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Abstract

Without the strong monotonicity assumption of the mapping, we provide a
regularization method for general variational inequality problem, when its solution
set is related to a solution set of an inverse strongly monotone mapping.
Consequently, an iterative algorithm for finding such a solution is constructed, and
convergent theorem of the such algorithm is proved. It is worth pointing out that,
since we do not assume strong monotonicity of general variational inequality
problem, our results improve and extend some well-known results in the literature.
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1. Introduction
It is well known that the ideas and techniques of the variational inequalities are being
applied in a variety of diverse fields of pure and applied sciences and proven to be pro-
ductive and innovative. It has been shown that this theory provides the most natural,
direct, simple, unified, and efficient framework for a general treatment of a wide class
of linear and nonlinear problems. The development of variational inequality theory can
be viewed as the simultaneous pursuit of two different lines of research. On the one
hand, it reveals the fundamental facts on the qualitative aspects of the solutions to
important classes of problems. On the other hand, it also enables us to develop highly
efficient and powerful new numerical methods for solving, for example, obstacle, uni-
lateral, free, moving, and complex equilibrium problems.

In 1988, Noor [1] introduced and studied a class of variational inequalities, which is
known as general variational inequality, GVIx{(4, g), is as follows: Find u* € H, g(u*) €
K such that

(A(u),8(v) —g(u*)) = 0, Yve H:g(v) €K, (1.1)

where K is a nonempty closed convex subset of a real Hilbert space H with inner
product (-, -), and T, g¢: H — H be mappings. It is known that a class of nonsymmetric
and odd-order obstacle, unilateral, and moving boundary value problems arising in
pure and applied can be studied in the unified framework of general variational
inequalities (e.g., [2] and the references therein). Observe that to guarantee the exis-
tence and uniqueness of a solution of the problem (1.1), one has to impose conditions
on the operator A and g, see [3] for example in a more general case. By the way, it is
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worth noting that, if A fails to be Lipschitz continuous or strongly monotone, then the
solution set of the problem (1.1) may be an empty one.

Related to the variational inequalities, we have the problem of finding the fixed
points of the nonlinear mappings, which is the subject of current interest in functional
analysis. It is natural to consider a unified approach to these two different problems (e.
g., [3-8]). Motivated and inspired by the research going in this direction, in this article,
we present a method for finding a solution of the problem (1.1), which is related to
the solution set of an inverse strongly monotone mapping and is as follows: Find u* €
H, g(u*) € S(T) such that

(A(u*), g(v) — g(u™)) =0, Vve H:g[v) €K, (1.2)

when A is a generalized monotone mapping, 7: K — H is an inverse strongly mono-
tone mapping, and S(7) = {x € K: T(x) = 0}. We will denote by GVIx(A, g, T) for a set
of solution to the problem (1.2). Observe that, if 7' =: 0, the zero operator, then the
problem (1.2) reduces to (1.1). Moreover, we would also like to notice that although
many authors have proven results for finding the solution of the variational inequality
problem and the solution set of inverse strongly monotone mapping (e.g., [4,8,9]), it is
clear that it cannot be directly applied to the problem GV Ix(A, g, T) due to the pre-
sence of g.

2. Preliminaries
Let H be a real Hilbert space whose inner product and norm are denoted by (:, -) and
[| - ||, respectively. Let K be a nonempty closed convex subset of H. In this section, we
will recall some well-known results and definitions.

Definition2.1. Let A: H — H be a mapping and K € H. Then, A is said to be semi-
continuous at a point x in K if

%ing(A(x+ th),y) = (A(x),y), x+th e K, y € H.

Definition2.2. A mapping T: K — H is said to be A-inverse strongly monotone, if
there exists a A > 0 such that

(T(x) = T(y), x —y) = AIT(x) = T(Y)II*>, VxyeK.

