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By using a random version of the theory of contractor introduced by Altman, we introduce and
study a system of nonlinear operator equations for a mixed family of fuzzy and crisp operators
in probabilistic normed spaces. We construct some new iterative algorithms for solving this kind
of nonlinear operator equations. We also prove some new existence theorems of solutions of a
new system of nonlinear operator equations for a mixed family of fuzzy and crisp operators and
some new convergence results of sequences generated by iterative algorithms under joint orbitally
complete conditions.

1. Introduction

Altman [1, 2] introduced the theory of contractor and contractor direction, which has a very
strong significant for the study of existence and uniqueness for solving nonlinear operator
equations in Banach spaces. The theory of contractor offers a unified approach to a very
large class of iterative methods including the most important ones. Chang [3] introduced
the concept of probabilistic contractor and studied the existence and uniqueness of solution
for nonlinear operator equations with probabilistic contractor in Menger PN-spaces. By using
the theory of countable extension of t-norms [4-6] and the results from [7, 8], many results
for the more general classes of t-norms have been proved (see [9] and the references therein).

On the other hand, since then, several kinds of variational inequalities, variational
inclusions, complementarity problems, and nonlinear equations with fuzzy mappings were
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introduced and studied by many authors (see, e.g., [8-15]). Sharma et al. [15] considered
two nonfuzzy mappings and a sequence of fuzzy mappings to define a hybrid D-compatible
condition. They also showed the existence of common fixed points under such condition,
where the range of the one of the two nonfuzzy mappings is joint orbitally complete.
Furthermore, Cho et al. [10] introduced the concept of probabilistic contractor couple in
probabilistic normed spaces and discuss the solution for nonlinear equations of fuzzy
mappings and the convergence of sequences generated by the algorithms in Menger
probabilistic normed spaces. Very recently, Had?i¢ and Pap [16] introduced some new classes
of probabilistic contractions in probabilistic metric spaces. They also obtained a new fixed
point theorem for the ¢-probabilistic contraction and gave some applications to random
operators.

Motivated and inspired by the above works, in this paper, by using a random version
of the theory of contractor introduced by Altman, we introduce and study a system of
nonlinear operator equations for a mixed family of fuzzy and crisp operators in probabilistic
normed spaces. We construct some new iterative algorithms for solving this kind of nonlinear
operator equations. We also prove some new existence theorems of solution for the system
of nonlinear operator equations for a mixed family of fuzzy and crisp operators and
new convergence results of sequences generated by the iterative algorithms under joint
orbitally complete condition. The results presented in this paper improve and generalize
corresponding results of [9, 15-17].

2. Preliminaries

Let A* be the set of all distribution functions F such that F(0) = 0 (F is a nondecreasing, left
continuous mapping from R into [0, 1] such that sup, pF(x) = 1). The special distribution
function H is defined by

1, t>0,
H(t) = (2.1)
0, t<0.

The ordered pair (S, ¥) is said to be a probabilistic metric space if S is a nonempty set
and F: SxS — A" (F(p,q) is written by F, , for all (p,q) € S x S) satisfying the following
conditions:

(i) Fyp(x)=1forallx >0 u=vforallu,ves;
(ii) Fyp = Fpy forallu,v € S;

(iii) Fyo(x) =land Fp(y) =1= Fyuw(x+y) =1forallu,v,w € S and x,y € R*.

A Menger space (see [18]) is a triple (S,¥,T), where (S, ¥) is a probabilistic metric
space, T is a triangular norm (abbreviated t-norm), and the following inequality holds:

Fuo(x+y) 2T (Fuw(x),Fuy(y)), Yu,v,wes, x,y>0. (2.2)
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Recall that a mapping T : [0,1] x[0,1] — [0, 1] is a triangular norm (shortly, a t-norm)
if the following conditions are satisfied:

(i) T(a,1) =aforallae [0,1];
(ii) T(a,b) =T(b,a) for all a,b € [0,1];
(iii) if a > band ¢ > d, then T(a,c) > T(b,d) for all a,b,c,d € [0,1];
)

(iv) T(a,T(b,c)) =T(T(a,b),c) forall a,b,c € [0,1].
Example 2.1. The following are the four basic examples.

