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The purpose of this paper is to introduce an iterative method for finding solutions of a general

system of variational inclusions with inverse-strongly accretive mappings. Strong convergence
theorems are established in uniformly convex and 2-uniformly smooth Banach spaces.

1. Introduction and Preliminaries

Let Ur = {x € E : ||x|| = 1}. A Banach space E is said to be uniformly convex if, for any
€ € (0,2], there exists 6 > 0 such that, for any x,y € Uf,

X — > e implies
[l - vl p

<1-6. (1.1)

It is known that a uniformly convex Banach space is reflexive and strictly convex. A Banach
space E is said to be smooth if the limit

il vl = )

t—0 t (12)

exists for all x, y € Ug. It is also said to be uniformly smooth if the limit is attained uniformly
for all x,y € Ug. The norm of E is said to be Fréchet differentiable if, for any x € Ug, the
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above limit is attained uniformly for all ¥ € Ug. The modulus of smoothness of E is defined

by

1
p(t) = sup{§(||x+y|| +|lx-y|)-1:xy€E|x|=1]y| = T}, (1.3)

where p : [0,00) — [0, o0) is a function. It is known that E is uniformly smooth if and only if
lim;_o(p(7)/7) = 0. Let g be a fixed real number with 1 < g <2. A Banach space E is said to
be g-uniformly smooth if there exists a constant ¢ > 0 such that p(7) < c79 for all 7 > 0.

From [1], we know the following property.

Let g be a real number with 1 < g < 2 and let E be a Banach space. Then E is g-uniformly
smooth if and only if there exists a constant K > 1 such that

[l +yll” + llx =yl < 2(lxll” + [|Ky||"), - Vx,y € E. (14)

The best constant K in the above inequality is called the g-uniformly smoothness constant of
E (see [1] for more details).

Let E be a real Banach space and E* the dual space of E. Let (-,-) denote the pairing
between E and E*. For g > 1, the generalized duality mapping J, : E — 2F is defined by

JoGx) = {f €+ (x f) = IlxIl%, | fI| = x|}, Vx € E. (1.5)

In particular, J = ], is called the normalized duality mapping. It is known that J,(x) =
llx||77%J (x) for all x € E. If E is a Hilbert space, then J = I (the identity mapping). Note that

(1) Eis auniformly smooth Banach space if and only if ] is single valued and uniformly
continuous on any bounded subset of E,

(2) all Hilbert spaces, L? (or I”) spaces (p > 2) and the Sobolev spaces wh, (p > 2), are
2-uniformly smooth, while L? (or IP) and W}, spaces (1 < p < 2) are p-uniformly
smooth,

(3) typical examples of both uniformly convex and uniformly smooth Banach spaces
are L7, where p > 1. More precisely, L” is min{p, 2}-uniformly smooth for any p > 1.

Next, we assume that E is a smooth Banach space. Let T be a mapping from E into
itself. In this paper, we use F(T) to denote the set of fixed points of the mapping T.
Recall that the mapping T is said to be nonexpansive if

ITx=Tyl < x-yl, VxyeE. (1.6
T is said to be A-strictly pseudocontractive if there exists a constant A € (0,1) such that
(Tx-Ty, J(x-y)) < |lx-y|> -A|T-T)x- I -T)y|]’, Vx,yeC. (1.7)
Recall that an operator A of E into itself is said to be accretive if

(Ax- Ay, J(x-y)) 20, VYx,y€E, (1.8)



Journal of Inequalities and Applications 3
and, for any a > 0, an operator A of E into itself is said to be a-inverse strongly accretive if

(Ax - Ay, J(x-y)) > a||Ax - Ay 2

Vx,y € E. (1.9)

Evidently, the definition of the inverse-strongly accretive operator is based on that of
the inverse-strongly monotone operator in real Hilbert spaces (see, e.g., [2]).

Next, we consider a system of quasivariational inclusions.

Find (x*, y*) € E x E such that

0ex*—y" +p1(Aiy* + Mix*),
(1.10)
0 €y —x" + po(Ax* + Moy*),

where A; : E — E and M; : E — 2F are nonlinear mappings for each i = 1,2.