Recall that a mapping B: K — H is said to be k-strictly pseudocontractive if there
exists a constant k € [0, 1) such that

|IBx — BylI> < [lx — ylI> + k(I = B)(x) — (I = BY(M)II>, Vxy€K.
Let I be the identity operator on K. It is well known that if B: K — H is a k-strictly

pseudocontrative mapping, then the mapping 7:= [ - B is a (1;k>—inverse strongly

monotone, see [4]. Conversely, if T: K — H is a A-inverse strongly monotone with
A€ (0, ;], then B :=1- Tis (1 - 2A)-strictly pseudocontrative mapping. Actually, for
all x, y € K, we have

(T(x) = T(y), x —y) = M|T(x) — T(y)II?
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On the other hand, since H is a real Hilbert space, we have

NI =T)(x) = U=T)VIP = llx =yII? + [IT(x) = TY)II* = 2(T(x) = T(y), x = y).
Hence,

1= T)(x) = (I =TYII* = llx = yII* + (1 = 21)1IT(x) — T()II*.

Moreover, we have the following result:

Lemma 2.3. [10]Let K be a nonempty closed convex subset of a Hilbert space H and
B: K — H a k-strictly pseudocontractive mapping. Then, I - B is demiclosed at zero,
that is, whenever {x,} is a sequence in K such that {x,} converges weakly to x € K and
{(I - B)(x,,)} converges strongly to 0, we must have (I - B)(x) = 0.

Definition2.4. Let A, g: H — H. Then A is said to be g-monotone if

(A(x) —A(y), g(x) —8(¥)) =0, ¥x,yeH

For g = I, the identity operator, Definition 2.4 reduces to the well-known definition
of monotonicity. However, the converse is not true.

Now we show an example in proof of our main problem (1.2).

Example 2.5. Let a, b be strictly positive real numbers. Put H = {(x1, x,)| -a < x; < a4,
-b < x5 < b} with the usual inner product and norm. Let K = {(x1, x5) € H: 0 < x1 < x5}
be a closed convex subset of H. Let T: K — H be a mapping defined by T(x) = (I - P,)
(x), where A = {x := (x1, x») € H: x; = x,} is a closed convex subset of H, and P, is a
projection mapping from K onto A. Clearly, T is ;—inverse strongly monotone, and S
-1 2

0 -1

is the 2 x 2 identity matrix. Then, we can verify that A is a g-monotone operator.

(T) = An K. Now, if A = |: } is a considered matrix operator and g = -1, where

Indeed, for each x := (x1, x3), ¥y := (y1, y2) € H, we have
_ _ _ . _ -1 2 —(.X'l — )/1)
(A3) = A0 53) ~ 800 = (s =y =yl [ 1 2 ) [ h 20
= (x1 —y1)? = 2001 —y1)(x2 —y2) + (2 — 12)°
=((x1 —=y1) = (2 —12))* = 0.
Moreover, if u* := (u}, u}) € GVIk(A, g), then we must have (A(u*), g(y) - g(u*)) > 0,
for all y = (y1, y2) € H, g(y) € K. This equivalence becomes
2uy —u} - uy —y1

* — % ’
uy U ="

(2.1)

for all y = (y1, y2) € H, g(y) € K. Notice that g (K) = {(y1, y») € H|y1 = y,}. Thus, in
view of (2.1), it follows that {x = (%1, x3) € H|x; = %y} € GVI{A, g). Hence, GVIi(A, g,
T) = O.

Remark 2.6. In Example 2.5, the operator A is not a monotone mapping on H.

We need the following concepts to prove our results.

Let R stand for the set of real numbers. Let F: K x K — R be an equilibrium
bifunction, that is, F(i, u) = 0 for every u € K.

Definition2.7. The equilibrium bifunction F: K x K — R is said to be
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(i) monotone, if for all u#, v € K, then we have

F(u,v) + F(v,u) <0, (2.2)

(ii) strongly monotone with constant z; if for all u, v € K, then we have

F(u,v) + F(v,u) < —t|lu —v||%, (2.3)

(iif) hemicontinuous in the first variable ; if for each fixed v, then we have

tlimo F(u+t(z—u),v) = F(u,v), V(u,z) €K x K. (2.4)

Recall that the equilibrium problem for F: K x K — R is to find u* € K such that

F(u*,v) >0, VveK. (2.5)

Concerning to the problem (2.5), the following facts are very useful.
Lemma 2.8. [11]Let F : K x K — Rbe such that F(u, v) is convex and lower semicon-
tinuous in the variable v for each fixed u € K. Then,

(1) if F(u, v) is hemicontinuous in the first variable and has the monotonic property,
then U* = V¥, where U* is the solution set of (2.5), and V* is the solution set of F(u,
v¥) < 0 for all u € K. Moreover, in this case, they are closed and convex;

(2) if F(u, v) is hemicontinuous in the first variable for each v € K and F is strongly
monotone, then U* is a nonempty singleton. In addition, if F is a strongly monotone
mapping, then U* = V* is a singleton set.