(1) The minimum t-norm Ty, is defined by

Tm(x,y) = min(x, y). (2.3)

(2) The product t-norm Tp is defined by
Tr(x,y) =x-y. (2.4)

(3) The Lukasiewicz t-norm T}, is defined by

T (x,y) = max(x +y —1,0). (2.5)

(4) The weakest f-norm, the drastic product Tp, is defined by

i 7 7 .f 7 = 1/
To(oy) = {mln(x y), if max(x,vy) 26)

0, otherwise.

The (e, A)-topology in S is introduced by the family of neighbourhoods U =
{Us(€, 1)} (0,e,1)e5xR, x(0,1), Where

Uy(e, M) = {u; Fup(e) >1- 1} (2.7)

If a t-norm T is such that sup,_,T(x,x) = 1, then S is a metrizable topological space
under the (e, 1)-topology.

Let X be a vector space over the real or complex number field X, ¥ : X — A*,and T a
t-norm. The ordered triple (X, ¥, T) is a Menger probabilistic normed space (briefly, a Menger
PN-space) if and only if the following conditions are satisfied, where ¥(x) = F, for all x € S:

(i) Fx(0) =0forall x € Sand F, = H © x = 6 (0 is a neutral element for + in X);
(ii) Fyx(t) = Fx(t/|\|) forall x € X and A € £ (L #0);
(iii) Fxsy(t1 +t2) > T(Fx(t1), Fy(t2)) forall x, y € X and ty, ¢, > 0.
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If (X, ¥,T) is a Menger PN-space and, for all x, vy € X, F: X xX — A*is defined by

i(x/ ]/) = Fx—y/ (28)

then (X, g, T) is a Menger space.
The following definition can be found in [7].

Definition 2.2 (see [7]). (X, ¥,T) is called a non-Archimedean Menger PN-space (briefly, an
N.A. Menger PN-space) if (X, ¥, T) is a Menger PN-space satisfying the following condition:

Fx+y(max{t1,t2}) ZT(Fx(t]),Fy(tz)), VX,yGX, t1,t2 > 0. (29)

If (X, ¥,T) is a Menger PN-space and T is a -norm which satisfies the condition:

supT(a,a)=1, (2.10)

a<l

then (X, ¥,T) is a Hausdorff topological vector space in the topology 7 induced by the base
of neighborhoods of 0

{U(e,\) | e>0, A e (0,1]}, (2.11)

where U (g, L) = {x € X : Fx(e) >1-1}.

Example 2.3 (see [9]). It is easy to see that an ultra-metric space (M, d) belongs to the class
of N.A. Menger PN-spaces, where M#@and d : M x M — [0, o) satisfying the following
conditions:

(i) d(x,y) =0 x=yforallx,y € M;
(ii) d(x,y) =d(y,x) forall x, y € M;
(iii) d(x, z) < max{(x,y),d(y,z)} forall x,y,z € M.

A fuzzy set A in X is a function from X into [0,1]. If x € X, then the function value
A(x) is called the grade of membership of x in A. The a-level set of A, denoted by A,, is
defined by

Ay={x:A(x)>a}, VYae(0,1]. (2.12)

Let W(X) denote the collection of all fuzzy sets A in X such that A, is compact and
convex forall a € (0,1] and sup,_A(x) = 1. Forany A, B € W(X), A C Bmeans A(x) < B(x)
forall x € X.

Let M be an arbitrary set and X any linear metric space. A function 5 : M — W(X)
is called fuzzy operator. Now, we define an orbit for mixed operators (S,,, f,¢) and a joint
orbitally complete space as follows.
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Definition 2.4 (see [15]). Let f, g be two operators from X into itself and {§n }oeq @ sequence of
fuzzy operators from X into W (X). If, for some xy € X, there exist sequences {x,} and {y,}
in X such that

(2.13)

{{y2n+1} = {f(x2n+1)} C §2n+1 (xZn)/
{yone2) = {g(2ms2)} C Sona(d2m1), Y1 20,

then 8(S,, f,g,%0) = {yn : n > 1} is called an orbit for the mixed operators (S, f, g).

