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Abstract

In this paper, we establish the weak lower semicontinuity of variational functionals
with variable growth in variable exponent Sobolev spaces. The weak lower
semicontinuity is interesting by itself and can be applied to obtain the existence of
an equilibrium solution in nonlinear elasticity.
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1 Introduction
The main purpose of this paper is to study the weak lower semicontinuity of the func-

tional

F(u) = | f(x u, Vu)dx
[

where Q is a bounded C' domain in R” and f: R” x R x R™ — R is a Caratheod-
ory function satisfying variable growth conditions.

If m = n = 1, Tonelli [1] proved that the functional F is lower semicontinuity in W~
(a, b) if and only if the function fis convex in the last variable. Later, several authors
generalized this result, in which x is allowed to belong to R” with n >1, see for exam-
ple Serrin [2] and Marcellini and Sbordone [3]. On the other hand, if we allow the
function u to be vector-valued, i.e., m >1, then the convexity hypothesis turns to be
sufficient but unnecessary. A suitable condition, termed quasiconvex, was introduced
by Morrey [4]. Morrey showed that under strong regularity assumptions on f, F is
weakly lower semicontinuous in W"=(Q, R™) if and only if f is quasiconvex in the last
variable. Afterward, for f satisfying so-called natural growth condition

0 <f(x¢ &) <a(x)+C(Ig" + [£7)

where p > 1, C 2 0 and a(x) = 0 are locally integrable, Acerbi and Fusco [5] proved
that F is weakly lower semicontinuous in W"*(Q, R™) if and only if fis quasiconvex in
the last variable. Later, Kalamajska [6] gave a shorter proof of the result in [5].

Since Kovacik and Rakosnik [7] first discussed variable exponent Lebesgue spaces
and variable exponent Sobolev spaces, the field of variable exponent function spaces
has witnessed an explosive growth in recent years and now there have been a large
number of papers concerning these kinds of variable exponent spaces, see the
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monograph by Diening et al. [8] and the references therein. So we want to extend the
result of Acerbi and Fusco to the case that f satisfies variable growth conditions.

This paper is organized as the following: In Section 2, we present some preliminary
facts; in Section 3, we discuss the weak lower semicontinuity of variational functionals
with variable growth; in Section 4, we give an example to show that the result obtained
in Section 3 can be applied to study the existence of an equilibrium solution in non-
linear elasticity.

2 Preliminary
In this section, we first recall some facts on variable exponent spaces L7®(Q) and W*?
@(Q). For the details, see [7,9-13].

Let P(Q) be the set of all Lebesgue measurable functions p : Q — [1, +eo].

o) = [ VeI inf o, o
2\ Qo
[Ifllp = inf{A > 0: Pp({) <1 (2.2)

where Q.. = {x € Q: p(x) = oo}. The variable exponent Lebesgue space L¥ @(Q) is the
class of all functions f such that p,(Af) <o for some A = A(f) >0. L**(Q) is a Banach
space endowed with the norm (2.2). p,(f) is called the modular of fin L* @(Q).

For a given p(x) € P(Q), we define the conjugate function p’(x) as:

00, ifxeQ={xeQ:px) =1}
1, ifx € Qoo;

p(x)
plx) —1

Theorem 2.1.Let p € P(Q). Then, the inequality

p'(x) =
, for other x € Q.

f F@)80)dx < nlIf gy
Q

holds for every f e IPY(Q) and ge L7 9)(Q) with the constant r, depending on p(x)
and Q only.

Theorem 2.2. The topology of the Banach space I?™(Q) endowed by the norm (2.2)
coincides with the topology of modular convergence if and only if p € L™(Q).

Theorem 2.3.The dual space to LP(Q) is LF'¥(Q) if and only if p € L™(Q). The
space IPX(Q) is reflexive if and only if

1 < infp(x) < supp(x) < oo. (2.3)
Q Q '

Next, we assume that O € R” is a nonempty open set, p € P(Q), and k is a given
natural number.
Given a multi-index o = (04, ..., &,) € N”, we set || = o1 + - - - +ot, and

0
D* = D{'...Djy", where D; = 5 is the generalized derivative operator.
i

The generalized Sobolev space WAP@(Q) is the class of all functions f on Q such
that D% e I#®(Q) for every multi-index o with |&| < k endowed with the norm
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Wfllkp = > ID“flIp. (2.4)
la| <k

By Wg"’(x)(gz), we denote the subspace of Wk’p(x)(Q) which is the closure of C3°(2)
with respect to the norm (2.4).