As special cases of problem (1.10), we have the following.
(1) If Ay = Ay = Aand M; = M, = M, then problem (1.10) is reduced to the following.
Find (x*,y*) € E x E such that

0ex* -y +p1(Ay* + Mx"),
(1.11)
0 €y —x*+ pr(Ax* + My").

(2) Further, if x* = y* in problem (1.11), then problem (1.11) is reduced to the
following.

Find x* € E such that

0 € Ax™ + Mx™. (1.12)

In 2006, Aoyama et al. [3] considered the following problem.
Find u € C such that

(Au, J(v—-u)) >0, VoeC. (1.13)

They proved that the variational inequality (1.13) is equivalent to a fixed point problem. The
element u € C is a solution of the variational inequality (1.13) if and only if u € C satisfies the
following equation:

u = Pc(u—-M\Au), (1.14)

where 1 > 0 is a constant and Pc is a sunny nonexpansive retraction from E onto C, see the
definition below.
Let D be a subset of C and P a mapping of C into D. Then P is said to be sunny if

P(Px +t(x — Px)) = Px, (1.15)
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whenever Px + t(x — Px) € C for x € C and t > 0. A mapping P of C into itself is called a
retraction if P? = P. If a mapping P of C into itself is a retraction, then Pz = z for all z € R(P),
where R(P) is the range of P. A subset D of C is called a sunny nonexpansive retract of C if
there exists a sunny nonexpansive retraction from C onto D.

The following results describe a characterization of sunny nonexpansive retractions
on a smooth Banach space.

Proposition 1.1 (see [4]). Let E be a smooth Banach space and C a nonempty subset of E. Let
P : E — C be a retraction and ] the normalized duality mapping on E. Then the following are
equivalent:

(1) P is sunny and nonexpansive;

(2) (x=Px,J(y — Px)) <0, forall x e E, y € C.

Proposition 1.2 (see [5]). Let C be a nonempty closed convex subset of a uniformly convex and
uniformly smooth Banach space E and T a nonexpansive mapping of C into itself with F(T) # (. Then
the set F(T) is a sunny nonexpansive retract of C.

For the class of nonexpansive mappings, one classical way to study nonexpansive
mappings is to use contractions to approximate a nonexpansive mapping [6, 7]. More
precisely, take t € (0,1) and define a contraction T; : C — C by

Tix=tu+(1-t)Tx, VYxeC, (1.16)

where u € C is a fixed point. Banach’s contraction mapping principle guarantees that T; has
a unique fixed point x; in C, that is,

xp=tu+ (1-1)Tx. (1.17)

It is unclear, in general, what the behavior of x; isast — 0, even if T has a fixed point.
However, in the case of T having a fixed point, Browder [6] proved that if E is a Hilbert
space, then x; converges strongly to a fixed point of T. Reich [7] extended Browder’s result
to the setting of Banach spaces and proved that if E is a uniformly smooth Banach space,
then x; converges strongly to a fixed point of T and the limit defines the (unique) sunny
nonexpansive retraction from C onto F(T).

Reich [7] showed that, if E is uniformly smooth and D is the fixed point set of
a nonexpansive mapping from C into itself, then there is a unique sunny nonexpansive
retraction from C onto D and it can be constructed as follows.

Proposition 1.3. Let E be a uniformly smooth Banach spaceand T : C — C a nonexpansive mapping
with a fixed point. For each fixed u € C and every t € (0,1), the unique fixed point x, € C of the
contraction C 3 x +— tu + (1 — t)Tx converges strongly as t — 0 to a fixed point of T. Define
P:C — Dby Pu=s-limy_x;. Then P is the unique sunny nonexpansive retract from C onto D,
that is, P satisfies the property.

(u—Pu,J(y-Pu)) <0, YueC, yeD. (1.18)
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Recently, many authors have studied the problems of finding a common element of the
set of fixed points of a nonexpansive mapping and of the set of solutions to the variational
inequality (1.13) by iterative methods (see, e.g., [3, 8-10]).

Aoyama et al. [3] proved the following theorem by using above propositions.