Definition 2.5 (see [15]). X is called xp-joint orbitally complete if every Cauchy sequence of
each orbit at x is convergent in X.

Remark 2.6 (see [15]). Clearly, if X is an any complete space and xg € X, then X is xg-joint
orbitally complete, while the converse is not necessarily true.

3. Some Countable t-Norms

Let T be a t-norm and, for each n > 1, and a mapping T, : [0,1] — [0,1] let defined in the
following way:

Ti(x) =T(x,x), Tp1(x)=T(Ty(x),x), Yn>1, xe[0,1]. (3.1)

A t-norm T is of H-type if the family {T,(x)}, is equicontinuous at x = 1 (see [19]).

Each t-norm T can be extended (by the associativity) in a unique way to the n-ary
operation taking the values T (x1,x,...,x,) = T x; for any (x1,...,x,) € [0, 1]", which is
defined by

T, x=1  Tix= T(T;;lxi, xn>. (3.2)

A t-norm T can be extended to countable infinitely operations taking the value

T? x; = ,}EI;OT?:lxi (3.3)

for any sequence {x,},,; in [0,1]. Also, the sequence {T}_,x;},5; is nonincreasing and
bounded from below and hence the limit T{?, x; exists.

By (3.3) and fixed point theory in the book by Hadzi¢ and Pap [4], it is interested
to investigate the classes of f-norms T and sequences {x,} in the interval [0,1] such that
lim,, _, »x, =1and

lim T, x; = lim lim T}? x;

n—oo n— oo mMm—

= lim lim T/ xipng
n— oo m— oo
(3.4)
= lim T;?jnx,-m_l

n—oo

= lim T?lenﬂ_l =1.

n—oo
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It is obvious that

im TP, xi =1 > (1-x) <o (3.5)

n— oo .
i=1

forT=T; and T = Tp.
The important classes of t-norms are given in the following example.

Example 3.1 (see [16]). (1) The Dombi family of -norms (Tf ) 1e[0,00] 18 defined by

To(x,y), A=0,
Tm(x,v), A=oo,
TP (x,y) = mCoy) ) “ (3.6)
A€ (0,00).

N1/

L+ (=070 + (A-9)/v)")
(2) The Aczél-Alsina family of t-norms (T{**) o ] is defined by

TD(x’y)/ A=0,
T (x,y) = Tm(x,y), A= oo, 3.7)

e ((Flog ) +(-log )™ ) (0, 00).

(3) The family (T3W) \e[-1,00] Of Sugeno-Weber t-norms is given by

TD (x/ }/)/ .A, = _1/
TS (x,y) = TP ), A = oo, (3.8)
max<o, W) Le (-1,0).

(4) The Schweizer-Sklar family of t-norms (T}°) \e[-m,00] 18 defined by

r’1—']\/1 (x/ ]/)/ A= -0,
Tr(x,y), A=0,

T (% y) = |
* (max(x)‘ +yt-1, 0))1//\, A € (=00,0) U (0,0),

(3.9)

| Tp(x,v), A = oo.

The condition T > Ty, is fulfilled by the families (T}°) Ae(—o0,1)7 (T"))e [0,00]"
There exists a member of the family (T}),¢( .,y Which is incomparable with T and
there exists a member of the family (T{**), ., Which is incomparable with T;.
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In [4], the following results and proposition are obtained.

(1) If (T?) 1e(0,0) is the Dombi family of t-norms and {x, } .y is a sequence of elements
from (0, 1] such that lim,,_, ,»x, = 1, then we have the following equivalence:

iu —xn)) < o0 = r}ijr;g(Tf)ani =1. (3.10)
n=1

(2) If (wa) le(-1,00] 18 the Sugeno-Weber family of t-norms and {x,},ey is a sequence

of elements from (0,1] such that lim,_x, = 1, then we have the following
equivalence:

< _ : SW\” . _

%(1 Xp) < 00 &= ,}E{}o(TA )i:nx, 1. (3.11)

(3) The equivalence (3.10) holds also for the family (T{**) ¢ ), that is,

i(l —xn)) < o0 = Jﬂ(TfA>ani =1. (3.12)
n=1

Proposition 3.2. Let {x,},cy be a sequence of numbers from [0,1] such that lim,, _, sx, = 1 and T
a t-norm of H-type. Then lim,, _, o, T2 x; = limy, , oo T x4 = 1.

