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Let ¢ be an analytic self-map of the unit disk D, let H(ID) be the space of analytic functions
on D, and let g € H(D). Recently, Li and Stevi¢ defined the following operator: Ci f(z) =

fg f'(p(w))g(w)dw, on H(D). The boundedness and compactness of the operator between two
weighted Bloch-type spaces are investigated in this paper.
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1. Introduction

First, we introduce some basic notation which is used in this paper. Throughout the entire
paper, the unit disk in the finite complex plane C will be denoted by D. H(ID) will denote
the space of all analytic functions on D. Every analytic self-map ¢ of the unit disk D) induces
through composition a linear composition operator C,, from H (D) to itself. It is a well-known
consequence of Littlewood’s subordination principle [1] that the formula C,(f) = fo¢
defines a bounded linear operator on the classical Hardy and Bergman spaces. That is,
Cy, : HP — HP and C, : AP — AP are bounded operators. A problem that has received
much attention recently is to relate function theoretic properties of ¢ to operator theoretic
properties of the restriction of C, to various Banach spaces of analytic functions. Some
characterizations of the boundedness and compactness of the composition operator between
various Banach spaces of analytic functions can be found in [2-6]. Recently, Yoneda in [7]
gave some necessary and sufficient conditions for a composition operator C, to be bounded
and compact on the logarithmic Bloch space defined as follows:

2
Biog = {f eHD):[Ifll = sztelg(l 2% <log1_—|z|2> |f'(z)] < oo}. (1.1)
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The space Bjog is a Banach space under the norm || f|[p,,, = [f(0)|+ || f||. Ye in [8] characterized
the boundedness and compactness of the weighted composition operator uC, between the
logarithmic Bloch space Bj,; and the a-Bloch space B* on the unit disk as well as the
boundedness and compactness of the weighted composition operator uC, between the little
logarithmic Bloch space B?Og and the little a-Bloch space B{ on the unit disk. A function

f € H(DD) is said to belong to the Bloch-type space (or a-Bloch space), denoted by B* = B*(DD),
if

B.(f) = sug(l ~ 2P| f'(2)| < 0. (1.2)

The space B* becomes a Banach space with the norm || f|l, = [f(0)| + B.(f). Let B} denote the
subspace of B* consisting of those f € B* such that

‘l‘il_l}l(l ~1zP)*|f'(2)| = 0. (1.3)

This space is called the little Bloch-type space. For a = 1, we obtain the well-known classical
Bloch space and the little Bloch space, simply denoted by B and By. Let B?Og denote the
subspace of Bjog consisting of those f € Bjog such that

. 2 e
\l|1r—r>11(1 - 1z%) <log1_—|z|2> |f'(z)| =0. (1.4)

Ye in [9] proved that B?Og is a closed subspace of By,. Galanopoulos in [10] characterized
the boundedness and compactness of the composition operator C, : Bjog — Qfog and
the boundedness and compactness of the weighted composition operator uC, : Bjog —
Biog. Some characterizations of the weighted composition operator between various Bloch-
type spaces can be found in [11-16]. Li and Stevi¢ in [17] studied the boundedness and
compactness of the following two Volterra-type integral operators:

&ﬂm=f?@m@m;
(1.5)

%ﬂ@=ﬂﬁ©m®®,

on the Zygmund space, for any g € H(DD). Li and Stevi¢ in [18], for f, g € H(D), defined a
linear operator as follows:

Cyf(2) = fof’(q)(w))g(w)dw- (1.6)

They called the operator the generalized composition operator and studied the boundedness
and compactness of the operator on the Zygmund space, the Bloch-type space B*, and the
little Bloch-type space B . They also studied the weak compactness of the operator on the little
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Bloch-type space. When g(w) = ¢'(w), we see that the operator Cf’;’—C(p is a point evaluation
operator. The operator C(gp is closely related with some integral operators in papers [19-26].
Our goal here is to characterize the boundedness and compactness of the Li-Stevi¢ integral-
type operator between different weighted Bloch-type spaces.

Throughout this paper, the letter C denotes a positive constant which may vary at each
occurrence but it is independent of the essential variables.

2. Preliminary material
In order to prove the main results, we need the following lemmas.

Lemma 2.1. There exist two functions f1, f € Biog such that

1
(1-12P) log (2/(1 - 2?))