Theorem AIT. Let E be a uniformly convex and 2-uniformly smooth Banach space and C a nonempty
closed convex subset of E. Let Pc be a sunny nonexpansive retraction from E onto C, a > 0 and A an
a-inverse strongly-accretive operator of C into E with S(C, A) #0, where

S(C,A) = {x* € C: (Ax", J(x - x*)) >0, x € C). (1.19)

If {X,} and {ay} are chosen such that \,, € [a,a/K?] for some a > 0 and a,, € [b,c] for some b, c
with 0 < b < ¢ <1, then the sequence {x,} defined by the following manners:

x1=x€C, Xp+1 = XXy + (1 — ay) Pe(x, — Ay Axy) (1.20)

converges weakly to some element z of S(C, A), where K is the 2-uniformly smoothness constant of E.

Definition 1.4 (see [11]). Let M : E — 2F be a multivalued maximal accretive mapping. The
single valued mapping J(um,p) : E — E defined by

Joup () = (L+pM) " (u), VueE (1.21)

is called the resolvent operator associated with M, where p is any positive number and I is
the identity mapping.

Recently, Zhang et al. [11] considered problem (1.12) in Hilbert spaces. To be more
precise, they proved the following theorem.

Theorem ZLC. Let H be a real Hilbert space, A : H — H an a-cocoercive mapping, M : H — 2H
a maximal monotone mapping, and S : H — H a nonexpansive mapping. Suppose that the set
F(S)NVI(H, A, M) #0, where VI(H, A, M) is the set of solutions of variational inclusion (1.12).
Suppose that xo = x € H and {x,} is the sequence defined by

Xn+1 = 0 Xo + (1 = o) Sy,
(1.22)
Yn = Jovy(Xn — AAx,), n2>0,

where A € (0,2a) and {ay,} is a sequence in [0, 1] satisfying the following conditions:
(1) limy, oy = 0, 352 an = 00;
(2) >oolans — ay| < oo.
Then {x,} converges strongly to Pr(s)nvi(H,4,m)Xo0-
In this paper, motivated by Ceng et al. [12], Cho and Qin [13], Cho et al. [8], Hao [9],

liduka and Takahashi [14], Noor [15], Qin et al. [16], Takahashi and Toyoda [17], Y. Yao and
J. C. Yao [18], Zhao et al. [19], and Zhang et al. [11], we consider a relaxed extragradient-type
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method for finding common elements of the set of solutions to a general system of variational
inclusions with inverse-strongly accretive mappings and common set of fixed points for a
A-strict pseudocontraction. Note that no Banach space is g-uniformly smooth for g > 2 (see
[20] for more details). Strong convergence theorems are established in uniformly convex
and 2-uniformly smooth Banach spaces by some authors. The results presented in this paper
improve and extend the corresponding results announced by many others.

In order to prove our main results, we need the following lemmas.
Lemmas 1.5 and 1.6 can be obtained from Aoyama et al. [21]; see also Zhang et al. [11].

Lemma 1.5. The resolvent operator J(n,p) associated with M is single valued and nonexpansive for
all p > 0.

Lemma 1.6. u € E is a solution of variational inclusion (1.12) if and only if u = Jmp)(u — pAu),
forall p >0, that is,

VI(E, A, M) = F(Joup (I -pA)), Vp>0, (1.23)

where VI(E, A, M) denotes the set of solutions to problem (1.12).

Lemma 1.7. For any (x*,y*) € E x E, where y* = J(m, py) (X" — p2Arx*), (x*,y*) is a solution of
problem (1.10) if and only if x* is a fixed point of the mapping Q defined by

Q(x) = JMyp1) [J(aa o) (% = p2A2x) = prAL ]y p) (X = p2A2x)]. (1.24)
Proof. Note that

0ex* -y +p1(Ay" + Mix*),
0 €y —x* + pa(Ax* + Moy*)

)
x* = Jopn (Y~ prAY"), (1.25)
Y = J(Mapo) (X7 = p2A2x™)

()

Q(x") = ](Ml,Pl) [](Mzr,ﬂz) (x* - PZAZX*) - plAl](Mz,Pz) (x* - pZAZx*)] =x"

This completes the proof. O
The following lemma is a corollary of Bruck’s result in [22].