4, The Main Results

Let (X, ¥,T) be a Menger PN-space with the t-norm T satisfying condition sup,_,T(a,a) =1
and A a nonempty subset of X. If sup,_,D4(t) = 1, where

Da(t) =sup inf F,_,(s), Vs, teR,
a(®) S<FP/‘7€A P q( ) (4.1)

then A is called a probabilistically bounded set. Let Qx be the collection of all nonempty
closed probabilistically bounded subsets of X. For any A, B € Qx, define the distribution
functions F4 g and F4 by

Fap(t) = supT|( infsup F,—p(s),infsup Fop(s) ), Vs, teR, (4.2)
s<t a€A pep beB pea
F4(t) =supsup Fu(s), Vs, teR, (4.3)
s<t a€cA

respectively.
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Let S;, § i o X — W(Y) be two fuzzy operators satisfying the following condition (I).

(I) There exist two mappings a,b : X — (0, 1] such that, for all x € X, the set (S,x)
Qy and (S ]x)b(x) € Qy.

a(x)

We note that

<§,~x>u(x) = {y | Six(y) > a(x)} € Qy, (4.4)

where a(x) € (0,1) is a real number and Six € W()isa fuzzy set in Y decided by the fuzzy

operator S; at x € X. By using each pair of fuzzy operators S; and S], we can define two
set-valued mappings S; and S; as follows:

S;: X—Qy, x+— <§~x>u(x), Vx € X,

- (4.5)
S;: X —Qy, x+ <ij>b(x)’ Vx € X.

In the sequel, for some i,j € N, S; and S; are called the set-valued mappings induced
by the fuzzy mappings P and 3‘7, respectively.
We need the following lemma and definitions.

Lemma 4.1 (see [7]). Let (X,¥,T) be a Menger PN-space with a t-norm T satisfying
sup,,T(a,a) = 1and let A, B € Qx. Then we have the following.

(1) Fa(0) =

(2) Fa(t) —1f0rallt>01fandonlyzf9€A

(3) Faa(t) = Fa(t/|al) for all « € R with a #0.

(4) If 0 € B, then we have F4(t) > Fap(t) forall t € R.

Definition 4.2. Let (X,¥,T) and (Y, ¥,T) be two Menger PN-spaces. A set-valued mapping
P :D(P) c X — Qy is said to be 7-closed if, for any x, € D(P) and y,, € P(x,), whenever
x, 3 xand y, = y, we have x € D(P) and y € P(x).

Definition 4.3. A function ¥ : [0,1] — [0,1] is said to satisfy the condition (¥) if it is
nondecreasing and lim,,_, . ¥"(t) = 1 for all t € [0, 1].

It is easy to prove thatif ¥ : [0,1] — [0, 1] satisfies the condition (¥), then ¥(t) > ¢ for
allt € [0,1).

Definition 4.4 (see [7]). Let (X, 7, T) and (Y, ¥,T) be two Menger PN-spaces and P : D(P) C
X — 2Y,Q:D(Q) ¢ X — 2¥ be two set-valued mappings. Let I';,T» : X — L(Y,X) be
two mappings, where L(Y, X) denotes the space of all linear operators from Y to X. (I',I2)
is called a probabilistic ¥-contractor couple of P and Q if there exists a function ¥ : [0,1] —
[0,1] satisfying the condition (¥) such that

Fp(xaT (), Q) +y (1) = W (min{ Fy (t), Fox) (), Fpiar, () (1) }) (4.6)
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forallx e D(Q),ye{y €Y :x+T1(x)y € D(P)},t>0,and
FQ(ess (x)y), P(x)+y (£) = ¥ (min{ Fy (), Fp(x) (), Fox+ra(xy) (1) }) (4.7)

forallx e D(P),y e {y €Y :x+I1(x)y € D(Q)},and t > 0.
Now, we introduce two algorithms for our main results as follows.

