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We investigate the superstability of the functional equation f(xy) = xf(y) + g(x)y, where f and
g are the mappings on Banach algebra A. We have also proved the superstability of generalized
derivations associated to the linear functional equation f (yx+py) = yf(x) +ff (y), wherey, f € C.

1. Introduction

The well-known problem of stability of functional equations started with a question of Ulam
[1] in 1940. In 1941, Ulam’s problem was solved by Hyers [2] for Banach spaces. Aoki
[3] provided a generalization of Hyers’ theorem for approximately additive mappings. In
1978, Rassias [4] generalized Hyers’ theorem by obtaining a unique linear mapping near an
approximate additive mapping.

Assume that E; and E, are real normed spaces with E, complete, f : E;y — E;isa
mapping such that for each fixed x € E; the mapping t — f(tx) is continuous on R, and there
exist € > 0 and p € [0, 1) such that

£ Ge+y) = £ = fF W < el + Nly]I") (1.1)

for all x, y € E;. Then there exists a unique linear mapping T : E; — E; such that

2e
2 - 27|

|| f(x) =T (x)]| < [ll” (1.2)

for all x € E;.
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In 1994, Gévruta [5] provided a generalization of Rassias’ theorem in which he
replaced the bound e(||x|P + ||y||P) in (1.1) by a general control function ¢(x, y).

Since then several stability problems for various functional equations have been
investigated by many mathematicians (see [6-8]).

The various problems of the stability of derivations and generalized derivations have
been studied during the last few years (see, e.g., [9-18]). The purpose of this paper is to prove
the superstability of generalized (ring) derivations on Banach algebras.

The following result which is called the superstability of ring homomorphisms was
proved by Bourgin [19] in 1949.

Suppose that A and B are Banach algebras and B is with unit. If f : A — B is surjective
mapping and there exist € > 0 and 6 > 0 such that

|f(a+b)-f(a)-f)| <e, |f(ab) - f(a)f(b)|| <6 (1.3)
forall a,b € A, then f is a ring homomorphism, that is,
fla+b)=f(a)+f(b),  f(ab) = f(a)f(b). (1.4)

The first superstability result concerning derivations between operator algebras was obtained
by Semrl in [20]. In [10], Badora proved the superstability of functional equation f(xy) =
xf(y) + f(x)y, where f is a mapping on normed algebra A with unit. In Section 2, we
generalize Badora’s result [10, Theorem 5] for functional equations

flxy) =xf(y) +g(x)y, (1.5)
f(xy) =xf(y) +yg(x) (1.6)

where f and g are mappings on algebra A with an approximate identity.
In [21, 22], the superstability of generalized derivations on Banach algebras associated
to the following Jensen type functional equation:

f<x+y>=f(x)+f(ky), (1.7)

k k

where k > 1 is an integer is considered. Several authors have studied the stability of the
general linear functional equation

f(yx+py) = Af(x) + Bf(y), (1.8)

where y, f, A, and B are constants in the field and f is a mapping between two Banach spaces
(see [23,24]). In Section 3, we investigate the superstability of generalized (ring) derivations
associated to the linear functional equation

fyx+py) =yf(x) +Bf(y), (1.9)
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where y, f € C. Our results in this section generalize some results of Moslehian’s paper [14].
It has been shown by Moslehian [14, Corollary 2.4] that for an approximate generalized
derivation f on a Banach algebra A, there exists a unique generalized derivation p near
f. We show that the approximate generalized derivation f is a generalized derivation (see
Corollary 3.6).

Let A be an algebra. An additive map 6 : A — A is said to be ring derivation on
A if 6(xy) = x6(y) + 6(x)y for all x,y € A. Moreover, if 6(Ax) = A6(x) for all A € C,
then 6 is a derivation. An additive mapping (resp., linear mapping) y : A — A is called
a generalized ring derivation (resp., generalized derivation) if there exists a ring derivation
(resp., derivation) 6 : A — A such that u(xy) = xpu(y) + 6(x)y forall a,b € A.

