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Abstract

In this paper, we establish the weak lower semicontinuity of variational functionals
with variable growth in variable exponent Sobolev spaces. The weak lower
semicontinuity is interesting by itself and can be applied to obtain the existence of
an equilibrium solution in nonlinear elasticity.
2000 Mathematics Subject Classification: 49A45

Keywords: lower semicontinuity, variational functional, variable growth

1 Introduction
The main purpose of this paper is to study the weak lower semicontinuity of the func-

tional

F(u) =
∫
�

f (x, u,∇u)dx

where Ω is a bounded C1 domain in Rn and f : Rn × Rm × Rnm ® R is a Caratheod-

ory function satisfying variable growth conditions.

If m = n = 1, Tonelli [1] proved that the functional F is lower semicontinuity in W1,∞

(a, b) if and only if the function f is convex in the last variable. Later, several authors

generalized this result, in which x is allowed to belong to Rn with n >1, see for exam-

ple Serrin [2] and Marcellini and Sbordone [3]. On the other hand, if we allow the

function u to be vector-valued, i.e., m >1, then the convexity hypothesis turns to be

sufficient but unnecessary. A suitable condition, termed quasiconvex, was introduced

by Morrey [4]. Morrey showed that under strong regularity assumptions on f, F is

weakly lower semicontinuous in W1,∞(Ω, Rm) if and only if f is quasiconvex in the last

variable. Afterward, for f satisfying so-called natural growth condition

0 ≤ f (x, ζ , ξ) ≤ a(x) + C(|ζ |p + |ξ |p)

where p ≥ 1, C ≥ 0 and a(x) ≥ 0 are locally integrable, Acerbi and Fusco [5] proved

that F is weakly lower semicontinuous in W1,p(Ω, Rm) if and only if f is quasiconvex in

the last variable. Later, Kalamajska [6] gave a shorter proof of the result in [5].

Since Kovacik and Rakosnik [7] first discussed variable exponent Lebesgue spaces

and variable exponent Sobolev spaces, the field of variable exponent function spaces

has witnessed an explosive growth in recent years and now there have been a large

number of papers concerning these kinds of variable exponent spaces, see the
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monograph by Diening et al. [8] and the references therein. So we want to extend the

result of Acerbi and Fusco to the case that f satisfies variable growth conditions.

This paper is organized as the following: In Section 2, we present some preliminary

facts; in Section 3, we discuss the weak lower semicontinuity of variational functionals

with variable growth; in Section 4, we give an example to show that the result obtained

in Section 3 can be applied to study the existence of an equilibrium solution in non-

linear elasticity.

2 Preliminary
In this section, we first recall some facts on variable exponent spaces Lp(x)(Ω) and Wk,p

(x)(Ω). For the details, see [7,9-13].

Let P(Ω) be the set of all Lebesgue measurable functions p : Ω ® [1, +∞].

ρp(f ) =
∫

�\�∞

|f (x)|p(x)dx + inf
�∞

|f (x)|, (2:1)

||f ||p = inf{λ > 0 : ρp(
f
λ
) ≤ 1} (2:2)

where Ω∞ = {x Î Ω: p(x) = ∞}. The variable exponent Lebesgue space Lp(x)(Ω) is the

class of all functions f such that rp(lf) <∞ for some l = l(f) >0. Lp(x)(Ω) is a Banach

space endowed with the norm (2.2). rp(f) is called the modular of f in Lp(x)(Ω).

For a given p(x) Î P(Ω), we define the conjugate function p’(x) as:

p′(x) =

⎧⎪⎪⎨
⎪⎪⎩

∞, if x ∈ �1 = {x ∈ � : p(x) = 1};
1, if x ∈ �∞;

p(x)
p(x) − 1

, for other x ∈ �.

Theorem 2.1.Let p Î P(Ω). Then, the inequality
∫
�

|f (x)g(x)|dx ≤ rp||f ||p||g||p′

holds for every f Î Lp(x)(Ω) and g Î Lp’(x)(Ω) with the constant rp depending on p(x)

and Ω only.

Theorem 2.2. The topology of the Banach space Lp(x)(Ω) endowed by the norm (2.2)

coincides with the topology of modular convergence if and only if p Î L∞(Ω).