Algorithm 1. Let (X, i,T) be an N.A. Menger PN-space with a t-norm T and (Y, ¥,Ty) be a

Menger PN-space with a t-norm Ty. Let f, ¢ be two operators from X into itself, {S,},; a
sequence of fuzzy operators from X into W (X) satisfying the condition (I), and S, the 7-

closed set-valued operators induced by the fuzzy operators S, foralln € N. LetI';, I : X —
L(Y,X)and ¥: [0,1] — [0,1] satisfy the condition (¥). Suppose that

(i) Si(x) C f(X) and S;(x) C g(X) for all x € X;

(i) x +T1(x)y € D(S;) forallx € D(Sj) and y € Y, x + I'2(x)y € D(S;) for all x € D(S;)
andy €Y;

(iii) (T1,T2) is a probabilistic ¥-contractor couple of S; and S;;
(iv) forall x € D(S;) and y € S;(x), there exists v € S;(x + I'1(x)y) such that

Fy(t) 2 Fs,(x+1y (0)y),5;(0)-y (£),  VE20, (4.8)
and, for all x € D(S;) and y € S;(x), there exists w € S;(x + I'2(x)y) such that

Fo(t) 2 Fs,(eirscom,sio-y(£), VE2 0, (4.9)

For any xo € D(S;) and yo € S;(xo0), put x1 = (1 — ag)xo + ao(xo — I'1(x0)y0), where
ap € (0,1] is a real number. It follows from the assumption (ii) that x; € D(S;). Replacing x
and y by x¢ and —yj in (4.6), respectively, from (3.11) of Lemma 4.1, the assumption (iii), and
0 € Sj(x0) - yo, it follows that

Fs,(x) (£) = Fs;((1-a0)xoa0(xo-T1 (x0)y0)) (£)
2 Fs;((1-ap)x+ao (xo-T1 (x0)0)), 55 (x0) o (£) (4.10)

> ‘P(min{]—"yo(t), FS]-(xo)(t)rFS,-(xl)(t) }), vt > 0.

Since yo € Sj(x0) and Fs;(x)(t) = sUp,SUP ,cs (x,) Fa(s), it follows that supcg () Fa(s) 2
Fy,(s) and so

Fs;(x)(t) 2 supFy,(s) = Fy,(t), Vt>0. (4.11)

s<t
Since F, is left continuous, now we have

FS,-(x1)(t) > ‘P(min{FyO (t),FS,-(x1)(t) }), vVt >0, (4.12)
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and so Fs,(x,)(t) > Fy, () for all t > 0. In fact, if there exists to > 0 such that Fs,x,)(t0) < Fy,(to),
then it follows from (4.12) that

Fs,(x)) (to) 2 ¥ (Fs,(x;)(t0)) > Fs,xy) (to), (4.13)
which is a contradiction. Therefore, Fs,(x,)(t) > Fy,(t) for all t > 0. Thus, from (4.12), we have
Fs,(x,) (t) 2 Fs;(x),5;(x0)-0 () 2 ¥(Fyo (1)), YVt 20. (4.14)

By the assumption (iv) and (4.14), for any 6 € S;(xo) — yo, there exists y; € S;(x1) such that
Fy, (£) > Fs,(x),5,(x0)-0 (£) > W(Fy, (t)), Vt>0. (4.15)

Let x; = (1-aq)x; +a1(x1 —I'2(x1)y1), where a; is a real number which satisfies inequality 0 <
a1 < ap < 1. By the assumption (ii), we know that x, € D(S;). Similarly, since 0 € S;(x1) - y1,
it follows from (4.6) that

Fs;(x)) (£) = Fs;((1-a) 1+ (x1-T (1)) (F)

2 FS;‘((l—ﬂl)xl'*'ﬂl(xl—rz(xl)yl))/si(xl)—yl (t)

. (4.16)
> W (min{ Fy, (£), Fs,) (8), Fs,e0 (1)} )
> ‘P(min{l—"yl (t),ng(xz)(t)}>, Vt > 0.
It is easy to check that F, (t) < Fs;(x,)(t) for all £ > 0 and so it follows from (4.15) that
st(xz)(t) 2 st(xz)rsi(xl)_yl (t) > lP(Fyl (t)) 2 IPZ(FVO (t))’ vt > 0. (4.17)