2. Superstability of (1.5) and (1.6)

Here we show the superstability of the functional equations (1.5) and (1.6). We prove the
superstability of (1.6) without any additional conditions on the mapping g.

Theorem 2.1. Let A be a normed algebra with a central approximate identity (ey),cp and a € C\{0}.
Suppose that f : A — Aand g: A — A are mappings for which there exists ¢ : Ax A — [0, o0)
such that

nlijr;oa*"d)(a"a, b) = nli_r)rgoa*”d)(a, a'b) =0, (2.1)
[|f(ab) - af (b) - bg(a)|| < ¢(a,b) (2.2)

forall a,b € A. Then f(ab) = af (b) + bg(a) forall a,b € A.

Proof. Replacing a by a”a in (2.2), we get

||f (aab) — aaf (b) - bg(a™a)|| < ¢p(a”a,b), (2.3)
and so
n b b n
|H2 - a0 - EE2 < optaraty 4

forall a,b € A and n € N. By taking the limit as n — oo, we have

lim
a a

nm<f (“nn“b) _bg (‘in“)> = af (b) (2.5)

for all a,b € A. Similarly, we have

iy (F) oty

a

) - bs( 6)

n—oo

forall a,b € A.
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Leta,b e Aand A € A. Then we have

|| f (ab) — af (b) - bg(a)|

<[ ap) - LE) gy 8&er)
| -t —ar -t
< [[ptaby - LEQD) , gy 8@
+”fwz3dﬂ+afﬂij¢>_abyﬁ:a>_afuZ?b>_afw)_bgm) (2.7)
< ” f(ab) - f (vf’;mb) . abg(a’;e)t)
L R
e
Since e, € Z(A), we get
If (ab) - af (b) - bg(a)|| < Hf(ab) _ f(2’:;wb) . abg(v;ex)
o (B2 - vE) - ar)| 28)

. Hf(a”ae)tb) - af(a"elb)
aTl

an -

bg(a)”.

By taking the limit as n — oo, we get

| (ab) - af (b) - bg(@)]| < || f(ab) - exf(ab)| + [|aes £ (b) - af B)]| + [lerbg(a) - b (@]
(2.9)
Therefore, f(ab) = af(b) + bg(a) forall a,b € A. O
Theorem 2.2. Let A be a normed algebra with a left approximate identity and a € C \ {0}. Let
f:A— Aand g: A — A be the mappings satisfying
|| f(ab) — af (b) - g(a)b|| < ¢(a,b),

(2.10)
|| g(ab) — ag(b) - g(a)b]| < ¢(a,b)
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forall a,b € A, where ¢ : Ax A — [0, 0) is a mapping such that
lim |a|"$(a"z, w) = lim |a| "}(z, a"w) = 0 (2.11)

forall z,w € A. Then f(ab) = af (b) + g(a)bforall a,b € A.

Proof. Let x,y,z € A. We have

zf (xy) - zxf (v) - zg(®)y||
<|lzf (xy) + g(2)xy ~ f(zxy) || + || f (zxy) - g(2)xy — zxf (y) - zg(X)y |

2.12)
<P(z xy) + || f(zxy) - zxf (y) - g(z0)y|| + [|§(zx)y - g(z)xy — zg(x)y |
<P(z,xy) + p(zx,y) + p(z0) |y

Replacing a”z by z, we get
la"zf (xy) — a"zxf(y) - a"zg(x)y|| < p(a"z, xy) + p(a"zx,y) + p(a’z,x)||y]|, (2.13)

and so

lI2f (xy) - zxf (v) - 28(x)y|| < lal™¢(a"z, xy) +|al"Pp(a"2x,y) + |a] " P(a"z, x)||y(||- :
2.14

By taking the limit as n — oo, we have zf(xy) = zxf(y) + zg(x)y. Since A has a left
approximate identity, we have f(xy) = xf(y) + g(x)y. O

In the next theorem, we prove the superstability of (1.5) with no additional functional
inequality on the mapping g.