The following basic results are also needed.

Lemma 2.9. Let {x,} be a sequence in H. If x,, — x wealky and ||x,|| = ||x||, then x,
— x strongly.

Lemma 2.10. [12]. Let a,, b,, ¢, be the sequences of positive real numbers satisfying
the following conditions.

(l) Apy1 < (1 - bn)an + Cw bn <1

(i) Dy bn = +00, limy .00 (') = 0.

Then, lim,,_, ... a, = 0.

3. Regularization

Let o € (0, 1) be a fixed positive real number. We now construct a regularization solu-
tion u,, for (1.2), by solving the following general variational inequality problem: find
uy € H, gluy,) € K such that

(A(ug) + o (T 0 g)(ua) + g (ta), §(v) — 8(ua)) = OV € H, g(v) €K, 0 <p <1.(3.1)

Theorem 3.1. Let K be a closed convex subset of a Hilbert space H and g: H — H be
a mapping such that K < g(H). Let A: H — H be a hemicontinuous on K and g-
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monotone mapping, T: K — H be JA-inverse strongly monotone mapping. If g is an
expanding affine continuous mapping and GVIK{A, g, T) = &, then the following conclu-
sions are true.

(a) For each o € (0, 1), the problem (3.1) has the unique solution u:
(b) If o | O, then {g(uy)} converges. Moreover, JEBI+ 8(uq) = g(“*)for some u* € GVIg
A, g 7).

(¢c) There exists a positive constant M such that

lg() — st < M ) (3.2)

’

when 0 <o <f < 1.

Proof. First, in view of the definition 2.2, we will always assume that A € (0, }] Now,

related to mappings A, T, and g, we define functions F4, Fr : g71(K) x g71(K) — R by
Fa(u, v) = (A(u), 8(v) — 8(u)) and Fr(u, v) = (T o g)(u), 8(v) — 8(u)),

for all (u, v) € g'(K) x g'(K). Note that, F4, F; are equilibrium monotone bifunc-
tions, and g’l(K) is a closed convex subset of H.

Now, let o € (0, 1) be a given positive real number. We construct a function
F,: g1 (K) x g Y(K) — R by

Fo(u,v) = [Fa + " Fr](u,v) + a(g(u), g(v) — g(u)), (3.3)

for all (u, v) € g (K) x g’l([().
(a) Observe that, the problem (3.1) is equivalent to the problem of finding u, € g’1
(K) such that

Fy(ug,v) >0, Yveg '(K). (3.4)

Moreover, one can easily check that F,(u, v) is a monotone hemicontinuous in the
variable u for each fixed v e g(K). Indeed, it is strongly monotone with constant o >
0, where g is an ¢-expansive. Thus, by Lemma 2.8(ii), the problem (3.4) has a unique
solution u,, € g’l(K) for each o > 0. This prove (a).

(b) Note that for each y € GVIi(A, g, T) we have [F4 + &”F7](y, uy) = 0. Conse-
quently, by (3.4), we have

0> —Fy(uq,y)
= — [Fa(ua,y) + o Fr(ta,y) + o (8(tia), 8() — 8(tta))]
> — [Fa(ua,y) + @ Fr(ua, y) + (g(ua), 8(¥) — 8(ua))] — [Fa(y, ua) + o Fr(y, a)]
= —[Fa(ta,y) + Fa(y, )] — " [Fr(uia, y) + Fr(y, ua)] — @ (g(ua), 8(y) — g(14a))
> a(g(ua), g(ua) — 8(¥))-

This means

(3(ua), 8(y) — 8(ua)) = 0, Vy € GVIk(A, g T).

