above argument. O
(ii) Similarly.

Page 7 of 15
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3. Main results

In this section, we first give a new interpretation of Jensen’s inequality by ¢-mean.
Next, as an application, we consider some geometric properties of ¢-means of a real-
valued measurable function f on Q.

The first result asserts that a ¢-mean function: V, — M,, (f) is well defined and order
preserving, and this assertion simultaneously gives a new interpretation of Jensen’s
inequality. However, this assertion also teaches us that a simple inequality yields a
complicated inequality.

Theorem 1. Suppose that f is non-constant and ¢, y € Cgy,, s (I). Then

(i) If V4 <V, holds, then M (f) < M,, (f).
(ii) If V4 < V,, holds, then My (f) <M,, (f).

Proof. (i) Suppose that V,, < V,, holds. If y is monotone increasing on I, then y ° ¢
is convex on ¢(I) by Lemma 3-(ii). Therefore, we have M, (f) < M,, (f) by Lemma 7-(i).
If y is monotone decreasing on I, then y ° ¢! is concave on ¢(I) by Lemma 3-(iii).
Therefore, we have M, (f) < M,, (f) by Lemma 7-(i).

(ii) Similarly. O

Let ¢, y € C,,r (D) and t € (0, 1). Then, we can easily see that if either both ¢ and
are monotone increasing or both ¢ and y are monotone decreasing, then (1 - £)¢ + ty
is also an element of Ci,,,r (/) [cf. Lemma 4-(i)]. The next result asserts that there is a
strictly monotone increasing ¢-mean (continuous) path between two ¢-means.

Theorem 2. Suppose that f is non-constant and ¢, y € Cgpp () with Vy <V,

@) If o, ¥ € C,(Dfor Cg, (1)), then a function: s — M _gpes,(f) is strictly monotone
increasing on [0, 1].

(ii) If @, ¥ — ¢ € C;,, (1) [resp. C,,(I)] and w(x) - ¢p(x) = 0 (resp. < 0) for all x € I,
then a function: s — M 45, (f) is strictly monotone increasing and continuous on
[0.1].

Proof. (i) Suppose that ¢, ¥ € Cf, (I)[or C,(I)]. For each s € [0, 1], define & = (1 - s)¢ +
s,. Let 0 < s; <s5 < 1. Then, we must show that Mg, (f) < Mg, (f). By Lemma 4-(ii), a
function s — XV, y is strictly monotone increasing on [0, 1] for each € (0, 1) and x, y €
I with x # y, and hence we see that Vg, < Vg, holds. Therefore, we have from Theorem
1-(ii) that Mg, (f) < Mg, (f), as required.

(ii) Suppose that ¢, ¥ — ¢ € C},,(I) and ¢(x) < w(x) for all x € I Since w = ¢ + (w- ),
it follows that ¢ € C}, (I). For each s € [0, 1], put ot = M(1_4)4+ 5, (). Then, we must
show that a function s — ¢ is continuous on [0, 1]. To do this, take 0 < s <¢ < 1 arbitra-
rily. By (i), we have a; <o Note that

(1 = ola) +tv(@) = (1= 1) [(o N+t [ (9o fdu
and

(1 = ola) +sv(a) = (1=5) (0o Pdurs [ (o
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Therefore, we have

oler) — pla) + 100 — @) () = s(¥ — @) (@) = (1 —9) ( [w-o Of)du) e

Since ¢, ¥ — ¢ € C,,(I) and ¢(x) < y(x) for all x € I by hypothesis, it follows that
p(ar) —g(as) >0 and (Y — ¢)() —s(¥ — ¢)(as) > 0.
Hence, after taking the limit with respect to s in the Eq. (9), we obtain

Jim (o) = @(o) and - lim s(¥ — @) () = 1(¥ — ¢)(e).

However, since gf)'l is continuous on ¢(/), we conclude that

lim o5 = o.

s—>t—0
Similarly, after taking the limit with respect to ¢ in the Eq. (9), we obtain

lim o = ;.
t—s+0

These observations imply that a function s — o is continuous on [0, 1], as required.

For the case that ¢, ¥ — ¢ € C,(I) and ¢(x) > w(x) for all x € I, a similar argument
above implies that a function s — ¢ is also continuous on [0, 1]. O

The next result asserts that the ¢-mean function is strictly concave (or convex) on a
suitable convex subset of Cg,, AI).

Theorem 3. Suppose that f is non-constant and ¢, y € C,, () with V, <V, Then

(i) If o, ¥y — ¢ € C},(D(resp. C,,(I) and v is convex (resp. concave) on I, then

(1 =My (f) + tMy () < Ma—ggpsy (f)
holds for all t € (0, 1).

(i) If Y, — ¥ € C,,(D)(resp. Ct,(1) and v is convex (resp. concave) on I, then
(1 =My (f) + tMy (f) > M—0)p+y ()

holds for all t € (0, 1).