Theorem 2.3. Let A be a Banach algebra with a two-sided approximate identity and a € C\ {0}. Let
f:A— Aand g: A — A be mappings such that F(x) := lim,_ o (f(a”x)/a") exists for all
x € Aand

|f (zw) - zf (w) - g(z)w|| < P(z,w) (2.15)
forall z,w € A, where ¢ : Ax A — [0, 00) is a function such that
lim || "¢ (a"z,w) = lim |a| "¢ (z,a"w) =0, (2.16)

forall z,w € A. Then F = f, f(zw) = zf (w) + g(z)w, and g(zw) = zg(w) + g(z)w.
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Proof. Replacing a”z by z in (2.15), we get

|f(@"zw) — a"zf (w) - g(a"z)w|| < Pp(a”z, w), (2.17)
and so
H% —2f(w) - g(gnz)wH < |a1|nqb(a”z,w) (2.18)

for all z,w € A and n € N. By taking the limit as n — oo, we have

F(zw) = zf (w) + lim & (znz)w (2.19)
forall z,w € A.
Fix m € N. By (2.19), we have
zf (a"w) = F(a"zw) — lim (g(gnz) (amZU)>
=a"zf(w) + lim <ww> —a™ lim <g((xnz) w)
noe @ nme\ a (2.20)
=a"zf(w) +a™ lim (_g(a " 2) w) —a™ lim (_g(a 2) w)
n— oo ghtm n— oo an

=a"zf(w)

for all z,w € A. Then zf(w) = z(f(a™w)/a™) for all z,w € A and all m € N, and so by
taking the limit as m — oo, we have zf(w) = zF(w). Now we obtain F = f, since A has an
approximate identity.

Replacing aw by w in (2.15), we obtain

| f(@"zw) - zf (a"w) - a"g(z)w|| < P(z, a"w), (2.21)

and hence

L) S,

an

< #(j)(z, aw), (2.22)

for all z,w € A and all n € N. Sending 7 to infinity, we have

f(zw) = zf (w) + g(z)w. (2.23)
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By (2.23), we get

g(zz)w = f(z1z2w) — z122 f (w)
= z1f(z22w) + g(z1) 22w — z122 f (W) (2.24)

= (218(z2) + g(z1)z2)w

for all z;, zo, w € A. Therefore, we have g(z1z2) = z19(22) + g(z1)z2. O

The following theorem states the conditions on the mapping f under which the
sequence { f(a”x)/a"} converges for all x € A.

Theorem 2.4. Let A be a Banach space and a € C\ {0}. Suppose that f : A — A is a mapping for
which there exists a function ¢ : A — [0, oo) such that

$(x) = D la| " P(a"x) < o0,
n=0

(2.25)
o f(ax) - f )| < )
forall x € A. Then F(x) :=lim, _, o (f (a"x)/a") exists and F(ax) = aF (x) for all x € A.
Proof. See [25, Theorem 1] or [26, Proposition 1]. O

3. Superstability of the Generalized Derivations

Our purpose is to prove the superstability of generalized ring derivations and generalized
derivations. Throughout this section, A is a Banach algebra with a two-sided approximate
identity.

Theorem 3.1. Let y,f € C\ {0} such that & := y + p#0. Suppose that f : A — A is a mapping
with f(0) = 0 for which there exist a map g : A — A and a function ¢ : A* — [0, 00) such that

lima™$(a"x,a"y,a"z,w) = nlijr;oa*”(l) (a"x,a"y, z,a"w) =0, (3.1)

n—oo

H(x) := i|a|_"¢(cx”x, a"x,0,0) < oo, (3.2)
n=0

| f (yx + By + zw) =y f(x) = Bf (v) — 2f (w) - g(2)w]|| < ¢(x, ¥, 2,w) (3.3)

forall x,y,z,w € A. Then f is a generalized ring derivation and g is a ring derivation. Moreover,
flax) = af(x) forall x € A.

Proof. Put x = y and z = w = 0 in (3.3). We have |f(ax) — af(x)|| < ¢(x,x,0,0), and
solla! f(ax) — f(x)|| < |a|_1gb(x, x,0,0) for all x € A.