Theorem 2.4.The space WAPE(Q) and W’g’p(x)(g)are Banach spaces, which are
reflexive if p satisfies (2.3).

We denote the dual space of Wg"’(x)(gz) by Wk P0(Q)), then we have

Theorem 2.5.Let p € P(Q) N L™(Q). Then for every Ge W  PNQ), there exists a
unique system of functions {g, € I¥'(Q): |o| < k} such that

af)=3" / Df () (x)dy, f € WEPO(Q).

lal<k &)
The norm of W, k”’/(x)(gz) is defined as

IG(H)I

- f e W (@)
flle, T €W ()

1G]l -y = sup{

Theorem 2.6. If Q is a bounded domain with cone property, p(x) € C(Q)satisfies
(1.2), and q(x) is any Lebesgue measurable function defined on Q with p(x) < q(x) a. e.
on Qand ;gé{P*(x) —q(x)} > O, then there is a compact embedding WO Q) — L%
(Q).

Theorem 2.7. Let Q) be a domain with cone property. If p : Q — R is Lipschitz con-
tinuous and satisfies (1.2), and q(x) € P(Q) satisfies p(x) < gq(x) < p*(x) a. e. on §, then
there is a continuous embedding W**? W(Q) - LI(Q).

Theorem 2.8. If p is continuous on Qand y € Wé'p(x)(gz), then

ully = ClIVull,

where C is a constant depending on Q.
Theorem 2.9. Suppose that p satisfies 1 < p1 < p(x) < py <+oo. We have

(D If ||ull, > 1, then [lully < pp(u) < [lull)
@) If [|ull, < 1, then |[ully? < pp(u) < [ull)"

Lemma 2.10. Suppose {f,)2; is bounded in I¥*(Q) and f, — fe I[*(Q) a. e. on Q.
If p(x) satisfies (1.2), then

tim [ 1P = I~ P = [ 1P
n—oo
& Q

3 Semicontinuity of variational functionals
Definition 3.1. A continuous function f: R"" — R is said to be quasiconvex if for
& € R"™, any open set Q) € R" and z € C} (2, R™)
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f(E)mease < / F(E + Va(x))dx.

This section will establish the following result:
Theorem 3.1. Let Q be a bounded C' domain in R". f: R" x R” x R — R satisfies.

(1) fis a Caratheodory function, i.e., measurable with respect to x and continuous
with respect to ((, &);

(2) 0 < fix, G &) < alx) + C(|P™ + |&[P™) where C = 0, a(x) = 0 is locally integr-
able, p(x) is Lipchitz continuous and satisfies 1 < p; < p(x) < py <+oo.

Then F(14) = S{f(x' U, VU)X is weakly lower semicontinuous in W*?®(Q) if and only

if iz, & &) is quasiconvex with respect to £.
Theorem 3.1 is a generalization of the corresponding result in [5].
Definition 3.2. For u € CJ(R"), we define

(M*u)(x) = Mu(x) + Y (MDju)(x)

i=1
where

(Mu)(x) =sup " /|u(y)|dy.

r~0 measB;(x)
B, (x)

Definition 3.3 Let ® be a bijective transformation from a domain Q € R" onto a
domain G € R", ¥ = O is the inverse transformation of ®. Denote y = ®(x) and

y=(o1(x), ..., ¢n(x)),
x=Wn@) - ¥a)-

Ifp1,...,¢n € CE(Qland yry, ..., ¥, € CH(G) we call ® a k-smooth transformation.

For a measurable function # on Q, we define a measurable function on G by Au(y) =
u(W(y)).

Lemma 3.1. If ©: Q — G is k-smooth transformation, k > 1, then A is a bounded
transformation from WP®(Q) onto WPYONG) and the inverse transformation of A is
bounded as well.

Proof. We need only to show

NAullpce ). < Cllullkpm),.e

for u e W(Q) where C is a constant dependent on ® only, because similarly by
dealing with A1, we can also obtain

AUl lkpw ). = Cliullkpe).e-

As C(Q) is dense in W*?®(Q) (see [10]), for each u € W?®¥(Q), there exists a
sequence {u,} € C~(Q) such that ux — u in W*?™(Q). For u,, we have

D*(Aun)(y) = Y Mag|A(DPu)1() (3.1)
|BI=|e|
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where Mz is a polynomial of the derivatives of ¥ with degrees not bigger than |c|
and the orders of derivatives of the component of y are not bigger than |j3|. For
¢ € C3°(R2), in the same way as [14] by (3.1) and letting # —> o, we obtain

(=1 / (D) (®(x))| det @' (x)|dx = ) / DPu(x)Mep (P (x))| det &' (x)|pdx,
G

IBI<lal &

this is to say,

D*(Au) (y) = Y MaplA(D*u)](y)
1Bl
is satisfied in the weak sense.