Now, for any 6 € S;(x1) — y1, the assumption (iv) implies that there exists y> € S;(x2)
such that

Fy,(t) > Fs,(xy),5,0m)-ys (1) = W2 (Fy, (1)), VE>0. (4.18)

Inductively, we can get two sequences {x,} in X and {y,} in Y, respectively, as follows:

(4.19)

Xone1 = (1 = @2n)Xon + a2n (00 = T1(X2n) You),
Xons2 = (1 = Aops1) Xoni1 + Aopa1 (X241 — T2 (X0n41)Yons1), ¥n 20,

where {a,} is a real monotone decreasing sequence in (0,1] and @, — a € (0,1] asn — oo;
the sequence {y,} in Y is defined by (2.13) and satisfies the following:

F,, () > W"(F, (), Vt>0. (4.20)
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Algorithm 2. Let (X, @, T) be a N.A. Menger PN-space with a t-norm T, (Y, ¥,Ty) a Menger
PN-space with a t-norm Ty, and A,V : X — X be two operators. Let {§n};'1°:1 a sequence
of fuzzy operators from X into W (X) satisfying the condition (I) and S, the set-valued
operators induced by the fuzzy operators §n forallm > 1. Let I'1,I, : X — L(Y,X)
and ¥ : [0,1] — [0,1] satisfy the condition (¥). Suppose that the conditions (ii)—(iv) in
Algorithm 1 are satisfied. If
(i)’ Si(x) ¢ X - A(X) and Si(x) ¢ X = V(X) for all x € X, then, for any xo € D(S;) and
Yo € Sj(x0), we have two sequences {x,} in X and {y,} in Y, respectively, defined
as follows:

Xons1 = Xon — I'1(X20) You,
4.21)

Xon+2 = Xont1 — Lo (Xon41) Yone1, Y20,

where the sequence {y,} in Y is defined by (2.13).
Now, we state our main results by using the similar ideas as in [9].

Theorem 4.5. Let (X, @, T) be an N.A. Menger PNN—space with a t-norm T and (Y,F,Ty) be a
Menger PN-space with a t-norm Ty. Let f, g, {Su}je1, Sn, T1, T2, and ¥ be the same as in

n=1s
Algorithm 1. Suppose that the conditions (i)—(iv) in Algorithm 1 hold and the following conditions
are satisfied:

(v) g(X) is xo-joint orbitally complete for some xo € X;
(vi) there exists a constant M > 0 such that, for any constant A1 > 1, >0,

= t
F)ql"l(x)y(t) ZFy<m>, VxED(S]), yEY, tZO,
(4.22)

~ t
Frryyy () 2 Fy<m>, VxeD(Si), yeY, t>0;

(vii) there exist xo € D(S;) and yo € S;j(xo) such that the t-norm T satisfies the following
condition:

lim T2, W <Fy0 ()%M)) —1, Vi>0, (4.23)

where A is a real nonnegative number.

Then the following system of nonlinear operator equations:

{6 =/, (4.24)
0 =g(x)

has a solution z such that { f(z)} = {g(z)} € NZ; Si(z). Further, {x,} T-converges to a solution of
(4.24) and {y,} T-converges to 0, where {x,} in X and {y,} in Y are two sequences generated by
Algorithm 1.
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Proof. By (4.19), (4.20), and the assumption (vi), since {a,} C (0,1] is a monotone decreasing
sequence with a, — a € (0,1], we have

~ ~ t t
Fx2n+1—x2n (t) = Faanl (x2n)y2n(t) > FyZn <m> 2 Ipzn <Fy0 (m))l

— ~ t t
Px2n+2_x2n+l (t) = Fﬂ2n+1r2(x2n+1)y2n+1 (t) 2 F}/z,.u <m> 2 IPZn+1 <Fyg <m>>/ vt > Or
(4.25)

which imply that

- t
Fon (f) 20" (pyo (W)) ViSO, n> 1. (4.26)

Since (X, ¥,T) is N.A. Menger PN-space, it follows from (4.26) that, for any positive integers
m,n(m > n),

oy ()
> T<ﬁxn—xn+1 (t)/ﬁxnn—xm (t)>

> T(Fry iy (0, T (P (1), Py, ()