Then by (3.2) and applying Theorem 2.4, we have F(x) := lim,_ o (f(a"x)/a") and
F(ax) = aF(x) for all x € A.
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Put x =y = 01in (3.3). We get

|1 f (z0) - zf (w) - g(z)w|| < $(0,0,z,w) (3.4)

for all z,w € A. It follows from (3.1) and Theorem 2.3 that F = f, f(zw) = zf (w) + g(z)w,
and g(zw) = zg(w) + g(z)w for all z,w € A.

It suffices to show that f and g are additive.

Replacing x by a”x and y by a"y and putting z = w = 0 in (3.3), we obtain

| f (@ (yx + By)) -y f(a"x) = Bf (a"y) || < p(a"x,a"y,0,0), (3.5)
and so
Hf (vf”(Y;+ py) (Z:x) ! (Z:y) “ . ﬁ b (ax, a,0,0) (3:6)

forall x,y € Aand n € N.
By taking the limit as n — oo, we get F(yx + fy) = yF(x) + pF(y), and so

flrx+py) =yf(x)+Bf(y). (3.7)

Putting v = 0 and replacing x by y"!x in (3.7), we have f(y'x) = y~! f(x). Similarly, f(f'x) =
B F ().

Replacing x by y™'x and y by 'y in (3.7), we obtain f(x +y) = f(x) + f(y) for all
x,y € A. Therefore f is an additive mapping.

Since f(zw) = zf(w) + g(z)w, f is additive, and A has an approximate identity, g is
additive. O

Theorem 3.2. Let y,p € C\ {0} such that a := y + f#0. Suppose that f : A — A is a mapping
with f(0) = 0 for which there exist amap g : A — A and a function ¢ : A* — [0, 00) such that

lim a"p(a"x, a7y, a"z,w) = lim a"Pp(a™"x,a "y, z,a "w) =0, (3.8)
H(x) := Z|a|"(])(a‘"x, a™"x,0,0) < co, (3.9)
n=0

| f (rxx + By + zw) =y f(x) = Bf (y) - 2f (w) - g(2)w|| < Pp(x,y,2,w) (3.10)

forall x,y,z,w € A. Then f is a generalized ring derivation and g is a ring derivation. Moreover,
flax) = af(x) forall x € A.
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Proof. Replacing x, y by a”'x and putting z = w = 0 in (3.10), we get
”f(x) - zxf(oflx> ” < ¢<zx*1x, a'x,0, 0) (3.11)

for all x € A. Since

-n

0
>

¢ (cx‘la‘"x, ala"x,0, 0)

B
Il
o

(3.12)

_oo n -n — -n - — -1 e
- Sierg(ec () ().00) = () <o

it follows from Theorem 2.4 that F(x) := lim,_,a" f(a™"x) exists for all x € A. By (3.8), we
have

lim |a_1|_n¢<0, 0, (zx‘1>nz, w) = lim |u‘1|_n(])<0, 0,z (zx‘1>nw> =0, (3.13)

n— oo n—oo

for all z,w € A. Putting x = y = 0 in (3.10), it follows from Theorem 2.3 that f(zw) =
zf(w) + g(z)w and g(zw) = zg(w) + g(z)w for all z,w € A and F(x) = f(x) for all x € A.

Replacing x by a™"x and y by a ™y, putting z = w = 0 in (3.10), and multiplying both
sides of the inequality by |a|", we obtain

la”f (a7 (yx + py)) —a"yf(a™"x) —a"pf (a"y)|| < lal"$p(a”"x,a"y,0,0)  (3.14)
for all x,y € A and n € N. By taking the limitas n — oo, we get

fyx+py) =yf(x)+Bf(y) (3.15)

for all x,y € A. Hence, by the same reasoning as in the proof of Theorem 3.1, f and g are
additive mappings. Therefore, f is a generalized ring derivation and g is a ring derivation.
O

Remark 3.3. We note that Theorems 3.1 and 3.2 and all that following results are obtained with
no special conditions on the mapping g (see [21, Theorems 2.1 and 2.5]).

