Hindawi Publishing Corporation
Journal of Inequalities and Applications
Volume 2007, Article ID 82138, 10 pages
doi:10.1155/2007/82138

Research Article
Hilbert’s Type Linear Operator and Some Extensions of
Hilbert’s Inequality

Yongjin Li, Zhiping Wang, and Bing He
Received 17 April 2007; Accepted 3 October 2007

Recommended by Ram N. Mohapatra

The norm of a Hilbert’s type linear operator T : L?(0,00) — L?(0,0) is given. As appli-
cations, a new generalizations of Hilbert integral inequality, and the result of series ana-
logues are given correspondingly.

Copyright © 2007 Yongjin Li et al. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.

1. Introduction

At the close of the 19th century a theorem of great elegance and simplicity was discovered
by D. Hilbert.

TueoreMm 1.1 (Hilbert’s double series theorem). The series

Z Z Gmn (1.1)

m+n

is convergent whenever . a? is convergent.

The Hilbert’s inequalities were studied extensively; refinements, generalizations, and
numerous variants appeared in the literature (see [1, 2]). Firstly, we will recall some
Hilbert’s inequalities. If f(x),g(x) > 0,0< [;° f>(x)dx < o and 0 < [, g*(x)dx < oo, then

* F)g() 2 1/2
J xfyy dxdy<n<U Fx) } {L gz(x)dx} : (1.2)

where the constant factor 7 is the best possible. Inequality (1.2) is named of Hardy-
Hilbert’s integral inequality (see [3]). Under the same condition of (1.2), we have the



2 Journal of Inequalities and Applications

Hardy-Hilbert’s type inequality (see [3], Theorem 319, Theorem 341) similar to (1.2):

172 - o 1/2
J 0 max{x y}dxdy<4{J f ) } {Jo gz(x)dx} > (1.3)

where the constant factor 4 is also the best possible. The corresponding inequalities for
series are:

s$e(597 (54"

(1.4)
12

Ei o4 (59) (5%)

max{m,n}

where the constant factors 7 and 4 are both the best possible.
Let H be a real separable Hilbert space, and T : H—H be a bounded self-adjoint semi-
positive definite operator, then (see [4])

HTII2

(x,Ty)* < [Py 12 + (x, )], (1.5)

where x,y € H and ||x|| \/(x,x) is the norm of x.
Set H=1%(0,00) = {f(x): [, f2(x)dx < oo} and define T : L*(0,00)—~L?(0,0) as the
following:

(TH)= | fod (1.6)

0 Xty

where y € (0, 0). It is easy to see T is a bounded operator (see [5]). By (1.5), one has the
sharper form of Hilbert’s inequality as (see [4]),

24172
A {60 AR S -
Jy [T 1ty < 2 [ i [ gans ([ sgoous) |

(1.7)

Recently, Yang [6, 7] studied the Hilbert’s inequalities by the norm of some Hilbert’s
type linear operators.

The main purpose of this article is to study the norm of a Hilbert’s type linear operator
with the kernel Amin {x, y} + Bmax {x, y} and give some new generalizations of Hilbert’s
inequality. As applications, we also consider some particular results.
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2. Main results and applications

LemMa 2.1. Define the weight function ®(x) as

12
1 x
o Amin {x,y} +Bmax {x, y} <y) dy, € (0,00),

1/2
2 1 y
o Amin{x,y} +Bmax {x, y} (x) dx, ye€(0,0).

Then ®(x) = @(y) = D(A,B) is a constant and 0 < D(A,B) < o
In particular, one has D(1,1) = w and D(1,0) = 4

Proof. For fixed x, letting t = y/x, we get

12
1 X
= . = dy
0o A min{x,y}+B max{x,y} \ y

1
o Amin{l,t} +B max{1,t}

1 00
1 1
= —t‘mdt+J ——— "2t
Jo At+B 1 A+ Bt

t—1/2dt

A/B 1 1 ) 1
7J - 71/2dt 71/2dt
VA 1+ VAB Jp/a 1+t

1 R |
= | ottt ——= | ——t"dt
VA J 1+t VAB Jo 1+t

- JAB \2’2

therefore 0 < D(A, B) < o. Moreover,

) 1/2
- 4 dx
0o Amin{x,y}+Bmax{x,y} \ x

1
o Amin{l,t} + Bmax{1,t}

1 )
1 1
= —t‘l/zdt+J ——— "2t
,[0 At+B 1 A+Bt

B 1 A71+(]/2) JA/B 1

t—l/Zdt

1 [ 1
24t + —J — 124t
B

JVAB B2 o 1+t VAB Jpa 1+t
AP 12 12
- du+7 “edu
\/ ,[ B/A1+u

(setting t = 1/u).

(2.1)

(2.2)

(2.3)
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Thus @(y) = D(A,B). In particular:

. 12 .
D(1,1)=J ! (y) dx:J ! Vi =g,
0 X+y\x o 1+

(2.4)
. . ) 12 . .
I R S 4 N S S V. S P

D(O,l)—L max {x, y} <x> dx Jo max{l,t}t dt = 4.

