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We prove both local and global Poincaré inequalities with Luxemburg norms for differential forms
in LY (m)-averaging domains, which can be considered as generalizations of the existing versions
of Poincaré inequalities.

1. Introduction

The Poincaré-type inequality has been playing a crucial role in analysis and related fields
during the last several decades. Many versions of the Poincaré inequality have been
developed and used in different areas of mathematics, including PDEs and analysis. For
example, in 1989, Staples in [1] proved the following Poincaré inequality for Sobolev
functions in L*-averaging domains. If D is an LP-averaging domain, p > n, then there exists a
constant C, such that

1 ) 1/p 1n 1 ) 1/p 11
D D|M—MD| dm <C|D| DI D|Vu| dm (1.1)

for each Sobolev function u defined in D. In [2], a global Poincaré inequality for solutions
of the A-harmonic equation was proved over the John domains; see [3-7] for more results
about the Poincaré inequality. However, most of these inequalities are developed with the LP-
norms. In this paper, we will establish the Poincaré inequalities with the Luxemburg norms in
arelative large class of domains, the LY (m)-averaging domain, so that many existing versions
of the Poincaré inequality are special cases of our new results.

Let Q be a bounded domain in R”, n > 2, and let B and 0B be the balls with the

same center and diam(oB) = o diam(B) throughout this paper. The n-dimensional Lebesgue
measure of a set E C R" is denoted by |E|. For a function u, we denote the average of
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u over B by ug = (1/|B|)[zudm. All integrals involved in this paper are the Lebesgue
integrals. Differential forms are generalizations of differentiable functions in R". For example,
the function u(xy,xs,...,x,) is called a O-form. A differential 1-form u(x) in R" can be
written as u(x) = 31 ui(x1,x2, ..., x,)dx;, where the coefficient functions u;(x1, x2, ..., X,),
i=1,2,...,n, are differentiable. Similarly, a differential k-form u(x) can be expressed as

u(x) = Zul(x)dxl = Z Uiy iyeip (X)dxi, Ndxiy A+ ANdx, (1.2)
T

where I = (iy,ip,...,ik), 1 < i] < ip < --- < ix < n. Let Al = Al(R") be the set of
all I-forms in R", D'(Q, A!) be the space of all differential [-forms in €, and let LP(Q, A
be the I-forms u(x) = >, ur(x)dxr in Q satisfying f9|u1|’” < oo for all ordered I-tuples I,
1=1,2,...,n. We denote the exterior derivative by d and the Hodge star operator by *. The
Hodge codifferential operator d* is given by d* = (—1)’”+1 *xdx,1=1,2,...,n. We consider here
the nonlinear partial differential equation

d*A(x,du) = B(x,du) (1.3)

which is called nonhomogeneous A-harmonic equation, where A : Q x Al(R") — Al(R") and
B : Qx A(R") — AFI(R") satisfy the conditions |A(x,&)| < algfP™, A(x,&) - & > |¢J and
|B(x,¢)| < b|§|p71 for almost every x € Q and all ¢ € A/(R"). Here a,b > 0 are constants and
1 < p < o is a fixed exponent associated with (1.3). A solution to (1.3) is an element of the

Sobolev space WK(Q, A1) such that [, A(x, du)-dg+B(x,du)-¢ = 0forall g € Wllo'f(Q, A1
with compact support. If u is a function (0-form) in R", (1.3) reduces to

div A(x, Vu) = B(x, Vu). (1.4)
If the operator B = 0, (1.3) becomes
d*A(x,du) =0 (1.5)

which is called the (homogeneous) A-harmonic equation. Let A : Q x AR"Y) — ALR™) be
defined by A(x,¢) = (§|§|p_2 with p > 1. Then, A satisfies the required conditions and (1.5)
becomes the p-harmonic equation d*(du|dul’ 72y = 0 for differential forms. See [8-12] for
recent results on the A-harmonic equations and related topics.

2. Local Poincaré Inequalities

In this section, we establish the local Poincaré inequalities for the differential forms in any
bounded domain. A continuously increasing function ¢ : [0,00) — [0, 00) with ¢(0) = 0 is
called an Orlicz function. The Orlicz space L?(£2) consists of all measurable functions f on
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Q such that jgtp(|f|/)t)dx < oo for some A = A(f) > 0. L¥(Q) is equipped with the nonlinear

Luxemburg functional
||f||q,(g) =inf{)t>0:fg<p<%>dxgl}. (2.1)

A convex Orlicz function ¢ is often called a Young function. If ¢ is a Young function, then
|-l o defines a norm in L#(L2), which is called the Luxemburg norm.