Lemma 1.8. Let E be a strictly convex Banach space. Let Ty and T, be two nonexpansive mappings
from E into itself with a common fixed point. Define a mapping S : E — E by

Sx=AT1x+(1-\N)Tx, Vx€E, (1.26)

where A is a constant in (0,1). Then S is nonexpansive and F(S) = F(T;) N F(T3).
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Proof. 1t is obvious that F(T1) N F(T;) C F(S). Fixing x* € F(S) and y € F(T1) N F(T;), we see
that

[lx* = y|| = [[ATyx" + (1 - )Tox” - y |
SMTix" -yl + 1 - V|| Tox* -y |

(1.27)
<M=yl + A=« -y
=[x -l
Since E is strictly convex, it follows that
x* = ATix" + (1 - N)Thx™ = Tix* = Trx", (1.28)

thatis, x* € F(T1) NF(I,). This implies that F(S) = F(T1) NF(T>). On the other hand, it is easy
to see that S is also nonexpansive. This completes the proof. O

Lemma 1.9 (see [23]). Let E be a uniformly convex Banach space and S a nonexpansive mapping on
E. Then I — S is demiclosed at zero.

Lemma 1.10 (see [24]). Assume that {a,} is a sequence of nonnegative real numbers such that

A1 < (1 - Yn)an + 671/ (129)

where {y,} is a sequence in (0,1) and {6, } is a sequence such that

(@) 221 Yn = 00;
(b) limsup, _, 8/ yn <00r 352 64| < 00,

then lim,, _, e, = 0.

Lemma 1.11 (see [25]). Let {x,} and {y,} be bounded sequences in a Banach space E and {f,} a
sequence in [0,1] with 0 < liminf, ., B, < limsup,_, B, < 1. Suppose that x,,1 = (1 = fp)yn +
Pnxy forall n > 0 and

limsup (||yns1 = Y| = %01 = xall) <0, (1.30)

n—oo

then limy, — o5 |[yn — xu|| = 0.

Lemma 1.12 (see [26]). Let E be a real 2-uniformly smooth Banach space and T : E — E a A-strict
pseudocontraction. Then S := (1 — L/ K?)I + L/ KT is nonexpansive and F(T) = F(S).

Lemma 1.13 (see [20]). Let E be a real 2-uniformly smooth Banach space with the best smooth
constant K. Then the following inequality holds:

|| + y||2 < |lx|* + 2y, Jx) + 2||Ky||2, Vx,y € E. (1.31)
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2. Main Results
Now, we are ready to give our main results in this paper.

Theorem 2.1. Let E be a uniformly convex and 2-uniformly smooth Banach space with the smooth
constant K. Let M; : E — 2F be a maximal monotone mapping and A; : E — E a y;-inverse-strongly
accretive mapping, respectively, for eachi=1,2. Let T : E — E be a A-strict pseudocontraction with
a fixed point. Define a mapping S by Sx = (1 — (A/K?))x + (A/K?)Tx, for all x € E. Assume that
Q = F(T) N F(Q) #0, where Q is defined as Lemma 1.7. Let x; = u € E and {x,} be a sequence
generated by

Zn = ](Mz,pz) (xn - P2A2xn>/
Yn = ](Ml,pl) (Zn - PlAlzn)r (Y)
X1 = Al + BuXy + (1= B — ) [uSxn + (1= )], VYn>1,

where p € (0,1), p1 € (0, 11/K?], p2 € (0,y2/K?], and {a,} and {Bn} are sequences in (0,1). If the
control consequences {a,} and {B,} satisfy the following restrictions:

(C1) 0 < liminf, , p, < limsup, , fBn <1
(C2) limy—, oty = 0and >77 1 ay = oo,

then {x,} converges strongly to x* = Pqu, where Pg is the sunny nonexpansive retraction from E
onto Q and (x*,y*), where y* = J(m, p) (X = p2Arx™), is a solution to problem (1.10).

Proof. First, we show that the mappings I — p1A; and I — p» A, are nonexpansive. Indeed, for
all x,y € E, from the condition p; € (0,y1/ K?) and Lemma 1.13, one has

(I - prADx - (- pr Ay
= - y) - pr(Ax - Ay ||
<lx=yl* - 201 Arx - Avy, J (x - y)) + 2K?p} || Asx - Avy]|?
<|lx - ylI* - 20 [| Arx = Avy||” + 2K?p3 || Asx - Ayy||*

= [l = ylI* - 201 (11 - K2p1) | Arx - Avy||?