Theorem 2.3.The dual space to Lp(x)(Ω) is Lp’(x)(Ω) if and only if p Î L∞(Ω). The

space Lp(x)(Ω) is reflexive if and only if

1 < inf
�

p(x) ≤ sup
�

p(x) < ∞. (2:3)

Next, we assume that Ω ⊂ Rn is a nonempty open set, p Î P(Ω), and k is a given

natural number.

Given a multi-index a = (a1, ..., an) Î Nn, we set |a| = a1 + · · · +an and

Dα = Dα1
1 . . .Dαn

n , where Di =
∂

∂xi
is the generalized derivative operator.

The generalized Sobolev space Wk,p(x)(Ω) is the class of all functions f on Ω such

that Daf Î Lp(x)(Ω) for every multi-index a with |a| ≤ k endowed with the norm
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||f ||k,p =
∑
|α|≤k

||Dα f ||p. (2:4)

By Wk,p(x)
0 (�), we denote the subspace of Wk,p(x)(Ω) which is the closure of C∞

0 (�)

with respect to the norm (2.4).

Theorem 2.4.The space Wk,p(x)(Ω) and Wk,p(x)
0 (�)are Banach spaces, which are

reflexive if p satisfies (2.3).

We denote the dual space of Wk,p(x)
0 (�) by W-k, p’(x)(Ω), then we have

Theorem 2.5.Let p Î P(Ω) ∩ L∞(Ω). Then for every G Î W-k, p’(x)(Ω), there exists a

unique system of functions {ga Î Lp’(x)(Ω): |a| ≤ k} such that

G(f ) =
∑
|α|≤k

∫
�

Dαf (x)gα(x)dx, f ∈ Wk,p(x)
0 (�).

The norm of W−k,p′(x)
0 (�) is defined as

||G||−k,p′ = sup{ |G(f )|||f ||k,p : f ∈ Wk,p(x)
0 (�)}.

Theorem 2.6. If Ω is a bounded domain with cone property, p(x) ∈ C(�̄)satisfies

(1.2), and q(x) is any Lebesgue measurable function defined on Ω with p(x) ≤ q(x) a. e.

on �̄and inf
x∈�

{p∗(x) − q(x)} > 0, then there is a compact embedding W1,p(x)(Ω) ® Lq(x)

(Ω).

Theorem 2.7. Let Ω be a domain with cone property. If p : �̄ → R is Lipschitz con-

tinuous and satisfies (1.2), and q(x) Î P(Ω) satisfies p(x) ≤ q(x) ≤ p*(x) a. e. on �̄, then

there is a continuous embedding W1,p(x)(Ω) ® Lq(x)(Ω).

Theorem 2.8. If p is continuous on �̄and u ∈ W1,p(x)
0 (�), then

||u||p ≤ C||∇u||p
where C is a constant depending on Ω.

Theorem 2.9. Suppose that p satisfies 1 ≤ p1 ≤ p(x) ≤ p2 <+∞. We have

(1) If ||u||p > 1, then ||u||p1p ≤ ρp(u) ≤ ||u||p2p .
(2) If ||u||p < 1, then ||u||p2p ≤ ρp(u) ≤ ||u||p1p .

Lemma 2.10. Suppose {fn}∞n=1 is bounded in Lp(x)(Ω) and fn ® f Î Lp(x)(Ω) a. e. on Ω.

If p(x) satisfies (1.2), then

lim
n→∞

∫
�

|fn|p(x) − |fn − f |p(x)dx =
∫
�

|f |p(x)dx.

3 Semicontinuity of variational functionals
Definition 3.1. A continuous function f : Rnm ® R is said to be quasiconvex if for

ξ̃ ∈ Rnm, any open set Ω ⊂ Rn and z ∈ C1
0(�,Rm)
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f (ξ̃)meas� ≤
∫
�

f (ξ̃ + ∇z(x))dx.

This section will establish the following result:

Theorem 3.1. Let Ω be a bounded C1 domain in Rn. f : Rn × Rm × Rnm ® R satisfies.

(1) f is a Caratheodory function, i.e., measurable with respect to x and continuous

with respect to (ζ, ξ);

(2) 0 ≤ f(x, ζ, ξ) ≤ a(x) + C(|ζ|p(x) + |ξ|p(x)) where C ≥ 0, a(x) ≥ 0 is locally integr-

able, p(x) is Lipchitz continuous and satisfies 1 ≤ p1 ≤ p(x) ≤ p2 <+∞.

Then F(u) =
∫
�

f (x, u,∇u)dx is weakly lower semicontinuous in W1,p(x)(Ω) if and only

if f(x, ζ, ξ) is quasiconvex with respect to ξ.