O
THEOREM 2.2. Let A >0, B>0and T : L*(0,00)—L2(0,0) is defined as follows:
1

TNO= |, Ayt Bmay 4 @) @5)

Then ||T|l = D(A,B), and for any f(x),g(x) =0, f,g € L?(0,), one has (Tf,g) <
D(A,B)II fIlligll, that is,

o0 oo f(x)g(y) o 172 0 1/2
JO JO Amin (x,y} + Bmax {x,y} dx dy<D(A,B){L f2(x)dx} {L gz(x)dx} )
(2.6)

where the constant factor D(A, B) is the best possible. In particular,
(i) for A = B = 1, it reduces to Hardy-Hilbert’s inequality:

© (T f(x)g(y) ® V2 oo 12
Jo Jo x-l—ydxdy<ﬂ{L fz(x)dx} {Jo gz(x)dx} ; (2.72)

(ii) for A =0, B = 1, it reduces to Hardy-Hilbert’s type inequality:

f x)g y) s 1/2 I 172
J o max (x, y} X4 <4‘U0 fz(x)dx} UO gz(x)dx} . (27b)

Proof. For A >0, B >0. Applying Holder’s inequality, we obtain

*® f(x)
o A min{x,y}+B max{x,y}

(Tf.g) = ( dx,g@))

([ f(x)
_Jo (L A min{x,y} +B max{x)y}dx>g()’)dy
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L feg)
B Jo Jo A min {x, y} + B max {x, y} dxdy
. ) 1/4 y 1/4
X
:Jo Jo A min {x, y} + B max{x, y} [f(x)<}/> ][g(y)<x> ]dXd}’
12
. £ . 12
S{Jo Jo A min{x,y} +B maﬂx:ﬂ()’) ey
12
i () Y
X{Jo Jo A min {x, y} + B max {x, y} <x> dxdy}
1/2 172

= { Jw w(x)fz(x)alx}> { ro @(y)gz(y)dy);
0 0
o 1/2 o 172
= D(A,B){ L fz(x)dx} { L gz(y)dy}

=D(A,B)lI fllgl.

1/2

(2.8)
Thus || T|| < D(A, B) and the inequality (2.6) holds.

Assume that (2.8) takes the form of the equality, then there exist constants a and b,
such that they are not both zero and (see [8])

X 1/2 1/2
afz(x)(y) —bgz(y)<i/> . (2.9)

Then, we have
af*(x)x=bg*(y)y ae. on (0,00) X (0,00). (2.10)
Hence there exist a constant d, such that
af*(x)x=bg*(y)y =d ae. on (0,0) X (0,00). (2.11)

Without losing the generality, suppose a # 0, then we obtain f?(x) = d/(ax), a.e. on
(0,00), which contradicts the fact that 0 < fooo f?(x)dx < co. Hence (2.8) takes the form
of strict inequality, we obtain (2.6).

For ¢ > 0 sufficiently small, set f:(x) = x(=17¢2 for x € [1,); fo(x) = 0, for x € (0,1).
Then g:.(y) = y"179/2, for y € [1,0); g.(y) = 0, for y € (0,1). Assume that the constant
factor D(A, B) in (2.6) is not the best possible, then there exist a positive real number K
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with K < D(A, B), such that (2.6) is valid by changing D(A, B) to K. On one hand,

12 12
f()g(y) ¥ 0 Y _
J J Amin (x, y} + Bmax (%, y] dxdy < K{ JO fe (x)dx} {L g (x)dx} = K/e.
(2.12)

On the other hand, setting t = y/x, we have

fs(x e
Jo Jo Amin{x,y}+Bmax{x,y}dxdy

-1- 5/2))( 1-¢)/2
J J dxdy
1 Amln{x, y}+Bmax {x, y}
(—1-¢)/2
! dt dx (2.13)

_J x—l—e
1 vy Amin{1,t} + Bmax{1,t}

L e 0 t(—l—s)/z J d
= -1- . t
L x o Amin{l,t} + Bmax{1,t} x

00 . 1/x t(—l—s)/Z
— e - dt dx.
L * o Amin{l,t} +Bmax{l,t} x

For x = 1, we get
1/x t(—l—s)/Z
. dt
o Amin{l,t} +Bmax{l1,t}
1/x t(flfs)/Z

= dt
o At+B

1/x
J t(—l—s)/zdt (2.14)

1—(146)/2
_1 1 1
T Bl1-(1+¢&)/2\«x

—1/4

(setting 0 < e < 1/2).
Thus

—1-¢
X o Amin{l,t}+Bmax{l, t}dtdx

Jw 1/x f-1-e)2
xolme /4 gy (2.15)