2
7

<|lx-y

which implies the mapping I — p1A; is nonexpansive and so is I — p,A,. Taking X € €, one
has

x = ](M1,p1) U(szPz) (E - p2A2E) - plAl](MZr,Dz) (E - PZAZE)] . (2.2)

Putting y = J(m, p,) (X — p2A2X), one sees that

X = J My (Y — prA1Y). (2.3)
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It follows from Lemma 1.5 that
120 =Yl = Tz (n = p2A2%0) = Jtz ) (X = p2A2%) |

< || (xn = p2Aaxn) = (X = p2A2%) || (24)

< llxen =X
This implies that

lyn =% = [|Tmi00) (20 = PrAYZ0) = Tty p0) (V= p1AY) ||
< || (zn = prAsza) = (¥ - prAY) ||
< ||z -l

< jxn = ||

(2.5)

Set t, = uSx, + (1 — p)y,. It follows from Lemma 1.12 that S is nonexpansive. This implies
that

lItn =% = |[4Sxn + (1 = )y = X||

< plISxn =X + (1 = ) ||y = || (2.6)
<l = x|,
from which it follows that
1%ne1 — x| = ||atne + Brxn + (1 = B — an)t, — x|

< an”u - i“ + pn”xn - EH + (1 - ﬂn - an)”tn - E”
_ _ (2.7)
< apllu—x|[ + (1 - ap)llx, = X||
< max{|ju = x|, [lx1 = x|}
This shows that the sequence {x,} is bounded, so are {y,}, {z.}, and {t,}.
On the other hand, from the nonexpansivity of the mappings J(a1, p,), one sees that
lyni1 = yull = 1 Jomipn) (Zne1 = prA1zun) = Jovpon) (20 = p1A1za) ||
< | (zna = prA1za) = (zn — prA1z,) || (2.8)

< zner = zall-
In a similar way, one can obtain that

1zne1 = zall < lxne1 — xull- (2.9)
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It follows that

”yn+1 - yn|| < lxns1 = xaull- (2.10)
This implies that
It = tull = | 1Sxu1 + (1= ) ymer — [Sxn + (1= )] |
< pllSxne1 = Sxull + (1 = ) ||yt = |
(2.11)
< pllxnsr = xall + (1 - .“)”xnﬂ — Xl
= [|2n41 = x|
Setting
Xne1 = (1= Pu)en + Puxn, Yn2>1, (2.12)
one sees that
AXp1U + (1 - ﬁn+1 - “n+1)tn+1 apu + (1 - pn - an)tn
Cn+l —€n = 1_ﬁ ) - 1_‘3
" " (2.13)
Anvl an
=l (-t tpt — — (U —ty) — tn,
1= ﬁn+1 (u n+1) + Intl 1= ,Bn (u n) n
and so it follows that
a a
llens —enll < 7 _"g;l lu = tpa || + ﬁllu = tall + |[tns1 — tall, (2.14)
which combined with (2.11) yields that
a a
llens = enll = llxner = 2ull < 5 _'E:Hl lu =ty | + ﬁllu = tall- (2.15)
It follows from the conditions (C1) and (C2) that
lim sup(||ens1 — enll = [|xne1 — x4l|) < 0. (2.16)
n—oo
Hence, from Lemma 1.11, it follows that
lim |le,, — x4]| = 0. (2.17)
n—oo

From (2.12), it follows that

|41 = x| = (1 - ﬂn)“en = Xl (2.18)
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Using condition (C1), one sees that

Tim [| 1 — x| = 0. (2.19)
On the other hand, one has
X1 = Xn = @n (U = tn) + (1= Bp) (tn = xn). (2.20)
It follows that
(1= Bu)litn = xull < 1Xne1 = Xl + ctullte = £ (2.21)

From the conditions (C1), (C2), and (2.19), one sees that

lim |£, — x| = 0. (2.22)

Next, we prove that

limsup(u — x*, J(x, —x*)) <0, (2.23)

n—oo

where x* = Pou, and Pq is the sunny nonexpansive retraction from E onto Q. Define a
mapping W by