Page 5 of 11



Cho and Petrot Journal of Inequalities and Applications 2011, 2011:21
http://www.journalofinequalitiesandapplications.com/content/2011/1/21

Consequently,

lg(ue) 1 18I = (8(1a), (7)) = (8(1tar), 8(1ha)) = 118 (1)1, (3.5)

that is, ||g(ug)|| < ||g()|| for all y € GVIi{(A, g, T). Thus, {g(u,)} is a bounded subset
of K. Consequently, the set of weak limit points as ¢ — 0 of the net (g(u,)) denoted
by ,,(g(uy)) is nonempty. Pick z € w,(g(u,)) and a null sequence {or} in the interval
(0, 1) such that {g(uy, )} weakly converges to z as k — eo. Since K is closed and convex,
we know that K is weakly closed, and it follows that z € K. Now, since K < g(H), we
let u* € H be such that z = g(u*) and claim that u* € GVIA, g T).

To prove such a claim, we will first show that g(u*) € S(7). To do so, let us pick a
fixed y € GVIKA, g T). By (3.3) and the monotonicity of F4, we have

o), Fr(te, y) + i (8 (e, ), §(¥) — 8(hey,)) = —Fa(they, ¥) = Fa(y, they,) = 0,

equivalently,

Fr(u,, y) + o " (8(ua,), 8() — 8(ta,)) = 0,

for each k € N. Using the above together with the assumption that T is an A-inverse

strongly monotone mapping, we have
MIT(8 () — TR < (T(8(ter)), 8(1her,) — 8())
= —Fr(uy,y)
< o " (8(uer), 8(7) — 81t ))
< o " [118Cue )1 11811 = 1182t )117]
<o "Ig)I?

]

for each k € N. Letting k — +c, we obtain

Jim [[T(g(ug,)) =TI = 1im [IT(g(uq))I = O.

On the other hand, we know that the mapping I - T is a strictly pseudocontractive,
thus by lemma 2.3, we have T demiclosed at zero. Consequently, since {g(uq, )} weakly
converges to g(u*), we obtain T(g(u*)) = T(g(y)) = 0. This proves g(u*) € S(T), as
required.

Now, we will show that u* € GVI(A, g T). Notice that, from the monotonic prop-
erty of F, and (3.4), we have

Fa(v, ug,) + oz,’:FT(v, Uy, ) + i (g(V), §(Uey,) — (V) = Fa(V, i,) < —Fo (U, V) <0,
for all v e g’l(K). That is,
Fa(v, ) + o, Fr(v, ug,) < ar(8(v), 8(v) — 8tk (3.6)

for all v e g’l(K). Since oy | 0 as kK — o, we see that (3.6) implies F4(v, u*) < 0 for
any v € H, g(v) € K. Consequently, in view of Lemma 2.8(1), we obtain our claim
immediately.

Page 6 of 11
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Next we observe that the sequence {g(uq,)} actually converges to g(u*) strongly. In

fact, by using a lower semi-continuous of norm and (3.5), we see that

l1g(u*)I] sli;gglfllg(uak)ll Sli;nsupllg(uak)ll < llg(u™)Il,

since u* € GVIg(A, g, T). That is, ||g(ue )|l — lIg(u*)|| as k — . Now, it is
straight-forward from Lemma 2.9, that the weak convergence to g(u*) of {g(u,)}
implies strong convergence to g(u*) of {g(us, )}. Further, in view of (3.5), we see that

lIg(w)Il = inf{|Ig(y)Il :y € GVIk(A g T)}. (3.7)

Next, we let {g(uq;)} C (8(ue)), where {;} be any null sequence in the interval (0, 1).
By following the lines of proof as above, and passing to a subsequence if necessary, we
know that there is &t € GVIk(A, g T) such that g(us;) — &(it) as j — . Moreover, in
view of (3.5) and (3.7), we have ||g(&1)]| = ||g(u*)|l. Consequently, since the function ||
g()|] is a lower semi-continuous function and GVIi(A, g T) is a closed convex set, we
see that (3.7) gives y* = fi. This has shown that g(u*) is the strong limit of the net (g
(uy)) as o | 0.