Proof. (i) Suppose that ¢, ¥ — ¢ € C!, (I)[resp. C,(I)] and y is convex [resp. con-
cave] on I. Since w = ¢ + (y- ¢), it follows from hypothesis that ¥ € C;, (I) [resp.
Con(D]. Put x = My(f) and y = M,(f), and so x <y by Theorem 1-(ii). Also, we have
from definition that

o= [(@ondn and v = [ Wonde
Let 0 <t < 1 and put u = M(1_pe+s,(f). Then, we have
(1= 0+ 00)0) = [((1 = o+ 9 o Pl
by definition. Therefore,
(1= 00 + 1w 0) = (1=0) [(vo N+t [ (o f)du

- [(@ =+ w00 Nau
- (1= g + ) w)
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Put z = (1 - £)x + ty. Then, by the above equality and Lemma 5, we have
(1 =0+ ty)(2) < (resp. >)(1 = () + 1y (y) = (1 = g + t9) ().

Since (1 - £)¢ + ty is strictly increasing (resp. decreasing), it follows that z <u, that is,
(1—tx+ty <u.

This means that (1 - )My(f) + tM,(f) <Ma_ppse,(-

(ii) Similarly.

Remark. It seems that Theorem 3 is slightly related to [3,4] which discuss a compari-
son between a convex linear combination of the arithmetic and geometric means and
the generalized logarithmic mean.

The following result describes a certain boundedness of ¢-means.

Theorem 4. Suppose that f is non-constant and ¢, y € Cg,, AI) with V4 <V,

(i) If o, ¥ — o € CL.(I) [or C,,(I)], then a function: s — M _g4.s,(f) is strictly
monotone increasing on [0, o) and

sl—l>n<;lo M -s)pssy (f) = My ()

(ii) If @, ¥ — @ € C!, (I)[resp. C,,,(I)] and w(x) - ¢p(x) = 0 (resp. < 0) for all x € I,
then a function: s — M g4.5,(f) is strictly monotone increasing and continuous on
[0, o).

Proof. (i) Suppose that ¢, ¥ — ¢ € C{,(I). For each s > 1, put & = (1 - 5)¢ + sy. Since
& = ¢ + s(y - ¢), it follows from hypothesis that each & is in C},, (I), and then & € C,,
AD). Since y = ¢ + (y- ¢), it follows from hypothesis that y is also in Cj, (I). Then by
Lemmas 2 and 3, we have that 4., is strictly monotone increasing on I\{c} for any ¢
€ I. Let 1 < s <55 < o and take ¢ € I° arbitrarily. In this case, we obtain the equality
(4), as observe in the proof of Lemma 4-(ii). Note that
si-1 <1 < Agpy(x)

$1

for all x € I\{c}. So, by (4), Acg, &,is also strictly monotone increasing on I\{c}. Then
by Lemmas 2 and 3, we conclude that Vg, < Vg . Therefore, we have from Theorem
1-(ii) that Mg, (f) < Mg, (f) and then a function: s — M1 _g4.5,(f) is strictly monotone
increasing on [1, e) and hence [0, ) by Theorem 2-(i).

Moreover, we can easily see that

1 1

hetuvo(8) = |
—px)= -
TS T P =

and

-1
<1 < Agpp(x)
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for all s > 1, x € I\{c} and ¢ € I". This implies that Ace,y—¢ is strictly monotone
increasing on \{c} for each s > 1 and ¢ € I°. Then by Lemmas 2 and 3, we conclude
that Vg < Vy_, for each s > 1. Therefore, we have from Theorem 1-(ii) that
Mg (f) < My—_o(f) for each s > 1.

Now take s > 1 arbitrarily and put o5 = Mg (f) and o = M,,_,(f), so &, <a. Since
0, ¥ — ¢ e C (D) it follows that ¢(or) <d() and (w- ¢)(er) < (w- ¢)(ex). By definition,

we have
(0 -0)@ = [((¥ =)o i

Also since & = s(igo + ¢ — @), it follows from an invariant property of ¢-mean that

(f) and then

o, =M
s (V=0

s+ = o)) = [ (Loev—p)oran

Therefore, we have

0 < —9¢)(a) = (¥ —¢)(x)

S OB
< o@- [wondu).

Hence, after taking the limit with respect to s, we obtain
Tim (4 — g)(o) = (¥ — 9)(e0).
However, since (p- ¢) is continuous on (- ¢)(I), we conclude that

lim o = «,
5§—>00

that is,
sl—l>n<;lo M -s)pssy (f) = My ()

For the decreasing case, replacing ¢ and w by -¢ and -y, respectively, apply the
above discussion for the increasing case.
(ii) Refer to the Proof of Theorem 2-(ii). O

4. $-means by C*-functions
In this section, we treat a special ¢-mean in which ¢ is a C*-functions with no station-

ary points. For each real-valued measurable function f on Q, let Cszm*,f(l) be the set of
all C>-functions ¢ in C,,, AI) with no stationary points, that is, ¢’(f) = 0 for all t e 1
Lemma 8. Let ¢, ¥ € C,, «(I). Then

(i) The following two statements are equivalent:

(@) w o ¢ is convex (resp. concave) on ¢(I).