<C(fi|+1£:(2)]), zeDb. (2.1)

Proof. For each z € D, itis easy to see that 1 <1+ |z <2and 0 < 1—|z|* < 1.So

2 s 2
_ _Z < (1=
(1= [=Dlogg— 7 < (1= [) log 7
4
< (1-z*)log——
< (1~ 1zP)log—
. 4 (2.2)
<(1-1z[9)0og———
( ) e
2
=2(1-|z[*)log——.
(1~ |z1*)log1— EE
According to [10, Lemma 3.1], there exist two functions fi, fo € Bjog such that
1
<C(lfi=)]|+|f2(2)]), zeD. (2.3)
(- =Diog/ (- ey = (A
From (2.2) and (2.3), the lemma follows. O

Lemma 2.2 (see [8]). Let f(z) = (1 - |z])log(2/(1 - |z])) /(|1 - z|log(4/[1 — z|)), z € D, then
If(2)] <2

Lemma 2.3 (see [8]). Let f € Biog, then || fillp,,, < C||fllb,,, where fi(z) = f(tz), 0 <t <1.
Lemma 2.4 (see [8]). Suppose0 <t <1.Let f(z,t) = (1-|z[) log(2/(1-|z])) / ((1-|tz|) log(2/(1-
[tz]))), z € D, then |f(z,t)] < 2.

3. The boundedness of C; : Bjo; (or B?Og) — B* (or BY)

In this section, we study the boundedness of Cg : Biog (or B?Og) — B (or B).
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Theorem 3.1. Suppose 0 < a < oo, ¢ is an analytic self-map of D, and g € H(D). Then Cg : Blog —
B% is bounded if and only if

(1-12)[g(2)]
sup 5 2
zeb (1-|o(2)]) log (2/(1 - |9(2)[*))

(3.1)

Proof. We first prove that the condition is sufficient. Suppose

—z2)*
M = sup (1-1zF) |3()] < oo. (3.2)

zeb (1= |p(2)|*) log (2/ (1= |p(2)[*))

Then, for z € D and f € Bjog, we have

|(1-12P)"(C3f) (2] = (L= 12P)"| f' (9(2) | I8(2)]|
(1-12P)"Is(2)]

< Clfll (3.3)
(1-|p(2)[*) log 2/ (1~ [()|*))
S CM”f”Blog < OO,
thus
ICof 1l = 1C3£ (0] + Ba(Cypf) < CM| sy, (3.4)
SO Ci : Blog — B* is bounded.
Conversely, using Lemma 2.1, there exist two functions f1, fo € Bjog, satisfying
1
<C i) +|HE)]). (3.5)
G- EPog/ (- Ry < @I+ 1EED
Setting z = p(w) in the above inequality, we obtain
]' !
<C(|filp@)] + | f2(p@))])- (3.6)

(1- |p(w)[*)log(2/ (1 - |p(w)[*))

Hence,

(1~ )| (w0)] SPPR , ,
: < C(1- )" [5@)] (| (9())] + | fo(p(w))
(= o Plog 2/ (1~ o)) = O~ @I IAGEII A o

<C(ICofilla + IC5L211,0)-
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Since f1, f» € Biog, and Cg : Blog — B® is bounded, then Cg f1 and Cg f2 are in B“. So the

supremum over w € D in (3.7) is finite, which implies that

S (1= 12P)"]s(2)
zeb (1 - |o(2)|*)log(2/ (1 - |9(2)[*))

as desired.

Theorem 3.2. Suppose 0 < a < oo, ¢ is an analytic self-map of D, and g € H(D). Then Ci B

B is bounded if and only if (3.1) holds.

(3.8)

0
log

Proof. If (3.1) holds, from Theorem 3.1, Cg : Biog — B*is bounded, which along with the fact

By, C Biog implies Cy : B, — B is bounded.

Conversely, assume that Cg : B?Og — B*is bounded. For w € D, put

ful2) = f:(l ~we)”! <log : _4w§>1d§.

By the inequality 1/(1 +|z|) <2/(1 —|z|), z € D, Lemmas 2.2 and 2.4, we get

2
sup (1 - |z?) <1Ogm> | foo(2)]

zeD

_ (1-1z*) log (2/(1 - |z*))
zen |1 - wz||log (4/(1 - wz))]|

< su (1-1z1*)log (2/(1-12P)) < su (1 - [wz|) log (2/ (1 - [wz]))
b Ze]ll):; (1—|EZ|) log (2/(1—|EZ|)) ze]ll]? |1—wz||10g (4/(1_@2)”
<4sup (1-1z[) log (2/(1 - |21)) (1 ul)log (2/(1 - |ul))

seb (1~ [z]) log (2/ (1~ [@zl))  ueh 11— ullog (4/1— ul)