Corollary 3.4. Let p,q,s,t € (—oo,1) or p,q,5,t € (1,00), v, € C\ {0}, and a = y + p with
|| & {0,1}. Suppose that f : A — A is a mapping with f(0) = 0 for which there exist a map
g:A — Aand e > 0such that

f (rx + By + z0) = 7 £ () = Bf (v) — 2f 0) - g(2)o]| < el + [ly]|* + 21 o])  (3.16)

orall x,y,z,w € A. Then f is a generalized ring derivation and ¢ is a ring derivation.
y 8 8 g 8
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Proof. Let ¢p(x,y,z,w) = e(||x|]P + ||yl + ||zl|°[|lw]|l). For 0 < |a| < 1,if p,q,s,t € (1,0), then
¢ satisfies (3.1), (3.2), and we apply Theorem 3.1, and if p,q,s,t € (-o0,1), then we apply
Theorem 3.2 since ¢ has conditions (3.8), (3.9) in this case.

For |a| > 1, apply Theorem 3.2 if p, g, s,t € (1, 00) and apply Theorem 3.1 if p, g, s,t €
(=00, 1). O

Theorem 3.5. Let a € C \ {0} and let ¢ : A* — [0, 00) be a function satisfying either (3.1), (3.2)
or (3.8), (3.9). Suppose that f : A — A is a mapping with f(0) = 0 for which there exists a map
g: A — Asuch that

| f (Ax + Ay + zw) - Af(x) = Af (y) - zf (w) - g(2)w]| < ¢(x,y, 2, w) (3.17)

forall x,y,z,w € Aandall A € S(0;|a|/2) = {A € C : |\| = |a|/2}. Then f is a generalized
derivation and g is a derivation.

Proof. Let A = a/2 in (3.17). We have
a o« a a
”f(zx LA zw) - Ef(x) - Ef(y) -zf(w) - g(z)w“ <Pp(x,y,z,w) (3.18)
forall x,y,z,w € A.
Suppose that ¢ satisfies (3.1), (3.2). By Theorem 3.1, f is a generalized ring derivation
and g is a ring derivation. Moreover, f(ax) = af(x) for all x € A.
Replacing x by a"x and putting y = z = w = 0 in (3.17), we get
I f (Aa’x) = Af (a"x)|| < Pp(a"x,0,0,0), (3.19)
forallx € A,neN,and A € 5(0;|a|/2). Since f(ax) = af(x), we obtain

| f(Ax) = Af ()| < || "¢ (a"x,0,0,0). (3.20)

Hence, by taking the limitas n — oo, we get f(Ax) = Af(x) forall x € A and A € S(0; |a|/2).
Let p € C with |f| = 1. Then p(a/2) € S(0;|a|/2), and so

£ = £ (85 2x) =055 (Bx) =p3s (axr ) i) G2

for all x € A. Now by [21, Lemma 2.4], f is a linear mapping and hence g is a linear mapping.
O

The following result generalizes Corollary 2.4 and Theorem 2.7 of [14].

Corollary 3.6. Let p,q,s,t € (—oo,1) and a € C with |a| & {0,1}. Suppose that f : A — Aisa
mapping with f(0) = 0 for which there exist amap g : A — Aand e > 0 such that

1f (o + Ay + 20) = Af(x) = Af (y) - 2f (@) - g(2)w]| < e(llll + [ly]|" + 12I1° + o)
(3.22)

forall x,y,z,w € Aand all X € S(0; |a|/2). Then f is a generalized derivation and g is a derivation.
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Proof. Define ¢(x,y,z,w) = e(||x|]” + ly||? + ||z||° + ||w]||") and apply Theorem 3.5. O

Theorem 3.7. Let « € C \ R and let ¢ : A* — [0, 00) be a function satisfying either (3.1), (3.2)
or (3.8), (3.9). Suppose that f : A — A is a mapping with f(0) = 0 for which there exists a map
g: A — Asuch that

a o« a a
”f(Ex A LA zw> - Ef(x) - Ef(y) - zf(w) - g(z)w“ <Pp(x,y,z,w) (3.23)
forall x,y,z,w € A.If f(tx) is continuous in t € R for each fixed x € A, then f is a generalized

derivation and g is a derivation.