>T ﬁxn—xnﬂ (t)/ T ﬁxnﬂ—xmz (t)/T<' oy T(ﬁxm,z—xm,l (t)/ ﬁxm,l—xm (t)> e >

( m?rT)—S

o) (o )
(o )7 (- ()

J

(m?;)—B

(4.27)
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Since limy, . ,, T2, Wi (Fy, (t/aM)) = 1, it follows that, for all A € (0,1) and ¢ > 0, there exists a
positive integer n(t, 1) such that, for all n > n(t,\) and m > n,

T W <Fy0 (ﬁ)) S1-1 (4.28)

and so

Frx, () > TV 10 (Fyo (aLM» > T2 Wi <Fy0 <aLM>> >1- (4.29)

Hence {x,} is a T-Cauchy sequence in X. Since g(X) is x¢-joint orbitally complete, we can
assume that x, = z € X. Moreover, by (4.20), it is easy to see that lim, . F,,(t) = 1 for all

t>0and so y, X 9. Since S; and S ; are T-closed, it follows from (4.19) and the assumption
(i) that

0 € Si(z),
(4.30)
0€S;(z), Vij>1,

thatis, z is a solution of (4.24) and { f(z)} = {g(z)} C N Si(z). This completes the proof. [
From Theorem 4.5, we have the following.

Corollary 4.6. Let (X, i, T) be an N.A. Menger PN-space with a t-norm T and (Y, ¥, Ty) a Menger
PN-space with a t-norm Ty. Let f, g be two operators from X into itself, (S, )%, a sequence of fuzzy
operators from X into W(X) satisfying the condition (I), and S, the T-closed set-valued operators
induced by the fuzzy operators S, for all n > 1. Let T, T, : X — L(Y,X) and ¥ : [0,1] —
[0, 1] satisfy the condition (¥). Suppose that the conditions (i)-(iv) in Algorithm 1 and (v)-(vi) in
Theorem 4.5 are satisfied. If t-norm T is of H-type, then the conclusions of Theorem 4.5 still hold.

Proof. By Proposition 3.2, we know that all the conditions of Theorem 4.5 are satisfied. Thus
the conclusions of Theorem 4.5 still hold. O

Corollary 4.7. Let (X, 7, (Tf)) for some A > 0 be a N.A. Menger PN-space and (Y,,Ty) be

a Menger PN-space. Let f, g be two operators from X into itself, {S,}%, be a sequence of fuzzy
operators from X into W (X) satisfying the condition (I) and S, be the T-closed set-valued operators
induced by the fuzzy operators S, foralln > 1. Let I'1,T, : X — LY, X)and ¥ : [0,1] —
[0, 1] satisfy the condition (¥). Suppose that the conditions (i)—(iv) in Algorithm 1 and (v)-(vi) of
Theorem 4.5 are satisfied. If there exist xo € D(S;j) and yo € Sj(xo) for some j € N such that
S (1 - ‘I‘”(Fyo(t/‘uM))))‘ < oo forall t > 0, where u > 0 is a constant, then the conclusions of
Theorem 4.5 still hold.
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Proof. From the equivalence (3.10), we have

o ; x o t

S0 (n())) < im@L()

Corollary 4.8. Let (X, SE, (wa))for some A > —1 be an N.A. Menger PN-space. Let (Y, ¥, Ty), f,

g {§n};l“;1, Su, I'1, Iy, and W be the same as in Theorem 4.5. Suppose that the conditions (i)—(iv) in
Algorithm 1 and (v)-(vi) in Theorem 4.5 are satisfied. If there exist xo € D(S;) and yo € S;(xo) for
some j € N such that 377, (1 - ¥"(F,,(t/uM))) < oo for all t > 0, where p > 0 is a constant, then
the conclusions of Theorem 4.5 still hold.

Proof. From the equivalence (3.11), we have
i(l—‘P"(F <L>>) <0 = lim (T5V)” qﬂ'<F <L>) -1. (4.32)
n=1 "\ uM n—o\ iz "\uM O

Remark 4.9. Since

SW
e J m% (4.33)
1€(=1,00)

it is easy to see that Corollary 4.8 is a generalization of the corresponding result in Fang [9].