<16,

sO || fwllB,, < 16. Since

s (1-1z1*) 1log (2/(1-1z*))
= lim — —
z-1|1 - wz||log (4/(1 - wz))]|

2 .12
< o (112105 /(1= [2P))
2] =1 (1-|w|)log2

:0,

. 2 !
é‘{nl(l - |Z|2> ( log 1——|z|2> |fw(z)|

(3.9)

(3.10)

(3.11)



6 Journal of Inequalities and Applications

we see that f, € B?Og. Thus, forw € D,

(1-[wP)*|g(w)] <C (1-JwP)|g(w)]
(1= lp@)[*)log 2/ (1~ lp@)[*)) = (1~ |op@)[*) log (4/ (1~ |ow)[*))
= C(1=[wP)*| fyy (p()) | |8 (w0)] (3.12)
< ClICs fowlle < CICH foo 15,
<clcsll <,
which gives
(1 - [w0P)"|g(w)] g
sup < C||Co|| < oo, (3.13)
wed (1= [p(w)|) log (2/ (1~ [p(@)[*)) I
finishing the proof of the theorem. O

Theorem 3.3. Suppose 0 < a < oo, ¢ is an analytic self-map of D, and g € H(D). Then Ci : Blog —
B{ is bounded if and only if

(1-12P)°Is(2)]

lim ; 7 =0 (3.14)
F=1(1-|p(2)]") log (2/ (1 - |p(2)]7))

Proof (Necessity). 1f Cg : Biog — B{ isbounded, we use the fact that for each function f € Byog,
the analytic function Ci f € Bj. Then using the functions of Lemma 2.1, we get the following:

(1 - [wl?)*|g(w)|
(1 - |op@)|*) log (2/ (1 - [p@w)[*)) ~
<C(1-1wP)*(|(C£1) (w)] + | (Cj f2) (w)])

—0 (as|w| —1),

C(1-1wP)*|g@)|(| f1 (p@)) | + | f3 (p(w))])

(3.15)
hence, (3.14) holds.
Sufficiency. For f € Biog, we have
|(1-12P)"(Cof) @] = (1= 12P)"| f' (9(2)I8(2)]
_=2)*
< Clfla, U= Js@) (.16)

(1~ |p(2)*) log 2/ (1 - [9p(2)]*))

—0 (as|z| —1),
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thus, Cg f € B. Since (3.14) implies (3.1), by Theorem 3.1, Ci : Blog — B" is bounded. Using
these two facts, we obtain that Cg : Blog — B{ is bounded. The proof is complete. O

Theorem 3.4. Let 0 < a < 00, g € H(D), and ¢ be an analytic self-map of D. Then C(gp : B?Og — By
is bounded if and only ifCi : Blog — B is bounded and lim.j1 (1 - |z?)"|g(z)| = 0.

Proof. 1f Ci : B?Og — B is bounded, then for f € By, fi € B?Og (0 <t <1). From Lemma 2.3,
we have

IC5 Al < NG fell s, < CUCEINIF m s (3.17)

from this, it follows that
(1-12P)°t]f (tp(2)) || g2)| < ClICEIlI fllB, 2 €D (3.18)
Letting t — 1 and taking the supremum in the above inequality over z € ID, we obtain that
1€5£ 1. < CliCE NSl (3.19)

thus Cg : Biog — B”is bounded. Since f(z) = zisin B?og, the boundedness of Cg : B?Og — B

implies that

Iim (1-[2)°[g(2)| = lim (1-12)"] (C5) ()] =0. (3:20)

For the converse, by Theorem 3.1,

(1-12P)"|g(2)]

M; = sup (3.21)
b (1-p(2)]") log (2/ (1 - |p(2)["))
For any f € B?Og, we have
lim (1—|z|2)<lo L>|f’(z)| =0 (3.22)
2|1 51_ |z[2 ’ '

so that for any € > 0, there exists a 61 € (0,1), such that when 6; < |z| < 1,

2 )
(1- |z|2)<log — |Z|2>|f (z)] < ﬁ (3.23)
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Hence, when |p(z)| > 61, we get
|(1-122)"(C3f) @) = (1= 12P)°|f (0(2)) I3 (=)

e (1-12R)|g(2)]
2M1 (1~ |p(2)[*) og (2/ (1 - p(2)[*))

<

(3.24)