As @ is a 1-smooth transformation, there exist C; and C, >1 such that
Ci < |detd'(x)] <C,

for x € Q. Then,

DY (A p(¥(y)
[ (Zemyer,
Cllullkp,

Q
P2

B : (DPu)(w(r)) )"
<| 21 max (ilelg|Mozﬁ(Y)|p +1)Q/< ) dy

Cllu
B ellep.0

p2

B\
<Ca| 3 1) max(sup Map () + 1) max/((D ”)(x)> "

< Cllu
IBI<lal IBl=ted / l1ullipe

Taking
p2
C=0C, Z 1| max(sup |Mu(y)I” + 1),
B1=lal 1Bl=lel” yeG

we have
AUl lkpwy.c < Cliullkpe).e-

[m]

Definition 3.4. Let Q be a domain in R". If E is a linear operator from W?®(Q)
onto WPO(R?) satisfying: for each u WP (R

1) Eu(x) = u(x) a. e. on Q,
2) l|Eullip,rn < Cllullrp,owhere C = C(k, p) is a constant,

then we call E a simple (k, p(x)) extension operator of Q.

Lemma 3.2. Let Q be a bounded C* domain. Then there exists a simple (k, p(x))
extension operator of Q.

Proof. First let Q be the half space R} = {x € R" : x, > 0}. For u € W**()(R"), define
Eu and E,u as the following
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u(x), Xy > 0;
_ ) ka1
Eu(x) = Do Au(Xy, ... Xn—1, —jxn), Xu < 0.
j=1
u(x), Xn > 0;

Equ(x) = { & .
at(x) Yo (1) Au(x1, ... Xne1, —jixn), Xn <0
j=1
where the coefficients 14, ..., A,,,1 is the unique solution of the linear system

k+1

SN ()4=1 1=01,...,k
=1

Ifye Ck(Rf), then Eu e CX(R") and D*Eu(x) = E,D%u(x). As

DYE p(x)
[ (Glae)
J \cluttipr

k+1 px)

(=) AD%u(x1, . .., Xn—1, —jXn)
j=1

DY p(x) Z
=/< u(x)) dx+/( ) dx
Cllullk,p,rn 2 Cllull,p,rn

Ry
- C(k )/ Dau(x) P(x)dx
7 I’ a 7
=Hep Cllul i e
R
we have

HEU(x) liep,rr < Cllu]liep,rr

where C = max C(k,p,a),
Next, let Q be a C* domain with bounded boundary. In the same way as [14], we can

show that there exists a simple (k, p(x)) extension operator of Q. O
Theorem 3.2. Let Q be a bounded C* domain in R"Iff: R" x R™ x R — R satisfies:

(1) fis a Caratheodory function;
(2) f is quasiconvex with respect to &
(3)0<fix, § &) <alx) + C(|é]1”(") + |EFD) for x € R, (e R", ée R™,

where C is a nonnegative constant, a(x) is nonnegative and locally integrable, and p
(%) is Lipchitz continuous and satisfies 1 < p1 < p(x) < py <+eo, then for each open sub-

set O c R, F(u, Q) = s{ flxu, Vu)dx weakly lower semicontinuous on W™ (Q, R™).
Proof. We can consider Q as a ball. Take u € W*®(Q, R™) and {z;} © W**¥(Q,
R™) satisfying z; - 0 weakly in W"?™(Q, R™). Extracting a subsequence if necessary,

we can suppose that

liminfF(u + 2z, Q) = lim F(u + z, Q).
k—o00 k— 00

By Lemma 3.2, we can suppose that z; is defined on R”, and ||zk||1,p(x),r" is uniformly
bounded with respect to k. As CJ°(R",R™) is dense in WHPE(R" R™) (see [15]) and F
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(u, Q) is continuous with respect to the norm of whP@ (0 R™), we can find
{wr} C C5°(R", R™) such that