(b) (ﬁﬁ((j:)) - (Z,/((;)))I/f/(x) > O(resp. < 0) for all x € T.

(ii) The following two statements are equivalent:
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(c) w o ¢ is strictly convex (resp. strictly concave) on $(I).

(@ (8 = 8y (x) > Ofresp. < 0) for all x < I

Proof. (i) Define 7(u) = w((¢ ' (u)) for each u € ¢(I). Then a simple calculation yields

that
v(x) _ ¢'(x)
v (u) = (46 - ) v
(¢'(%))*
for all u € (4(I))°, where x = ¢ *(u). This equation implies that (a) and (b) are
equivalent.

(ii) Similarly. O
Lemma 9. Let ¢ and w be Cl—functions on I Then,

(i) If ¢'(x) <y’(x) for all x € I" and y’ is monotone increasing on I, then

(1 =0 +ty) (1 — O +1y) < (1 = )p(x) + 1ty (y)

holds for all x, y € I with x <y and t € (0, 1).
(ii) If ¢’'(x) >¥/(x) for all x € I’ and v’ is monotone decreasing on I, then

(1 =0+ ) (1 = Ox+ty) > (1 = o(x) + ¥ (y)

holds for all x, y € I with x <y and t € (0, 1).

Proof. (i) Suppose that ¢’(x) <y/(x) for all x € I" and ¥’ is monotone increasing on 1.
Let x, y € I withx <y and t e (0, 1). Put z = (1 - £)x + £y. Then, we must show that
((1-0¢ + ty)(z) < (1 - )o(x) + tyw(y). By the mean value theorem, we have

(1 = )e(x) +t¥r(y) — (1 — Yo + 1¥)(2)
=ty () - ¥ (=) — (1 = 1)(e(2) — ¢(x))
=)' (z+(y—2)0)(y —2) — (1 — )¢ (x + (2 — x)0") (z — x)
= (1 =0)(¥'(z+ (y —2)0) — ¢'(x + (z — x)60)) (y — %)
> (1 =) (¥ (x+ (2= x)0") — ¢'(x + (2 — x)0)) (y — %)
for some 6, Oc (0, 1) because z + (y- 2)0 > x + (z- x)& and hence y/'(z + (y- 2)0) > y/(
x + (z- x)@) by hypothesis. Since x + (z- x)& € I', it follows from hypothesis that

¥ (x+ (2 —x)0") > ¢'(x + (z — x)0")
and so (1 - £)o(x) + ty(y) - (1 - )¢ + ty)(z) > O from the preceding inequalities.

Therefore, we obtain the desired inequality.

(ii) Similarly. ©

Page 12 of 15
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Corollary 1. Suppose that f is non-constant and ¢, ¥ € C2,, (). Then

(W) Ir 48 < .o all x € I, then My(f) < M, ().

P'x) — vix
(ii) If‘;((;‘)) 'f/’/ ((gfor all x e I then My(f) <M,,(f).

Proof. (i) Suppose that ‘;((;)) < ]f;,((;)) for all x € I. If y is monotone increasing on 1,
then y’(x) > 0 for all x € I’ and hence y ° ¢" is convex on &(I) by Lemma 8-(i).
Therefore, by Lemma 3-(ii), V, < V,, holds and then M(f) < M,(f) by Theorem 1-(i). If
w is monotone decreasing on I, then y/(x) < 0 for all x € I’ and hence y ° ¢ is con-
cave on ¢(I) by Lemma 8-(i). Therefore, by Lemma 3-(iii), V,, < V,, also holds and then
My(f) < M,(f) by Theorem 1-(i).

(ii) Similarly. O

Remark. Let (€, u) be a probability space, 0 <p <g < e and let f be a non-constant
real-valued function in L%, y). Then the well-known inequality: ||f]|, < ||f]|, follows
immediately from Corollary 1 (ii), by considering a family {¢, : r > 0} of functions on
R,, where ¢,(x) = x" (x > 0).

Let ¢, ¥ € C,, (I) and let £ € (0, 1). Then, we can easily see that if either both ¢
and y are monotone mcreasmg on [ or both ¢ and y are monotone decreasing on I,
then (1 —t)p +ty € C

o f(I ). In this case, we have the following

Corollary 2. Suppose that f is non-constant and ¢, € Cfm*f(l) fﬁ ((j:)) ‘fb/,,((f))and
@)y (x) > 0 for all x € I', then a function: s — Mq_ge.sy(f) is strictly increasing on
[0, 1].