Theorem 3.1 is a generalization of the corresponding result in [5].

Definition 3.2. For u ∈ C∞
0 (Rn), we define

(M∗u)(x) = Mu(x) +
n∑
i=1

(MDiu)(x)

where

(Mu)(x) = sup
r>0

1
measBr(x)

∫
Br(x)

|u(y)|dy.

Definition 3.3 Let F be a bijective transformation from a domain Ω ⊂ Rn onto a

domain G ⊂ Rn, Ψ = F-1 is the inverse transformation of F. Denote y = F(x) and

y = (φ1(x), . . . ,φn(x)),

x = (ψ1(y), . . . ,ψn(y)).

If φ1, . . . ,φn ∈ Ck(�̄)and ψ1, . . . ,ψn ∈ Ck(Ḡ), we call F a k-smooth transformation.

For a measurable function u on Ω, we define a measurable function on G by Au(y) =

u(Ψ(y)).

Lemma 3.1. If F: Ω ® G is k-smooth transformation, k ≥ 1, then A is a bounded

transformation from Wk,p(x)(Ω) onto Wk,p(Ψ(y))(G) and the inverse transformation of A is

bounded as well.

Proof. We need only to show

||Au||k,p(�(y)),G ≤ C||u||k,p(x),�
for u Î Wk,p(x)(Ω) where C is a constant dependent on F only, because similarly by

dealing with A-1, we can also obtain

||Au||k,p(�(y)),G ≥ C||u||k,p(x),�.

As C∞(Ω) is dense in Wk,p(x)(Ω) (see [10]), for each u Î Wk,p(x)(Ω), there exists a

sequence {un} ⊂ C∞(Ω) such that uk ® u in Wk,p(x)(Ω). For un, we have

Dα(Aun)(y) =
∑

|β|≤|α|
Mαβ [A(Dβun)](y) (3:1)
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where Mab is a polynomial of the derivatives of Ψ with degrees not bigger than |a|
and the orders of derivatives of the component of ψ are not bigger than |b|. For
φ ∈ C∞

0 (�), in the same way as [14] by (3.1) and letting n ® ∞, we obtain

(−1)|α|
∫
G

(Dαφ)((x))|det′(x)|dx =
∑

|β|≤|α|

∫
G

Dβu(x)Mαβ((x))|det′(x)|φdx,

this is to say,

Dα(Au) (y) =
∑

|β|≤|α|
Mαβ[A(Dβu)](y)

is satisfied in the weak sense.

As F is a 1-smooth transformation, there exist C1 and C2 >1 such that

C1 ≤ |det′(x)| ≤ C2

for x Î Ω. Then,

∫
�

(
Dα(Au)(y)
C||u||k,p,�

)p(�(y))

dy

≤
⎛
⎝ ∑

|β|≤|α|
1

⎞
⎠

p2

max
|β|≤|α|

⎛
⎝(sup

y∈G
|Mαβ(y)|p2 + 1)

∫
�

(
(Dβu)(�(y))
C||u||k,p,�

)p(�(y))

dy

⎞
⎠

≤ C2

⎛
⎝ ∑

|β|≤|α|
1

⎞
⎠

p2

max
|β|≤|α|

(sup
y∈G

|Mαβ(y)|p2 + 1) max
|β|≤|α|

∫
�

(
(Dβu)(x)
C||u||k,p,�

)p(x)

dx.

Taking

C = C2

⎛
⎝ ∑

|β|≤|α|
1

⎞
⎠

p2

max
|β|≤|α|

(sup
y∈G

|Mαβ(y)|p2 + 1),

we have

||Au||k,p(�(y)),G ≤ C||u||k,p(x),�.

□
Definition 3.4. Let Ω be a domain in Rn. If E is a linear operator from Wk,p(x)(Ω)

onto Wk,p(x)(Rn) satisfying: for each u Î Wk,p(x)(Rn)

1) Eu(x) = u(x) a. e. on Ω,

2) ||Eu||k,p,Rn ≤ C||u||k,p,�where C = C(k, p) is a constant,

then we call E a simple (k, p(x)) extension operator of Ω.

Lemma 3.2. Let Ω be a bounded Ck domain. Then there exists a simple (k, p(x))

extension operator of Ω.