(c) Let 0 <ax <f < 1 and uy, ug are solutions of the problem (3.1). Thus, since F4 and

Fr are monotone mappings, by (3.4), we have
0 < (B" — o )Fr(up, ua) + Big(up), 8(ua) — 8(up)) + {g(tia), 8(u1p) — 8(thar)),

that is,
T
(s~ Pstun, gtu) = stun) = () Frtun ) 69
Notice that,

(500 = st 0000 510 = st~ st + * P gt st = P lgany
= lgtue) — gCun)I+ P (g, 30

since 0 <& <B. Using the above, by (3.8), we have

lg(u) — ()P = 7 %02 P ), 3.9)

where 0 = sup{||g(us)||: @ € (0, 1)}. Moreover, since Fr is a Lipschit continuous
mapping (with Lipschitz constant i), it follows that

B—a Bt —at
+
o

o

lIg(ua) — glup)I* < 62 M,
for some M; > 0. Further, by applying the Lagranges mean-value theorem to a con-

tinuous function 4(f) = t# on [1, +), we know that

11g(ua) — g(up)I* < M(ﬁ;a) (3.10)

’

for some M > 0. This completes the proof. O
Remark 3.2. If g =: ], the identity operator on H, then we see that Theorem 3.1

reduces to a result presented by Kim and Buong [9].
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4, Iterative Method

Now, we consider the regularization inertial proximal point algorithm:

(en[A(zner) + o (T 0 8)(2ns1) + 0tng(zne1)] + 8(zne1) — 8(zn), 8(v) — &(2n41)) = 0 (4.1)
YveH, gv) €K, z1 € H, g(z1) e K. )

The well definedness of (4.1) is guaranteed by the following result.
Proposition 4.1. Assume that all hypothesis of the Theorem 3.1 are satisfied. Let z €
g (K) be a fixed element. Define a bifunction F, : g (K) x g'(K) — R by

Fe(u,v) := (c[A(u) + (T o g)(u) + ag(u)] + g(u) — g(2), g(v) — g(u)),

where ¢, o are positive real numbers. Then, there exists the unique element u* ¢ g*
(K) such that F(u*, v) 2 0 for all v € g'l(K).

Proof. Assume that g is an & expanding mapping. Then, for each u, v e g'(K), we
see that

Fe(u,v) + Fe(v,u) < (1 + ca)(g(u) = g(v), 8(v) — 8(u)
= —(1 +ca)l|g(u) — g)|I?
< —&(1 +ca)|lu —v||*.

This means F is &(1 + ca)-strongly monotone. Consequently, by Lemma 2.8, the
proof is completed. O

The result of the next theorem shows some sufficient conditions for the convergent
of regularization inertial proximal point algorithm (4.1).

Theorem 4.2. Assume that all the hypotheses of the Theorem 3.1 are satisfied. If the
parameters ¢, and o, are chosen as positive real numbers such that

(c1) lim &, =0,

n— 00

(C2) lim an_zam-l =0

n—oo  ¥ny1 ’

(c3) liminf ¢y, > 0,

n—oo

then the sequence {g(z,)} defined by (4.1) converges strongly to the element g(u*) as n
— +oo, where u* € GVIKA, g T).
Proof. From (4.1) we have

(cnlA(zni1) + afy (T 0 8)(zns1)] + (1 + cn@n)g(2ns1) — &(2n), §(v) — §(2n+1)) = 0O
that is

(en[A(znr )+ (Tog) (zn )| +(1+cnon)8(2ns1), 8(v) =8 (2na1)) = (8(2n), (V) —8(2ns1))
or equivalently,

Cn

(1+ cnan)< () + 02 (T 0 8) (@ )] + 8(ener), 8(v) — g(zn+1)> >

(8(=n), 8(v) — &(=n+1)),

(1 + cpan)
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SO
<(1 +C;1nom) [A(Zn+1) + Ot:;' (T Og)(Zm,l)] + g(Zn+1),g(v) _ g(Zn+1)> >
(1 + o) S 80) = 8(ansn)).
Hence
Gkl Alznon) + 0 (T 0 8) )] + 8(annr). 8(4) = 8(ennn) 2 Aulg(en), 8() = 8lnn ),
where

Bn , and «y, = ¢, Bn. (4.2)