N @

We know that there exists a constant M, such that |f'(¢(z))| < My, for any z belonging to the
set {z € D : |p(z)| < 61}. Since limp;—1(1 - |z[>)*|g(z)| = 0, there exists a 6 € (0,1), such that
when & < |z| <1, (1 -|z|*)"|g(z)| < /(2M,), then

|(1-12P)"(Cof) (@] = (1= 12P)"| ' (9(2) | 8(2)]

< Mp(1-12P)%|g(2)| (3.25)
€

<§,

thus, we get thatforze D; = {zeD:6 < |z| <1},

sup|(1-12)*(C3f) (=) = sup  (1-1z7)"|(C{f) (2)]
zeDy {ze€D:|p(2)[>61}
+ sup  (1-1z2P)[(C ) (=) (3.26)
{zeD1:]p(2)|<61}
<S+f-e
2 27

so that Cg f € B, that is, C(g/, : B?Og — B is bounded. The proof of Theorem 3.4 is complete.
O

4. The compactness of C, : B, (or B?og) — B* (or BY)

In this section, we characterize the compactness of Cg : Blog (or B?Og) — B (or Bf). For this
purpose, we start this section by stating some useful lemmas. By standard arguments (see,
e.g., [2]), the following lemmas follow.

Lemma 4.1. Suppose 0 < a < oo, ¢ is an analytic self-map of D, and g € H(D). Let X = Bjog 01
B?Og, Y = B% or Bf. Then Cg : X — Y is compact if and only if Ci : X — Y is bounded and for any
bounded sequence { f,} in X which converges to zero uniformly on compact subsets of D asn — oo,
one has ||C§fn||y — 0asn — oo.

Lemma 4.2. Let 0 < a < 0. A closed set K in B is compact if and only if K is bounded and satisfies

lim sup(1-|z*)%|f'(z)] = 0. (4.1)
|2l —1 fek
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The proof of Lemma 4.2 is similar to [27, Lemma 2.1] (see, also [28]) and is omitted.
We begin with the following necessary and sufficient condition for the compactness of

8 . R0 a
C§: B, — By

Theorem 4.3. Suppose 0 < a < oo, ¢ is an analytic self-map of D, and g € H(ID). Then the following
statements are equivalent:

1) Cg : Blog — By is compact;
(2) C§ - B?Og — B is compact;

®)

(1-12P)"]g(=)]

li 5 >— =0. (4.2)
H=1 (1= o(2)]") log (2/ (1= [9(2)]))
Proof. (1) = (2) is obvious.
(2) = (3) Since Cg : B?Og — B is compact, we obtain by Lemma 4.2
lim sup (1-|z)*|(C3f) ()| =0. (4.3)
12121 g <1
Thus, for any € > 0, there exists a 6 € (0,1), such that when 6 < |z| <1,
a ) €
sup (1-z)"[(C5f) ()] < c (4.4)
1l <1
Let f, be defined by (3.9). It is easy to see that
1 1
— < (4.5)
C ™ |l fwlls,,
Set hy = fu/ | fwll, then for 6 < |z| < 1, w = ¢(2),
1-2P)"|g(2) a
EVIEDl <o tepy i, o)l )
(1-le)[") log 2/ (1-[9(2)]"))
= C(1- 12" (Cihw) (2)] (46)
<C sup (1-12P)"[(Cof) (2)] <e,
11l <1
which gives that
1-|z)"
(1-12)"|g()] )

lim 2 2 e
F=1(1-|p(z)]") log (2/ (1 - |p(2)]7))
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(3) = (1) For any bounded sequence {f,} in Bjo,g with f, — 0 uniformly on compact
subsets of D, we must prove that by Lemma 4.1

ICofull, — 0 asn— co. (4.8)
We assume that ||f,1||BlOg < 1. From (4.2), given € > 0, there existsa 6 € (0,1), when & < |z| < 1,

(1-12P)°Ig(2)|

< £, (4.9)
(1-lp@|*) log 2/ (1~ o)) 2
then using (4.9), we get for 6 < |z| < 1,
| -128)° (€312 D] = (1= 12)°Ifu o) 3(2)| < 5. (4.10)

Since { f, } converges uniformly to 0 on a compact subset {¢(z) : |z| < &} of D and there exists
a constant M3 such that sup,5(1 - |z?)"|g(z)| < M3, we see that there exists an N > 0, such
that foralln > N,

suplf,(¢(2)] < 557 (4.11)

Therefore, foralln > N, |z| < 6,
|(1-12P)*(C5 ) 2] = (1= )| fu(0(2) ||g(2)] < 5. (412)

Note that |C§fn(0)| = 0. Combining (4.10) and (4.12), we obtain

Cofull, — 0 asn— co. (4.13)

The proof is complete. O

By Theorems 3.3 and 4.3, we get the following corollary.