1
llwe — zell1pre < B
1
|F(u +wp, Q) — F(u + 2z, Q)| <

.
Therefore, we can further suppose that {z;} is in C(R", R™) and bounded in W"? @
(R", R™).
Take a continuous, monotone function 1 : R* — R* such that 17(0) = 0 and for each
measurable B € Q.
/ [a(x) + C(Ju(x)[P®) + |Vu(x)[P®)] dx < n(measB).
B
Fix ¢ > 0, in the same way as [5] there exist a subsequence (still denote it by {zx}),

and a subset A, € Q with measA, < ¢ and J >0 such that

/ (M*z,(:))p(x)dx <eg l<i<m,
B

for all k and B € Q \ A, with measB < J and there exists sufficiently large A >0 such
that for all i, &,

meas{x € R" : (M*z,(j))(x) > A} < min(e, §). (3.2)
Denote
H}, ={xeR": (M*zf{i))(x) <A},
m
Hj, = (" Hp.
i=1
Then
m
meas((2\A:)\H}) < ) meas((Q\A.)\H};,) < mmin(e, §).
i=1
We can extend Zg) out of H}, to become a Lipschitz function gg) with the Lipschitz
constant not bigger than C(n)A. As
F(u +2,, Q) = F(u + g (2\A:) N H}y) = F(u + g, Q\A,;) — F(u + g, (2\A)\H}),
from condition (3), we have
F(u+ g (2\A:)\Hj)
< 2P7(n(me) + C(n, Q)A"*meas((2, \A:)\H},))

p(x)

<2771 ((me) + C(n, 2) > / (M*20)" dx)
El @A\,

< 227 Y(pn(me) + mC(n, Q)¢)

=0(e).
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Furthermore,

klim F(u +zp, Q) > F(u, Q) — O(g) — e — n[(m + 2)¢].

By the arbitrariness of ¢, we conclude the theorem. O

Since semicontinuity in W) implies semicontinuity in W=(Q), from Theorem
3.2 above and Theorem [IL.2] in [5], it is immediate to get Theorem 3.1.

Next, we state a Corollary of Theorem 3.1.

Corollary 3.1. Let Q be a bounded C' domain in R". Iff: R" xRx R" — R satisfies

(1) f is measurable with respect to x and continuous with respect to ({, &);
(2)0<fix, (&) <alx) + C(|C|p(") + |§|”(")) where a(x) is nonnegative and locally
integrable, and p(x) is Lipchitz continuous and satisfies 1 < p; < p(x) < py <+oo.

Then F(4) = sfzf(xl U, V) is weakly lower semicontinuous in W™ (Q) if and only if f

(%, & &) is convex with respect to .
It is immediate in view of the fact that in the case m = 1, quasiconvexity is equiva-
lent to convexity.

4 Application
We adopt the variational approach to prove the existence of an equilibrium solution in
nonlinear elasticity. We consider only elastic materials possessing stored energy func-

tions. In this case, the problem consists in finding the minimizer in Wé"’(x)(gl R™) of

the functional

F(u) = | f(x u, Vu)dx
[

where f satisfies variable growth conditions.
Example. Let Q be a bounded C' domain in R". f: R" x R™ x R — R satisfies:

(1) fis a Caratheodory function,
(2) b(x) + c(|gPP + |EFD) < fix, & &) < alx) + CUP® + |EP™) where ¢, C 2 0, a
(%), b(x) = 0 are locally integrable, p(x) is Lipchitz continuous and satisfies 1 < p; <

p(x) < py <+eo;
(3) fix, & &) is quasiconvex with respect to .

Then, the variational problem

inf{F(u) :u e Wé’p(x)(Q, R™)}

has a solution.
Proof. As flx, u, Vu) > 0, F(u) is bounded below. Because

c/ [ulP® + | VuPWdx < /f(x, u, Vu)dx — /b(x)dx,
Q Q Q
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we know that F(x) is coercive, i.e.,

F(u) = +o0.
[ttl]1,p(—+00

Then, there exists a minimizing sequence {y,} C Wé'p(x)(g, R™) such that

lim F(u,) = inf(F(u) : u € Wy"®(Q, R™)}.

As F(u) is coercive, {u,} is bounded in Wé"’(x)(Q,Rm), and further {u,} has a subse-

quence (still denoted by {u,}) weakly convergent to y e Wé"’(")(gzl R™). Then, by the

weak lower semicontinuity of F(u), we have

F(u) < liminfF(uy),

i.e, F(u) = inf(F(u) : u € W™ (g, R™)}. D
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