Wy = pSy + (1= p) Jomupn) (I = prA1) I vaon) (I = p2A2)y, Yy € E. (2.24)
In view of Lemmas 1.7 and 1.8, we see that W is nonexpansive such that
F(W) = F(S) NF(Jimyp) (I = p1A1) My o) (I = p2A2)) = F(T) N F(Q). (2.25)
From (2.22), it follows that
Jim [Wox, = x| = 0. (2.26)
Let z; be the fixed point of the contraction z +— tu + (1 — t)Wz, where t € (0,1). That is,
zi=tu+ (1 -t)Wz. (2.27)
It follows that

2t = xull = |(1 = ) (Wzt = xp) + £ = x0) |- (2.28)
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On the other hand, we have
Iz = 2all” < (1= 0 W2y = xu|* + 26 = x, ] (20 = xn))
< <1 —2t+ t2) lze = Xl + fult) (2.29)

+ 2t<u - Z, ](Zt - xn)> + 2t||zt - xn“z/

where
fn(®) = Q2llze = x|l + lxn = Wxul)llxn = Wxp|| — 0 asn — 0. (2.30)
It follows that
t , 1
(ze—u, J(zt —xn)) < E”Zt_xn” +2_tfn(t)- (2.31)

In view of (2.30), we arrive at

limsup(z; —u, J(z: — x,)) < %M, (2.32)

n— oo

where M > 0 is an appropriate constant such that M > ||z; — x,||* forall t € (0,1) and n > 1.
Letting t — 0in (2.32), we have

lim sup limsup(z; — u, J(z; — x,)) <0. (2.33)

t—0 n— oo

So, for any € > 0, there exists a positive number 6; with t € (0, 61) such that

limsup(z; —u, J(z; — x,)) <

n—oo

. (2.34)

N @

On the other hand, we see that Pryvyu = limy_¢z; and F(W) = Q. It follows that
z; — x* = Pquast — 0. There exists 6, > 0, for t € (0, 6,), such that
[ =%, J(xXn = x%)) = (2 =1, J (2t = X)) )|
SHu—x", J(xn = x7)) = (u—x", ] (xn — 2¢))|
+[(u—x*, J(xn = 20)) = (2 —u, J (2t = xu))|
SWu=x", J(xn = x") = J(xn = z) )| + (2 = X7, ] (X0 = 24) )|

Sl = x| Gen = x7) = J(xn = ze) || + [|z¢ = X7[[[]o0n — 2¢]

(2.35)

€
<.
2
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Choosing 6 = min{6;, 6,}, it follows that, for each t € (0,6),

(1= 2", T (2tn = x")) < (20 =10, J (2 — X)) + =,

which implies that

limsup(u — x*, J(x, — x*)) <limsup(z; —u, J(z: — x,)) + <

n—oo

It follows from (2.34) that

2

2

n—oo

limsup(u — x*, J(x, —x*)) <e.

n—oo

Since € is chosen arbitrarily, we have

limsup(u - x*, J(x, —x*)) <0.

n—oo

Finally, we show that x, — x* asn — oo. Indeed,

et = x7|?

= (antt + Puxn + (1= P — an) bty — X, J (X1 — x¥))

= an(u—x", J(Xps —x%)) + ﬁn(xn - x*, J(xp1 — x¥))
+ (1= Pu = atu) (b = ), ] (X1 = X))

Sap(u—x*, J(xp —x%))

+ Pullxn = 2 lxner = x|+ (1= P — an) lxn = x"[[llxne1 = x7||

Sap(u—x*, J(Xpe1 —x")) +

which implies that

1- n
.

2
ln = 1P + 11 = 2711,

ll2n41 = X*HZ < (1 - an)llxn - x*”Z + 20, (u = x%, ] (Xps1 = X7)).

Therefore, from condition (C2), (2.39), and Lemma 1.10, we see that

This completes the proof.

lim ||x, — x*|| = 0.
n—oo
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(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)
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Remark 2.2. Theorem 2.1 which includes Ceng et al. [12], Y. Yao and J.C Yao [18] as special
cases mainly improves Theorem 2.1 of Zhang et al. [11] in the following respects:

(a) from Hilbert spaces to Banach spaces;
(b) from a single variational inclusion to a system of variational inclusions;

(c) from nonexpansive mappings to strict pseudocontractions.
As some applications of Theorem 2.1, we have the following results.