Corollary 4.4. Suppose 0 < a < oo, ¢p is an analytic self-map of D, and g € H(ID). Then Cg : Blog —
B{ is bounded if and only if C(gp : Biog — By is compact.

Theorem 4.5. Suppose 0 < a < oo, ¢ is an analytic self-map of D, and g € H(D). Then Cg : Blog —
B is compact if and only if C(g/, : Blog — B* is bounded and

I (1-1zP)%|g(=2)] _
m > 2yy
@I=1(1~|p(2)[*) log (2/ (1 - [9(2)]))

(4.14)
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fn — 0 uniformly on compact subsets of D, it is required to show that by Lemma 4.1,

Proof. Suppose that (4.14) is true. For any sequence {f,} in Biog such that || fu|lp,, < 1 and

Cofull, — 0 asn— co. (4.15)

From (4.14), we have that for every e > 0, there exists a & € (0,1), such that 6 < |¢(z)| <1
implies

(1-12)°|s(2)]|

< £, (4.16)
(1-|p2)|*) log 2/(1- |9p(2)[)) 2
then using (4.16), we get for 6 < |p(z)| <1,
|(1=12P)(C3 £a) (2| = 1= 12P)"| fn0(2)||8(2)]|
(1-1zP)|g(2)] i
" (- e P) log /(1 - o)) (17
< g.

Since C(gp : Biog — B”isbounded, taking f(z) = z, we see that L = sup_ (1 - |z|2)“|g(z)| < oo.
LetU = {w € D : |w| < 6}, since {f;} converges uniformly to 0 on a compact subset U of D,
then there exists an N > 0, such that for all n > N,

€
sup|f,(w)| < —. (4.18)
N <ar

Therefore, for alln > N,

sup (1-[2P)*(C3f) ()] = sup (1-1zP)"| £ (9(2)]|g(2)]
llp(=)l<e) llp(=)l<)

<L sup | fr ()] (4.19)

<

N @

Note that |C§fn (0)| = 0. Combining (4.17) and (4.19), we obtain

Cofull, — 0 asn— co. (4.20)
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Conversely, suppose that Cg : Blog — B” is compact, then Cg : Blog — B” is bounded.
Hence, we only need to prove that (4.14) holds. Assume to the contrary that there is a positive
number ¢y and a sequence {z,} in D such that lim, . |¢(z,)| = 1, and

(1= f2l") |3 (20)] o)
(1= lo(an) ) 1og 2/ (1= o (=) [))

for all n. For each n, writing ¢(z,) = r.e%, we choose the test functions fn defined by

fu(z) = r< T "y > <lo 4 )1dw (4.22)
T )\l—erw  1-etirlw 81 et ’ '

then

f’(z)—( no T )(10 4 )_1 (4.23)
N1 —eir,z 11— iz 81- e“nrlz/) '

thus, |f,(z)] < (1 - ry)/(1- |z|)2)(log(4/(1 - |z|)))_1, we see that f, converges to zero
uniformly on compact subsets of D as n — oo. Using Lemmas 2.2 and 2.4, we have
| fullB,s < C. In view of Lemma 4.1, it follows that

Cofull, — 0 asn— co. (4.24)

Since
1CS full o = (1= 2a]) | fa(o(20))] |8 (2) |

=(1- |Zn|2>a|g(zn)|<1 iﬂr% _ %) <10g . _4r2>_
(1= |z |9 (z0) 18 (z0)] (4.25)
(1= [p(z)|*) log (4/ (1= | (za)[))

(-2 loGEllgE) ]
(1=lp(zn) [ log 2/ (1= lo(z0)["))

>C

>C

and [p(z,)] — 1asn — oo, we obtain limy—o(1 = |24*)g(zn)|/ (1 = lp(z) ") log(2/ (1 -
|(p(zn)|2))) =0, which is a contradiction with (4.21). Hence, we are done.

Similarly, we can obtain the following result. The proof of the following theorem will
be omitted. O

Theorem 4.6. Suppose 0 < a < oo, ¢ is an analytic self-map of D, g € H(ID), and Cg : Blog — B*
is bounded. Then C(gp : B?Og — B* is compact if and only if (4.14) holds.
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