Proof. Suppose that ¢ satisfies (3.1), (3.2). By Theorem 3.1, f is a generalized ring derivation,
g is a ring derivation, and f(ax) = af(x) for all x € A.

Let x € A. The mapping h : R — A, defined by h(t) = f(tx), is continuous in t € R.
Also, the mapping h is additive, since f is additive. Hence h is R-linear, and so

f(tx) = h(t) = th(1) = tf (x) (3.24)

for all t € R. Therefore, f is R-linear.
Now let A € C. Since a ¢ R, there exist s, € R such that A = s + ra. So

f(\x) = f(sx +rax) =sf(x) +rf(ax) =sf(x) +raf(x) = Af(x) (3.25)

for all x € A. Therefore, the mapping f is linear and it follows that g is linear. O
Corollary 3.8. Let p,q,s,t € (1,00) orp,q,s,t € (—oo,1). Suppose that f : A — A is a mapping
with f(0) = 0 for which there exists a map g : A — A such that

If (ix + iy + zw0) — if (x) = if () - 2f () - g@)w]| < e(I=lP + [[yl|” + Iz]ll]")  (3.26)
forall x,y,z,w € A. Suppose that f(tx) is continuous in t € R for each fixed x € A. Then f isa
generalized derivation and g is a derivation.
Proof. Let a = 2i, define ¢ (x,y, z,w) = e(||x|I” + |ly||? +|1z||°||lw]||"), and apply Theorem 3.7. [J

Theorem 3.9. Let f : A — A be a mapping with f(0) = O for which there existamap g : A — A
and a function ¢ : A* — [0, o0) such that

hm 2’"¢(2”x, Z”y, ZnZ,w) = hm z—nd)(znx’ Z"y, z, an) = O, (327)
n—o n— oo
> 2"p(2"x,2"x,0,0) < oo, (3.28)
n=0

| f(Ax + dy + zw) = Af (x) = Af (y) - zf (w) - g(2)w]| < $(x,y,2,w) (3.29)
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for A =iand all x,y,z,w € A.If f(tx) is continuous in t € R for each fixed x € A, then f isa
generalized derivation and g is a derivation.

Proof. Let a = 2i. By Theorem 3.7, it suffices to prove that ¢ satisfies (3.1), (3.2).
Let a, = |2i| "$((2i)"x, (2i)"y, (2i)"z, w). We have

gy g = 2-G13) ¢<24n—3 (ix), 2413 (iy), 243 (jz), w),
Aann = 2—(411—2) ¢ <24n—2 (—JC), 24n—2 (_y)’ 24n—2 (—Z), w) ,
(3.30)
Aup_1 = 2—(411—1)4) <24n—1 (—ix), 24n—1 (_l]/), 24n—1 (—iZ), ’LU),

A4y = 2*4”¢(24"x, 24”y, 2417, w)

Then lim,, _, as,_3 = lim, _, nd4n> = lim,, ., as,—1 = lim, _, a4, = 0, and so lim, _, ,a, = 0.
Hence ¢ satisfies (3.1).
Let b, = [2i] ™" ¢((2i)"x, (2i)"x,0,0). By (3.28), we get

ib4n+1 — iz_(4n+1)¢ <24n+1 (iX), 24n+1 (iX), 0, 0> < oo,

n=0 n=0
Db = 327D (2412 (—x), 242 (), 0,0) < o0,
n=0 n=0
(3.31)
[ee] [ee]
Zb4n+3 - ZZ*(4n+3)¢<24n+3(_ix),24n+3(_l~x),0, 0> < 0,
n=0 n=0
Db = Y27 (2"x,2"x,0,0) < oo.
n=0 n=0
Hence
[ee] [ee]
Dby =D (ban + bans1 + bania + bansz) < o0, (3.32)
n=0 n=0
and so ¢ satisfies (3.2). O

The theorems similar to Theorem 3.9 have been proved by the assumption that the
relations similar to (3.29) are true for A = 1,i (see, e.g., [9, 14]). We proved Theorem 3.9, under
condition that inequality (3.29) is true for A = i.
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