Definition 2.1 (see [13]). We say that a Young function ¢ lies in the class G(p,q,C), 1 <p < g <
o, C>1,if (i) 1/C < p(t/7) /g(t) < C and (ii) 1/C < ¢(t'/9) /h(t) < C for all t > 0, where g is
a convex increasing function and h is a concave increasing function on [0, o).

From [13], each of ¢, g and h in above definition is doubling in the sense that its values
at t and 2t are uniformly comparable for all ¢ > 0, and the consequent fact that

Cit' <h () <Cot?,  Cit? < g7'(p(t)) < Cat?, (2.2)

where C; and C; are constants. Also, forall1 < p; < p < p> and a € R, the function ¢(t) =
tplogit belongs to G(p1, p2, C) for some constant C = C(p, &, p1, p2). Here log, (t) is defined by
log, (t) = 1for t < e; and log, (t) = log(t) for t > e. Particularly, if a = 0, we see that ¢(t) = t¥
lies in G(p1,p2,C), 1 < p1 < p < po. We will need the following Reverse Holder inequality.

Lemma 2.2 (see [8]). Let u be a solution of the nonhomogeneous A-harmonic equation (1.3) in
a domain Q an d let 0 < s,t < oo. Then, there exists a constant C, independent of u, such that

llull, 5 < CIBIY"* |ull, o5 for all balls B with 0B C Q for some & > 1.

We first prove the following generalized Poincaré inequality that will be used to
establish the global inequality.

Theorem 2.3. Let ¢ be a Young function in the class G(p,q,C), 1 < p < g < o0, C > 1, and Q
be a bounded domain. Assume that ¢(|ul) € Li, (Q,m) and u is a solution of the nonhomogeneous

A-harmonic equation (1.3) in Q, ¢(|du|) € LllOC (Q,m). Then for any ball B with cB C Q, there exists
a constant C, independent of u, such that

f o(lu—up|)dm < Cj o(|du|)dm. (2.3)
B B

(o)

Proof. From [7, (3.5)], we have

llu - upllyp < CrIBI"™*||dull, 5 (2.4)

for any s > 0. Note that if u is a solution of the nonhomogeneous A-harmonic equation (1.3),
then u — up is also a solution of (1.3) since up is a closed form. From Lemma 2.2, it follows
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that
1/q 1/p
(f [u— u3|‘7dm> < Cy|B|P-9/P4 (j [u— uB|Pdm> (2.5)
B oB

for any positive numbers p and gq. From (2.5), (i) in Definition 2.1, and using the fact that ¢ is
an increasing function, Jensen’s inequality, and noticing that ¢ and g are doubling, we have

1/q 1/p
so<(f = sl > < ‘P<C2|B|(p_q)/pq ([ u=alram) >
B oB
1/
< (P<C3|B|1+1/n+(p-4)/rfq (I |du|pdm> p)
oB

1/
< (p<<Cg|B|P(1+1/n)+(pq)/qf |du|pdm> p>
oB (2.6)

< C4g<C§|B|p(1+1/")+(p_q)/qf |du|”dm)
= C4g<f CP|B|P(1+1/11)+(P q)/q|du|Pdm>
oB

sc4f g(ChIBP /M09 duyp ) dm
oB

Since p > 1, then1+1/n+ (p —q)/pq > 0. Hence, we have |B|'*1/™P=0)/P1 < |Q|1#1/m+p=a)/pa <
Cs. From (i) in Definition 2.1, we find that g(t) < Ce(t'/7). Thus,

f g<cg|B|P(1+1/n)+(p*t7)/q|du|P>dmScéf (P<C3|B|1+1/”*(p7q)/pq|du|>dm
oB

oB
(2.7)

<G| g(Crdupm.
oB

Combining (2.6) and (2.7) yields

(p<<JB|u - uB|‘1dm>1/q> < CSJ‘GB(p(C7|du|)dm. (2.8)
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Using Jensen’s inequality for h™!, (2.2), and noticing that ¢ and h are doubling, we obtain

[ o= usm = (0] gtu-uspim) )

< h<th‘1 (p(ju - u3|))dm>

< h<C9IB|u - uB|‘7dm> (2.9)
< C10¢<<C9IB|H - uB|qdm>1/q>

< C11‘P<<I3|“ - HB|qdm>1/q>-

Substituting (2.8) into (2.9) and noticing that ¢ is doubling, we have
f ¢(|u —upl)dm < Cuf @(Cyldu|)dm < C13f o (|dul)dm. (2.10)
B oB oB

We have completed the proof of Theorem 2.3. O

Since each of ¢, g, and h in Definition 2.1 is doubling, from the proof of Theorem 2.3
or directly from (2.3), we have

J‘B‘P<@>deCIOB(p<£J\u|)dm (2.11)

for all balls B with B C Q and any constant A > 0. From (2.1) and (2.11), the following
Poincaré inequality with the Luxemburg norm

e = usll,m) < Clldullyon (212)

holds under the conditions described in Theorem 2.3.