Proof. Suppose that ‘;((;C)) ﬁ/((;c)) and ¢’ (x)y’(x) > 0 for all x € I". We define &(s, x) =
(1 - s)p(x) + sw(x) for each s € (0, 1). We can easily see that

. oy (VW) _ o)
meEsx) @) V) (W) w’(x))

Pg(sx) @) (1-9)@(x)+sy(x)

for each s € (0, 1) and % € I". Then, we have from Corollary 1-(ii) that M(f) <M ¢
+syp(f) for all s € (0, 1). Similarly, we can see that M;_gs.s,(f) <M, (f) for all s € (0, 1).
Now put

g (s, x)

A(s, x) = 33x5(5r %)

for each s € (0, 1) and x € I". Then a simple calculation implies that
v( "(
0 A(s, x) = <""(;C)) - ﬁ”(;:))) ¢/ (X))
0 (1= 0¢'(@) + 19/ (x))"

for each s € (0, 1) and x € I’. Therefore, for a fixed x € I’, a function: s — A(s, x) is
strictly increasing on (0, 1). Therefore, Corollary 1-(ii) implies that a function: s > M

a-s)s+sylf) is strictly increasing on (0, 1) and hence [0, 1]. ©
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Corollary 3. Suppose that f is non-constant and that ¢, ¥ € Cszm*,f(l)is such that
Z,((j:)) < '{/jj((gfor for all x € I. Then

(i) If either 0 <¢’ <y and w* > 0 on I’ or /' <¢’ < 0 and y* < 0 on I, then

(1 =My (f) + tMy (f) < Ma—gsey ()

holds for all t € (0, 1).
(ii) If either ¢’ <y’ < 0 and y* >0 on I’ or 0 <y’ <¢’ and y* < 0 on I', then

(1 =My (f) + tMy (f) > M-gsey (f)

holds for all t € (0, 1).

Proof. (i) Suppose that 0 <¢’ <y’ and y“ = 0 on I". Put x = My(f) and y = M,(f), and
so x <y by Corollary 1-(ii). Take t € R with 0 <t < 1 arbitrarily. By hypothesis, (1 - )¢
+ ty is strictly monotone increasing on I. Put u = M(1_p¢4s,(f). As observe in the proof
of Theorem 3-(i), we have

(1= 0e(x) +ty(y) = ((1 — )e + 1) (u). (10)
Put z = (1 - £)x + ty. Then, by (10) and Lemma 9-(i), we have
(1 =0)p +ty)(z) < (1 —)ex) +ty(y) = ((1 — )¢ + ty)(u),

and then z <u, that is, (1 - OMy(f) + tM,(f) <Ma-pese,(f).
In the case of i’ <¢’ < 0 and y < 0 on I°, we apply Lemma 9-(ii).
(2) Similarly. ©

5. Remarks

(i) Let I = R™. Put ¢(x) = ; and y(x) = x for each x € I. Of course, these functions
belong to C,,(I). The harmonic-arithmetic mean inequality asserts that V,, < V,,. Take
a non-constant positive measurable function f on a probability space (Q, ¢) such that
¢ ° fand y ° fare in L'(Q, u). Then, we have from Theorem 1-(ii) that M(f) <M,,(f.
Observe that this inequality means

([ ) )

This is a special case of Jensen’s inequality (or Schwarz’s inequality). We note that if

0 <m < f< M, then ([ }du)(ffdu) < (";:HTA)Z. The right side of this inequality is called

a Kantorovich constant (cf. [5-7]).
(ii) A similar consideration for the geometric-arithmetic mean inequality yields that

/logfd,u < log/fdu.
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This is also a special case of Jensen’s inequality. We note that if 0 <m < f < M, then
1 1\ !
log [ fdu — [logfdu < hh-1 (eloghhl) , where h =M The right side of this

inequality is called Specht’s ratio (cf. [8]).
(iii) For each t € [0, 1], put logyy x = (1 - t)log x + tx(x > 0). Then log, is a strictly
monotone increasing real-valued continuous function on R,. Denote by expy, the

inverse function of log,. Let xy, ..., x, > 0 and py, ..., p, > 0 with Y ;_; pr = 1. Then

Theorem 2-(i) (or Corollary 2) implies that ¢ — expy, (ZZ=1 pilog, xk> is strictly
monotone increasing on [0, 1]. Note that expyo| (ZZ=1 Dr log[O] xk) = HZ=1ka and

exp|y (ZZ=1 pilogy xk) =Y .1 PeXr. Therefore, we obtain that

n n n
[T = ooy [ Dopelogyyxi | <D om0 <= 1).
k=1 k=1

k=1

This is a new refinement of geometric-arithmetic mean inequality (cf. [9]).
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