Corollary 4.10. Let (X, ¥, (TP4)) for some A > 0 be an N.A. Menger PN-space with a t-norm
T. Let (V,F,Ty), f, & {§n};’l°:1,5n, I'1, Ty, and W be the same as in Theorem 4.5. Suppose that the
conditions (i)—(iv) in Algorithm 1 and (v)-(vi) of Theorem 4.5 are satisfied. If there exist xo € D(S;)
and yo € S;(xo) for some j > 1 such that 3777, (1 —‘P”(Fyo(t/‘uM))))‘ < oo forall t >0, where yp >0
is a constant, then the conclusions of Theorem 4.5 still hold.

Proof. From the equivalence (3.12), we have

i(l ‘P"(F ( ! >>>A< & lim <TAA>°° ‘Pi<1—“ ( ! >> 1 (4.34)
- — oo — ) ) =1 :

=) \uM nmo\t Jien s T\ M O

Corollary 4.11. Let (X, ¥,T) be an N.A. Menger PN-space and L : X — Qx satisfy the following
condition:

FLx,Ly(t) > q’(min{Fx—y (t)/Fx—L(x)(t)/ Fy—L(y) (t) })/ vt > 0/ X,y € X: (4-35)

where a mapping ¥ : [0,1] — [0,1] satisfies the condition (¥). Suppose that the conditions (i) in
Algorithm 1 and (v) in Theorem 4.5 are satisfied and there exists xo € X and yo € xo — L(xo) such
that t-norm T satisfies the following condition:

lim T2, W' (Fy, (1) =1, Vt>0, (4.36)
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and, for all x € X and y € x — L(x), there exists v € x + y — L(x + y) such that
F‘U (t) 2 Fx+y—L(x+y),x—L(x)—y (t), vt > 0. (437)

Then there exists a point x* € X such that x* € Lx*, that is, x* is a fixed point of L.

Proof. Putting S;(x) = S;j(x) = x — L(x) for any fixed i,j > 1 and T'1(x) = I'2(x) = Ix, the
mappings S;, S;,I'1 and I'; satisfy all the hypotheses of Theorem 4.5. Therefore, there exists a
point x* € X such that 6 € S;(x*) = S;(x*) = x* — L(x"), which means that x* is a fixed point
of T. This completes the proof. O
Theorem 4.12. Let (X, i, T) be an N.A. Menger PN-space with a t-norm T and (Y, F,Ty) be

a Menger PN-space with a t-norm Ty. Let A, V, (S}, Sy, Ty, Ty, and ¥ be the same as in

n=1s

Algorithm 2. Suppose that the conditions (ii)—(iv) in Algorithm 1 and (i)' in Algorithm 2 are satisfied.
If
(v)' X = V(X) is xo-joint orbitally complete for some xo € X,

(vi)' there exists a constant M > 0 such that

= t
Frioy(® 2 Fy(57), ¥reD(S), ye, 120,

(4.38)
frz(x)y(t) > Fy<%>, VxeD(S;), yeY, t>0,

(vii) there exist xo € D(S;) and yo € Sj(xo) such that the t-norm T satisfies the following
condition:

lim T, ¥ (Fyo <%>> =1, Vt>0, (4.39)

n—oo

then the following system of nonlinear operator equations:

x = A, (4.40)
x =V (x) .

has a solution z such that {z — A(z)} = {z - V(2)} C NZ; Si(z). Further, {x,} T-converges to
a solution of (4.40) and {y,} T-converges to 0, where the sequences {x,} in X and {y,} in Y are
defined by Algorithm 2.

Proof. Let f(x) = x — A(x) and g(x) = x — V(x) for all x € X. It is obvious that all the
conditions of Theorem 4.5 are satisfied. Therefore, the conclusion of Theorem 4.12 follows
from Theorem 4.5 immediately. ]

Remark 4.13. Similarly, we can obtain the conclusions of Theorem 4.12 if we replace the
condition (iii) in Theorem 4.12 by the corresponding condition in Proposition 3.2 and the
equivalences (3.10)—(3.12), respectively.
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