Theorem 2.4. Let ¢ be a Young function in the class G(p,q,C), 1 < p < g < oo, C > 1, let Q
be a bounded domain and q(n — p) < np. Assume that u € D'(Q,N) is any differential I-form,
1=0,1,...,n-1, p(ul) € L}OC(Q,m) and ¢(|dul) € L%OC(Q,m). Then for any ball B C Q, there
exists a constant C, independent of u, such that

j ¢(|lu —upl)dm < Cf p(|dul)dm. (2.13)
B B
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Proof. From (2.9), it follows that

wa(Iu—uBI)dm < C1¢<<f3|u—u3|qdm>l/q>. (2.14)

If 1 < p < n, by assumption, we have g < np/(n — p). Using the Poincaré-type inequality for
differential forms

(n—p)/np 1/p
<f lu — ug|™’ <"-P>dm> <G, ( f |du|Pdm> , (2.15)
B B

we find that

1/q 1/p
<f lu - uglqdm> <Cs (J |du|”dm> . (2.16)
B B

Note that the LP-norm of |u — up| increases with p and np/(n —p) — ocasp — n, and it
follows that (2.16) still holds when p > n. Since ¢ is increasing, from (2.14) and (2.16), we
obtain

L‘”'” ~ upl)dm < C1<p<C3 (j3|du|Pdm)l/P>. (2.17)

Applying (2.17), (i) in Definition 2.1, Jensen’s inequality, and noticing that ¢ and g are
doubling, we have

I P = uphdm < Cl‘/’<C3 (J Bldu|”dm)1/p>
: Clg<c4<J‘B|du|pdm>> (2.18)

< C5f g(|dulP)dm.
B
Using (i) in Definition 2.1 again yields

J‘ g(|dulP)dm < C6I ¢(|dul)dm. (2.19)
B B
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Combining (2.18) and (2.19), we obtain
J‘ o(Ju—ugl)dm < Cyf p(|dul)dm. (2.20)
B B

The proof of Theorem 2.4 has been completed. O

Similar to (2.12), from (2.1) and (2.13), the following Luxemburg norm Poincaré
inequality

it~ s ) < Cllcduell s (2.21)

holds if all conditions of Theorem 2.4 are satisfied.

3. Global Poincaré Inequalities

In this section, we extend the local Poincaré inequalities into the global cases in the following
L¥(m)-averaging domains.

Definition 3.1 (see [14]). Let ¢ be an increasing convex function on [0, oo) with ¢(0) = 0. We
call a proper subdomain Q ¢ R™ an L?(m)-averaging domain, if m(£2) < oo and there exists
a constant C such that

f@(Tlu—ugol)deCsup p(olu —ug|)dm (3.1)
Q BcQJ B

for some ball By C € and all u such that ¢(Ju|) € Llloc(Q, m), where 7,0 are constants with

0 <7 <o0,0 <0 < oo and the supremum is over all balls B C Q.

From above definition we see that L°-averaging domains and L°(m)-averaging
domains are special LY (m)-averaging domains when ¢(t) = #° in Definition 3.1. Also, uniform
domains and John domains are very special LY (m)-averaging domains; see [15-18] for more
results about domains.

Theorem 3.2. Let ¢ be a Young function in the class G(p,q,C), 1 <p <g<oo, C>1,and let Q
be any bounded L?(m)-averaging domain. Assume that ¢(|u|) € L' (Q,m) and u is a solution of the
nonhomogeneous A-harmonic equation (1.4) in Q, ¢(|du|) € L1(Q, m). Then, there exists a constant
C, independent of u, such that

[ o= unpam < c[ pqaupam, (32)
Q Q

where By C Q is some fixed ball.
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Proof. From Definition 3.1, (2.3) and noticing that ¢ is doubling, we have

f (1 - ug,|)dm < Crsup f (11 - ugl)dm
Q BcQY/ B

< Cisup (sz (p(|du|)dm>
BcQ oB
(3.3)
< Cysup (sz (p(|du|)dm>
BcQ Q
< C3f ¢(|du|)dm.
Q
We have completed the proof of Theorem 3.2. O

Similar to the local case, the following global Poincaré inequality with the Luxemburg
norm

llu = uslly) < Clldullyq) (3.4)

holds if all conditions in Theorem 3.2 are satisfied. Also, by the same way, we can extend
Theorem 2.4 into the following global result in L?(m)-averaging domains.