Proof. First let Ω be the half space Rn
+ = {x ∈ Rn : xn > 0}. For u ∈ Wk,p(x)(Rn

+), define

Eu and Eau as the following
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Eu(x) =

⎧⎪⎨
⎪⎩
u(x), xn > 0;
k+1∑
j=1

λju(x1, . . . , xn−1,−jxn), xn ≤ 0.

Eαu(x) =

⎧⎪⎨
⎪⎩
u(x), xn > 0;
k+1∑
j=1

(−1)αnλju(x1, . . . , xn−1,−jxn), xn ≤ 0

where the coefficients l1, ..., lm+1 is the unique solution of the linear system

k+1∑
j=1

(−j)lλj = 1, l = 0, 1, . . . , k.

If u ∈ Ck(R
n
+), then Eu Î Ck(Rn) and DaEu(x) = EaD

au(x). As

∫
Rn

(
DαEu(x)
C||u||k,p,Rn

+

)p(x)

dx

=
∫
Rn
+

(
Dαu(x)

C||u||k,p,Rn
+

)p(x)

dx +
∫
Rn−

(
k+1∑
j=1

(−j)αnλjDαu(x1, . . . , xn−1,−jxn)

C||u||k,p,Rn
+

)
p(x)

dx

≤ C(k, p,α)
∫
Rn
+

(
Dαu(x)

C||u||k,p,Rn
+

)p(x)

dx,

we have

||Eu(x)||k,p,Rn ≤ C||u||k,p,Rn
+

where C = max
|α|≤k

C(k, p,α).

Next, let Ω be a Ck domain with bounded boundary. In the same way as [14], we can

show that there exists a simple (k, p(x)) extension operator of Ω. □
Theorem 3.2. Let Ω be a bounded C1 domain in Rn.If f : Rn × Rm × Rnm ® R satisfies:

(1) f is a Caratheodory function;

(2) f is quasiconvex with respect to ξ;

(3) 0 ≤ f(x, ζ, ξ) ≤ a(x) + C(|ζ|p(x) + |ξ|p(x)) for x Î Rn, ζ Î Rn, ξ Î Rm,

where C is a nonnegative constant, a(x) is nonnegative and locally integrable, and p

(x) is Lipchitz continuous and satisfies 1 ≤ p1 ≤ p(x) ≤ p2 <+∞, then for each open sub-

set Ω ⊂ Rn, F(u,�) =
∫
�

f (x, u,∇u)dx is weakly lower semicontinuous on W1,p(x)(Ω, Rm).

Proof. We can consider Ω as a ball. Take u Î W1,p(x)(Ω, Rm) and {zk} ⊂ W1,p(x)(Ω,

Rm) satisfying zk ⇀ 0 weakly in W1,p(x)(Ω, Rm). Extracting a subsequence if necessary,

we can suppose that

lim inf
k→∞

F(u + zk,�) = lim
k→∞

F(u + zk,�).

By Lemma 3.2, we can suppose that zk is defined on Rn, and ||zk||1,p(x),Rn is uniformly

bounded with respect to k. As C∞
0 (Rn,Rm) is dense in W1,p(x)(Rn, Rm) (see [15]) and F
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(u, Ω) is continuous with respect to the norm of W1,p(x)(Ω, Rm), we can find

{ωk} ⊂ C∞
0 (Rn,Rm) such that

||ωk − zk||1,p,Rn <
1
k
,

|F(u + ωk,�) − F(u + zk,�)| <
1
k
.

Therefore, we can further suppose that {zk} is in C∞
0 (Rn,Rm) and bounded in W1,p(x)

(Rn, Rm).

Take a continuous, monotone function h : R+ ® R+ such that h(0) = 0 and for each

measurable B ⊂ Ω.
∫
B

[a(x) + C(|u(x)|p(x) + |∇u(x)|p(x))] dx < η(measB).

Fix ε > 0, in the same way as [5] there exist a subsequence (still denote it by {zk}),

and a subset Aε ⊂ Ω with measAε < ε and δ >0 such that
∫
B

(M∗z(i)k )
p(x)

dx < ε, 1 ≤ i ≤ m,

for all k and B ⊂ Ω \ Aε with measB < δ and there exists sufficiently large l >0 such

that for all i, k,

meas{x ∈ Rn : (M∗z(i)k )(x) ≥ λ} < min(ε, δ). (3:2)

Denote

Hλ
i,k = {x ∈ Rn : (M∗z(i)k )(x) < λ},

Hλ
k =

m⋂
i=1

Hλ
i,k.