B (1 +chan)
On the other hand, by Theorem 3.1, there is u, € g '(K) such that

(Aun) +a"(T 0 g)(un) + ag(un), g(v) — g(un)) = O, (4-3)
for all n € N. This implies

{enlA(un) + oy (T © 8) (un)] + (1 + cnotn)g(un) — g(un), g(v) — g(un)) = 0,

and so

< O TAG) + o (T 0 ) ()] + 8(u), 8(0) *g(“")> - <

(1 + cnotn)

(3(un), 30) fg(un))

(1 + cnetn)
Thus,

(kn[A(un) + o (T 0 8) (un)] + 8(un), 8(v) — g(un)) = Bn(g(un), 8(v) — g(un)). (4.4)
By setting v = u,, in (4.2) we have

(cnlA(zne1) + o (T 0 8) (2ne1) ] +8(2ne1), 8(tn) — 8(2ne1)) = Bu(8(2n), 8(un) — 8(zns1)),
and v = z,,; in (4.4) we have

(kn[A(un) + o (T © ) (un)] + 8(un), 8(2ne1) — 8(un)) = B (8(un), &(zn+1) — 8(un)),
and adding one obtained result to the other, we get

Kkn{A(2ne1) = Aun) + @l (T 0 8) (2ne1) — (T 0 8)(n))), 8(t4n) — §(2n1)) + (8(2na1) — §(1n), §(t4n) — 8(2n11)) (4.5)
> Bn(8(2n) — 8(un), g(un) — §(2ns1))- ’

Notice that, since A is a g-monotone mapping, and 7 is a A-inverse strongly mono-

tone, we have
(A(zns1) — A(un), 8(un) — 8(zn:1)) <0,
and
((T 0 &)(zn+1)) — (T 0 &) (un)), 8(un) — &(2n1)) < 0.
Thus, by (4.5), we obtain

(8(zns1) — 8(un), 8(tn) — 8(2n+1)) = Bn(8(zn) — g(un), §(1n) — g(2n+1)),
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that is,

(8(zn1) — 8(un), 8(2ni1) — &(un)) < Bn(8(zn) — g(un), g(2ns1) — g(un))-
Consequently,

118(zne1) — 8(n)I1” < Bullg(zn) — 8Cun)II 118(zns1) — g(un)ll,
which implies that

[18(2n+1) — g(un)ll = Bullg(zn) — g(un)ll. (4.6)
Using the above Equation 4.6 and (3.2), we know that

[18(zn+1) — (une1)Il < 118(2ne1) — g(un) Il + 118(un) — g(tni1)ll

M(oy — oy
< Bullg(zn) — g(un)ll +\/ ( R )
an+l
< (1 = bn)lIg(zn) — g(un)ll + dn
where
b, = CnQy L od, = M(an - an+1)‘
(1 + cnoty) o,

Consequently, by the condition (C3), we have Y 72, b, = co. Meanwhile, the condi-
tions (C2) and (C3) imply that r}g& iz = 0. Thus, all the conditions of Lemma 2.10 are

satisfied, then it follows that ||g(z,.1) - g(#,.;1)|] = 0 as n — . Moreover, by (C1)
and Theorem 3.1, we know that there exists u* € GVIx(A, g, T) such that g(u,) con-
verges strongly to g(u*). Consequently, we obtain that g(z,) converges strongly to g(u*)
as n — +oo. This completes the proof. O

Remark 4.3. The sequences {c,,} and {c,} which are defined by

1\’ 1
ot,,:( ), O0<p<1, and ¢, =
n Qn

satisfy all the conditions in Theorem 4.2.

Remark 4.4. It is worth noting that, because of condition (C2) of Theorem 4.2, the
important natural choice {1/n} does not include in the class of parameters {a,}. This
leads to a question: Can we find another regularization inertial proximal point algo-
rithm for the problem (1.2) that includes a natural parameter choice {1/n1}?

Remark 4.5. If F is a nonexpansive mapping, then I - F is an inverse strongly mono-
tone mapping, and the fixed points set of mapping F and the solution set S(I - F) are
equal. This means that our results contain the study of finding a common element of
(general) variational inequalities problems and fixed points set of nonexpansive map-
ping, which were studied in [4-8] as special cases.
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