—1 1/4dx
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Note that

o0 e 1/x t(*l*E)/Z

L x 0 Amin{l,t}+Bmax{1,t}dtdx:O(l)' (2.16)
So the inequality [, [y~ (f:(x)g:(y)/(Amin {x, y} + Bmax{x, y}))dxdy = (1/¢)[D(A,B) +
0o(1)] = O(1) = (1/¢)[D(A,B) + 0(1)]. Thus we get (1/€)[D(A,B,p)+o(1)] < K/e, that is,
D(A,B) < K when ¢ is sufficiently small, which contradicts the hypothesis. Hence the
constant factor D(A,B) in (2.6) is the best possible and || Tl = D(A,B). This completes
the proof. O

THEOREM 2.3. Suppose that f >0, A>0,B>0and 0< [; f*(x)dx < co. Then

2
L UO Amin{x,y}+Bmax{x,y}dx:| dy<D (A,B)JO Prdy,  (217)

where the constant factor D*(A, B) is the best possible. Inequality (2.17) is equivalent to (2.6).

Proof. Letg(y) = [, (f(x)/(Amin {x, y} + Bmax{x, y}))dx, then by (2.6), we get

0< L g (y)dy

(" @) 2
:L [L Amin{x,y}+Bmax{x,y}dx} dy
:J‘” " f(x)g(y)

0

o Amin{x,y}+Bmax{x,y}

o 1/2 0o
sD(A,B)“O fz(x)dx} «“O g2(y)dy}

(2.18)

dxdy

172

Hence, we obtain

0< ngz(y)dy = D*(A,B) waz(x)dx < oo, (2.19)
0 0

By (2.6), both (2.18) and (2.19) take the form of strict inequality, so we have (2.17). On
the other hand, suppose that (2.17) is valid. By Holder’s inequality, we find

“(” f(x)g(y)
Jo Jo Amin{x,y}+Bmax{x,y}dxdy

I e f(x)
a Jo |:Jo Amin{x,y} +Bmax{x,y}dx}g(y)dy (2.20)

(T f(x) 2P 12
= 2
B {Jo |:Jo Amin{x,y}+BmaX{x,y}dx] d)’} {L g (x)dx}> .

By (2.17), we have (2.6). Thus (2.6) and (2.17) are equivalent.
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If the constant D?(A,B) in (2.17) is not the best possible, by (2.20), we may get a
contradiction that the constant factor in (2.6) is not the best possible. This completes the
proof. O

It is easy to see that for A = 1, B = 1, the inequality (2.17) reduces to

2
J [ f(x)dx] dy < nzI F(x)dx, (2.21a)
0 0

0 Xty

and for A = 0, B = 1, the inequality (2.17) reduces to

J: U: f()dx] dy < 16J fHx)dx, (2.21b)

max {x, y}
where both the constant factors 772 and 16 are the best possible.

3. The corresponding theorem for series

TueoreM 3.1. Suppose that an,b, >0, A>0,B>0,and 0< >, a2 <00, 0< > b2<
co. Then

o b 0 12, « 172
ZZA 2 D(A,B)(%aﬁ) (leﬂ) , ()

= Amin{m, n}+Bmax{m n}

o [ o 2 o
Z[E . o } <DA,B) a2, (3.2)
n=1

Amin {m,n} +Bmax {m,n} 1

where the constant factor D(A,B) and D*(A,B) are both the best possible, (3.1) and (3.2)
are equivalent. In particular,
(i) for A = 1, B = 1, it reduces to Hardy-Hilbert’s inequality:

172

0 ® © 1/2 00
gzzmm n(%aﬁ) (zbz) ; (3.32)

(ii) for A =0, B = 1, it reduces to Hardy-Hilbert’s type inequality:

© 12, o 12
szax{m n} 4(21‘%) (21%) . (3.3b)

n=1m=1

Proof. Define the weight function w(n) as

0 1/2
) yp— 1 (:1) . neN. (3.4)

m=1A min {m,n} + B max {m,n}
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Then we obtain
w(n) < @(n) = D(A,B). (3.5)

Using the method similar to Theorem 2.2 and applying Holder’s inequality, we obtain

© o b 12 - o 1/2
> " [Zw 2} [Zw(n)bg] . (3.6)
n=1m= n=1

| Amin {m, n} +Bmax{m,n} ~

By (3.5), we obtain (3.1).
For ¢ > 0 sufficiently small, setting &, = n=(179/2 b, = n=(1+9/2 then

- < Gnbs (x)ge(y)
Z J L Amin {x, dxdy,

= Amin{m, n}+Bmax{m n} y} +Bmax {x, y}

o 12 o 2w . )

~) 72 — — il

{zla} {Zlb} N
n= n=

n=1

(3.7)

If the constant factor D(A,B) in (3.1) is not the best possible, then applying the re-
sult of Theorem 2.2, we can get the contradiction. Let b, = >,._,(a,/(A min {m,n} +
B max {m,n})) and we can obtain the following relation:

|

—, Amin {m,n} + Bmax {m,n}

(3.8)

I
ﬁMs

© bn
g Z: Amin {m, n}+Bmax{m n}’

Applying (3.1) and the method similar to Theorem 2.3, we get (3.2), and (3.2) is equiva-
lent to (3.1) with the best constant. O
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