Lemma 2.3. For given (x*,y*) € E, where y* = J(m,p,) (X" —p2Ax™), (x*,y") is a solution of problem
(1.11) if and only if x* is a fixed point of the mapping Q' defined by

Ql(x) = ](M/,Dl) U(Mrpz) (x - PZAx) - PlA](M,Pz) (x - PZAx)]' (2.43)

Corollary 2.4. Let E be a uniformly convex and 2-uniformly smooth Banach space with the smooth
constant K. Let M : E — 2F be a maximal monotone mapping and A : E — E a y-inverse-
strongly accretive mapping. Let T : E — E be a \-strict pseudocontraction with a fixed point. Define
a mapping S by Sx = (1= (A\/K?))x + (\/K*)Tx for all x € E. Assume that Q = F(T) N F(Q') #0,
where Q' is defined as Lemma 2.3. Let x1 = u € E and {x,} be a sequence generated by

Zn = J(Mps) (Xn — p2AXy),
Yn = Jvpy) (20 = p1Azn), (2.44)
X1 = g+ Xy + (1= P — ) [uSxn + (L= p)yn], Yn>1,
where p € (0,1), p1, p2 € (0,y/K?], {an} and {B,} are sequences in (0,1). If the control
consequences {a, } and {f,} satisfy the following restrictions:
(C1) 0 < liminf, , f, < limsup, B <1,
(C2) limy—, oty =0 and 3,774 ay = 00,

then {x,} converges strongly to x* = Pqu, where Pg is the sunny nonexpansive retraction from E
onto Q and (x*,y*), where y* = J(m, p) (X" — p2AX*), is a solution to problem (1.11).

If E is a Hilbert space, then Corollary 2.4 is reduced to the following.

Corollary 2.5. Let E be a real Hilbert space. Let M : E — 2F be a maximal monotone mapping and
A E — E ay-inverse-strongly monotone mapping. Let T : E — E be a \-strict pseudocontraction
with a fixed point. Define a mapping S by Sx = (1 — 20\)x + 2ATx for all x € E. Assume that
Q = F(T)NF(Q') #0, where Q' is defined as Lemma 2.3. Let x1 = u € E and {x,} be a sequence
generated by

Zp = ](M,pz) (xn - ,OZAxn)/
Yn = ](M,p1)(zn - PlAzn)/ (245)

Xni1 = Qplh + PrXpy + (1 —Pn— an) [,qun + (1 - ‘I/l)yn], Vn>1,
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where p € (0,1), p1,p2 € (0,2y], {a,} and {B,} are sequences in (0,1). If the control consequences
{an ) and {B,} satisfy the following restrictions:

(C1
(C2

) 0 <liminf, ., p, <limsup,_ ,_p, <1,

) limy, oy, = 0and 357, ay = o0,

then {x,} converges strongly to x* = Pou, where Pq is the metric projection from E onto & and
(x*,y*), where y* = J(m, p,) (X* = p2Ax™), is a solution to problem (1.11).

Further, if T is a nonexpansive mapping, then Corollary 2.5 is reduced to the following
result.

Corollary 2.6. Let E be a real Hilbert space. Let M : E — 2F be a maximal monotone mapping and
A : E — Eay-inverse-strongly monotone mapping. Let T : E — E be a nonexpansive mapping with
a fixed point. Assume that Q = F(T) N F(Q') # 0, where Q' is defined as Lemma 2.3. Let x1 = u € E
and {x,} be a sequence generated by

Zp = ](M,pz) (xn - PZAxn)/
Yn = ](M,p1)(zn - PlAzn)/ (246)

X1 = Onlh+ PuXy + (1= B — ) [uTxn + (1= p)yn|, Yn>1,

where p € (0,1), p1,p2 € (0,2y], {a,} and {pB,} are sequences in (0,1). If the control consequences
{an} and { B} satisfy the following restrictions:

(C1) 0 < liminf, o, <limsup, B, <1,

)
(C2) limy,—, oax, = 0and 3771 a = 00,

then {x,} converges strongly to x* = Pqu, where Pq is the metric projection from E onto Q and
(x*,y*), where y* = ], p,) (X* — p2Ax™), is a solution to problem (1.11).
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