Then

meas((�\Aε)\Hλ
k ) ≤

m∑
i=1

meas((�\Aε)\Hλ
i,k) < mmin{ε, δ}.

We can extend z(i)k out of Hλ
k to become a Lipschitz function g(i)k with the Lipschitz

constant not bigger than C(n)l. As

F(u + zk,�) ≥ F(u + gk, (�\Aε) ∩ Hλ
k ) = F(u + gk,�\Aε) − F(u + gk, (�\Aε)\Hλ

k ),

from condition (3), we have

F(u + gk, (�\Aε)\Hλ
k )

≤ 2p2−1(η(mε) + C(n,�)λp2meas((�, \Aε)\Hλ
k ))

≤ 2p2−1(η(mε) + C(n,�)
m∑
i=1

∫

(�\Aε)\Hλ
i,k

(M∗z(i)k )
p(x)

dx)

≤ 2p2−1(η(mε) +mC(n,�)ε)

= O(ε).
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Furthermore,

lim
k→∞

F(u + zk,�) ≥ F(u,�) − O(ε) − ε − η[(m + 2)ε].

By the arbitrariness of ε, we conclude the theorem. □
Since semicontinuity in W1,p(x)(Ω) implies semicontinuity in W1,∞(Ω), from Theorem

3.2 above and Theorem [II.2] in [5], it is immediate to get Theorem 3.1.

Next, we state a Corollary of Theorem 3.1.

Corollary 3.1. Let Ω be a bounded C1 domain in Rn. If f : Rn ×R× Rn ® R satisfies

(1) f is measurable with respect to x and continuous with respect to (ζ, ξ);

(2) 0 ≤ f(x, ζ, ξ) ≤ a(x) + C(|ζ|p(x) + |ξ|p(x)) where a(x) is nonnegative and locally

integrable, and p(x) is Lipchitz continuous and satisfies 1 ≤ p1 ≤ p(x) ≤ p2 <+∞.

Then F(u) =
∫
�

f (x, u,∇u) is weakly lower semicontinuous in W1,p(x)(Ω) if and only if f

(x, ζ, ξ) is convex with respect to ξ.

It is immediate in view of the fact that in the case m = 1, quasiconvexity is equiva-

lent to convexity.

4 Application
We adopt the variational approach to prove the existence of an equilibrium solution in

nonlinear elasticity. We consider only elastic materials possessing stored energy func-

tions. In this case, the problem consists in finding the minimizer in W1,p(x)
0 (�,Rm) of

the functional

F(u) =
∫
�

f (x, u,∇u)dx

where f satisfies variable growth conditions.

Example. Let Ω be a bounded C1 domain in Rn. f : Rn × Rm × Rnm ® R satisfies:

(1) f is a Caratheodory function,

(2) b(x) + c(|ζ|p(x) + |ξ|p(x)) ≤ f(x, ζ, ξ) ≤ a(x) + C(|ζ|p(x) + |ξ|p(x)) where c, C ≥ 0, a

(x), b(x) ≥ 0 are locally integrable, p(x) is Lipchitz continuous and satisfies 1 < p1 ≤

p(x) ≤ p2 <+∞;

(3) f(x, ζ, ξ) is quasiconvex with respect to ξ.

Then, the variational problem

inf{F(u) : u ∈ W1,p(x)
0 (�,Rm)}

has a solution.

Proof. As f(x, u, ∇u) ≥ 0, F(u) is bounded below. Because

c
∫
�

|u|p(x) + |∇u|p(x)dx ≤
∫
�

f (x, u,∇u)dx −
∫
�

b(x)dx,
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we know that F(u) is coercive, i.e.,

lim
||u||1,p(x)→+∞

F(u) = +∞.

Then, there exists a minimizing sequence {un} ⊂ W1,p(x)
0 (�,Rm) such that

lim
n→∞ F(un) = inf{F(u) : u ∈ W1,p(x)

0 (�,Rm)}.

As F(u) is coercive, {un} is bounded in W1,p(x)
0 (�,Rm), and further {un} has a subse-

quence (still denoted by {un}) weakly convergent to u ∈ W1,p(x)
0 (�,Rm). Then, by the

weak lower semicontinuity of F(u), we have

F(u) ≤ lim inf
n→∞ F(un),

i.e., F(u) = inf{F(u) : u ∈ W1,p(x)
0 (�,Rm)}. □
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