Theorem 3.3. Let ¢ be a Young function in the class G(p,q,C), 1 <p < g <o, C>1, Qbea
bounded LY (m)-averaging domain and q(n — p) < np. Assume that u € D'(Q,A°) and ¢(|u|) €
LY(Q,m) and ¢(|du|) € L' (Q, m). Then, there exists a constant C, independent of u, such that

f (i~ up, ) dm < Cf o (|dul)dm, (3.5)
Q Q

where By C Q is some fixed ball.

Note that (3.5) can be written as

flue - uB()”(p(.Q) < C”du”tp(Q)' (3.6)

It has been proved that any John domain is a special L?(m)-averaging domain. Hence, we
have the following results.

Corollary 3.4. Let ¢ be a Young function in the class G(p,q,C), 1 <p < g < oo, C > 1, and Q be
a bounded John domain. Assume that @(|lu|) € L*(Q,m) and u is a solution of the nonhomogeneous
A-harmonic equation (1.4) in Q, ¢(|du|) € L'(Q, m). Then, there exists a constant C, independent
of u, such that

[ o= uspam < c[ pqaupam, (37)
Q Q

where By C Q is some fixed ball.



Journal of Inequalities and Applications 9

Choosing ¢(t) = t’log?t in Theorems 3.2 and 3.3, respectively, we obtain the following
Poincaré inequalities with the L? (log? L)-norms.

Corollary 3.5. Let ¢(t) = tPlogft, p > 1 and a € R . Assume that ¢(lul) € L'(Q, m) and u is a
solution of the nonhomogeneous A-harmonic equation (1.4), ¢(|du|) € L'(Q, m). Then, there exists
a constant C, independent of u, such that

f |u — up,|Plog? (|u — up,|)dm < CI |dulPlog’ (|du|)dm (3.8)
Q Q
for any bounded LY (m)-averaging domain Q and By C Q is some fixed ball.
Note that (3.8) can be written as the following version with the Luxemburg norm:
llu — usg, ”LP(logfL)(Q) < C||d”||LP(1ogjL)(Q)/ (3.9)

provided that the conditions in Corollary 3.5 are satisfied.
Corollary 3.6. Let ¢(t) = tPlogit, 1 < p1 < p < ppand a € R and Q be a bounded LY (m)-

averaging domain and py(n — p1) < npy. Assume that u € D'(Q,A%), p(lu]) € LY (Q,m), and
¢(|dul) € LY(Q, m) Then, there exists a constant C, independent of u, such that

f |u — up, [Plog? (|u — up,|)dm < C’[ |dulPlog? (|dul)dm, (3.10)
Q Q
where By C Q is some fixed ball.

4. Applications

Choose u to be a O-form (a function) in the homogeneous A-harmonic equation (1.5). Then,
(1.5) reduces to the following A-harmonic equation:

div A(x,Vu) =0 (4.1)

for functions. If the above operator A : Q x Al(R") — Al(R") is defined by A(x,¢) = &[¢[F~>
with p > 1, then, A satisfies the required conditions and (4.1) becomes the usual p-harmonic
equation

div(Vu|Vu|"”2> =0 (4.2)

for functions. Thus, from Theorem 3.2, we have the following example.

Example 4.1. Let u be a solution of the usual A-harmonic equation (4.1) or the p-harmonic
equation (4.2), let ¢ be a Young function in the class G(p,4,C), 1 <p<g <o, C >1,and Q
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be any bounded L?(m)-averaging domain. If ¢(|u|) € L'(Q,m) and ¢(|du|) € L' (Q, m), then
there exists a constant C, independent of u, such that

f o(|u—up,)|)dm < Cf o(|dul)dm, (4.3)
Q Q

where By C Q is some fixed ball.

Example 4.2. For any locally L°-integrable form u(y), 1 < s < oo, the Hardy-Littlewood
maximal operator M is defined by M (u) = supr>0((l/|B(x,r)|)fB(x/r)|u(y)|sdy)1/S and
the sharp maximal operator M* by M¥(u) = supr>0((1/|B(x,r)|)fB(x,r)|u(y) - uB(x,)Ide)l/S,
where B(x,r) is the ball of radius r, centered at x. Under the conditions of Theorem 3.3, we
have

f o (IMs(w) — (M (), | )dm < Cf p(|d(Ms(u))|)dm,
Q Q

fgso(‘Mi‘(u) - (Mﬁ(u))BOde < Cfg(p(|d<M§(u)) de,

where By C Q is some fixed ball.

(4.4)

Remark 4.3. (i) We know that the L°-averaging domains are the special L¥(m)-averaging
domains. Thus, Theorems 3.2 and 3.3 also hold for the L*-averaging domain. (ii) In Theorems
2.4 and 3.3, u does not need to be a solution of any version of the A-harmonic equation.
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